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Abstract

This paper studies the problem of a company that adjusts its stochastic production capacity in

reversible investments with controls of expansion and contraction. The company may also decide

on the activation time of its production. The profit production function is of a very general form

satisfying minimal standard assumptions. The objective of the company is to find an optimal entry

and production decision to maximize its expected total net profit over an infinite time horizon. The

resulting dynamic programming principle is a two-step formulation of a singular stochastic control

problem and an optimal stopping problem. The analysis of value functions relies on viscosity

solutions of the associated Bellman variational inequations. We first state several general

properties and in particular smoothness results on the value functions. We then provide a complete

solution with explicit expressions of the value functions and the optimal controls: the company

activates its production once a fixed entry-threshold of the capacity is reached, and invests in

capital so as to maintain its capacity in a closed bounded interval. The boundaries of these regions

can be computed explicitly and their behavior is studied in terms of the parameters of the model.
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1. Introduction

Consider the following model. A company wishes to adjust its production capacity
according to market fluctuations. Specifically, the company is given the option to
invest in producing a single commodity. The company is free to choose the exact
time at which the production would be activated. Activating a production incurs a
cost, and the production itself yields a profit which is the function of the product
capacity. The objective of the company is to find the optimal investment and entry
time decision in order to maximize its overall expected net profit. An extensive review
of such problems can be found in the book by Dixit and Pindyck [5].
The underlying motivation to study such investment models is to offer companies

some flexibility in their production levels according to market demand fluctuations.
Ideally, when the market improves and the demand increases, companies should be
able to expand their production levels. Similarly, when the market falls, companies
should be able to reduce production or by abandon the production. Regrettably,
very few models have explicitly incorporated the two important factors in this
scenario—expansion and contraction! In many existing models, the possibility of
varying capacity was captured either by adding choices of entry and exit times (as in
[6]) or by focusing on the possibility of only purchasing capital (irreversible
investment), an unreasonable simplification. For instance, based on the model of
Pindyck [13], Oksendal [12] considers the problem of a company which expands its
capacity in irreversible investment over an infinite horizon. Recently, Chiarolla and
Haussmann [3] have studied an irreversible investment model in a finite time horizon,
without entry decision, by introducing the singular control on the capital expansion.
Their approach is to solve the singular control problem by studying an associated
optimal stopping problem; they use a verification theorem argument and obtain an
explicit solution only for the special case of the power production function.
We propose a general investment model that incorporates expansion and contraction

according to the market change, in addition to the entry decision of activating
production. Therefore, the overall model of the company is the same as stated earlier,
except that once the production is activated, the company can adjust its capital level by
proper controls of expansion and contraction, reflecting a partially reversible
investment. The net profit of such an investment depends on the running production
function of the actual capacity, the profit of contraction (e.g. via spinning off part of
the business), and the cost of expanding the capital. The production function is of a
very general form, satisfying minimal standard assumptions; it includes the special case
of power or Cobb–Douglas functions usually considered in many investment models.
The expansion and contraction decisions are modeled by a pair of singular controls.
The company’s objective is to maximize the expected profit over an infinite time
horizon, with choices of the entry time and controls of expansion and contraction.
Using the dynamic programming principle, we reduce the original control problem

into a two-stage procedure. First, we introduce an auxiliary singular stochastic
control problem corresponding to an immediate entry decision. The value function
of the original problem is then formulated as an optimal stopping time problem on
the entry decision, with payoff function equal to the auxiliary value function. The
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two value functions are analyzed based on viscosity solutions of the associated
Bellman variational inequalities. We first derive general properties and, in particular,
regularity results on the value functions. We then provide a complete and explicit
solution to the value functions and the optimal policies: the company activates its
production once a fixed entry-threshold of the capacity is reached, and invests in
capital so as to maintain its capacity in a closed bounded interval. The boundaries of
these regions can be computed quite explicitly and their behavior is discussed in
terms of the parameters of the model.
From a mathematical viewpoint, we make extensive use of viscosity solutions

approach. This allows us to go beyond the classical approach on optimal investment
models where the principal effort is to first construct (by ad hoc methods) a solution to
the Bellman equation, and then validate the optimality of the solution by a sufficient
verification theorem for smooth functions. Explicit solutions to the associated Bellman
equation may then be derived only for special cases, typically for power or logarithmic
profit functions. We, on the other hand, start by studying and deriving the general
properties on the value functions via the dynamic programming principle and viscosity
arguments. Using the concavity property of the auxiliary value function, we prove that
it satisfies necessarily the Hamilton–Jacobi–Bellman (HJB) equation in a classical C2

sense. (A similar approach can be found in the papers by Shreve and Soner [16] and
Choulli et al. [4].) Moreover, it appears that the value function for the optimal stopping
problem is not concave in general. However, we are able to prove the smooth-fit
condition, i.e., the continuous differentiability C1 of this value function. From a
detailed analysis, we explicitly solve the two control problems and construct the
optimal controls—the entry decision and the expansion and contraction policies.
The rest of the paper goes as follows. In Section 2, we give a mathematical

formulation of the problem. In Section 3, we show how the problem can be reduced
into a two-stage procedure by solving first an auxiliary singular control problem and
then a related optimal stopping problem. We analyze and derive some general
properties of the auxiliary value function in Section 4. Using viscosity solutions
arguments, we state in Section 5 the C2 smoothness of this value function that
satisfies the associated Bellman equation in a classical sense. Section 6 is devoted to
the explicit construction of the solution to the auxiliary singular control problem. In
Section 7, we return to the original problem by proving the C1 smoothness of the
value function and explicitly solving the associated optimal stopping problem. As a
by-product, we give a construction of the optimal entry decision and the optimal
expansion and contraction controls. Finally, Section 8 gives some economic
interpretations of our mathematical results, along with concluding remarks.
2. Formulation of the problem

We consider a company producing a single commodity. In the absence of
intervention and control, the production capacity Kt evolves according to

dKt ¼ Ktðd dt þ gdW tÞ: (2.1)
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The process W is a standard Brownian on a filtered probability space ðO;F; F ¼

ðFtÞtX0;PÞ:We assume that F is the augmented filtration of the s-algebra generated
by W. d is the appreciation (when dX0) or depreciation (when do0) rate of the
production capacity, and g40 represents the volatility of the capital stock. We
denote by T the set of all F-stopping times.
The company’s decision for production is made at some stopping time tI 2 T and

incurs a fixed cost CIX0: From that time, the company can increase its capital level.
We assume that increased capacity will be converted to p units of investment cost. In
order to allow no-arbitrage, we assume that the reduction of investment generates a
profit with conversion factor ð1� lÞp; where l 2 ð0; 1Þ: The possibility for the
company to reduce capital reflects partial reversibility. The production process,
which is the control of investment, is then described by a pair ðL;MÞ 2 PðtI Þ; a set of
right-continuous with left-hand limits adapted processes, nonnegative and non-
decreasing, with Lt ¼ Mt ¼ 0 for totI :Hence, Lt and Mt; respectively, represent the
cumulative expansion and reduction of capital until time t, once the production is
active.
Given an initial capital kX0; and controls tI 2 T; ðL;MÞ 2 PðtI Þ; the company’s

production capacity evolves according to

dKt ¼ Ktðd dt þ gdW tÞ þ dLt � dMt; K0� ¼ k: (2.2)

Given the initial capital k and the entry decision tI 2 T; we say that the policy
ðL;MÞ 2 PðtI Þ is admissible if the nonbankruptcy constraint

KtX0; tX0 (2.3)

is satisfied and if the integrability condition

E

Z 1

0

e�rt dLt

� �
o1 (2.4)

holds, where r40 is a fixed positive discount factor. We denote by AtI
ðkÞ the set of

all such admissible policies ðL;MÞ: This set is clearly nonempty since it contains the
zero control L ¼ M ¼ 0:
The instantaneous operating profit of the company is a function PðKtÞ of the

production capacity. The production profit function P is assumed to be continuous
on Rþ; nondecreasing, concave on ð0;1Þ; with Pð0Þ ¼ 0: And we denote by P�1 the
inverse of P:

P�1ðcÞ ¼ inffk40 : PðkÞXcg; c40:

Moreover, we impose two standing assumptions on P:
A1.
 P satisfies the Inada condition at 0, i.e.,
lim
k#0

PðkÞ

k
¼ 1: (2.5)
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A2.
 The Fenchel–Legendre transform of P is finite on ð0;1Þ; i.e.,
~PðzÞ ¼ sup
k40

½PðkÞ � kz�o1 8z40: (2.6)

A typical example is the Cobb–Douglas production function which leads to a
profit function of the form

PðkÞ ¼ Cka with C40; 0oao1: (2.7)

The company’s objective is then to maximize the expected profit over an infinite
time horizon:

Jðk;L;M ; tI Þ ¼ E

Z 1

tI

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ � e
�rtI CI

� �
;

over all tI 2 T and admissible policies ðL;MÞ 2 AtI
ðkÞ: Note that Jðk;L;M ; tI Þ is

well defined, valued in ð�1;1�: Accordingly, the value function is defined as

vðkÞ ¼ sup
tI 2T;

ðL;MÞ2AtI ðkÞ

Jðk;L;M ; tI Þ; kX0: (2.8)

Finally, for ease of exposition, we will assume
A3.
 r4d:
We will see later in Lemma 4.2 that this last condition, together with A2,
ensures that the value function v is finite. This assumption makes economic
sense in that most investment models actually assume do0; r40 which naturally
satisfies A3.
Moreover, one can verify that when rod; vðkÞ is infinite for all k40: Indeed, by

considering for any n 2 N; the decision tI ¼ 0; and the admissible policy ðLn;MnÞ

defined by Ln ¼ 0 and Mn
t ¼ 0; ton; Mn

t ¼ Kn; tXn; we have

Jðk; 0;Mn; 0ÞXE½e�rnpð1� lÞKn � CI � ¼ kpð1� lÞeðd�rÞn � CI :

Sending n to infinity shows that vðkÞ ¼ 1:
3. Auxiliary optimization problem

Let us first consider the auxiliary value function associated with the
optimal problem when the decision for producing is made immediately,
namely tI ¼ 0:

v̂ðkÞ ¼ sup
ðL;MÞ2A0ðkÞ

Ĵðk;L;MÞ; kX0; (3.1)
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where

Ĵðk;L;MÞ ¼ Jðk;L;M ; 0Þ þ CI

¼ E

Z 1

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞp dMtÞ

� �
:

By taking L ¼ M ¼ 0; we immediately see that v̂ is nonnegative.
Problem (3.1) is a singular control problem. By the definition of v̂; we have, for all

ðL;MÞ 2 A0ðkÞ

v̂ðkÞXE

Z 1

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ

� �
:

Moreover, for all e40; one can find ðLe;MeÞ 2 A0ðkÞ such that

v̂ðkÞpE

Z 1

0

e�rtðPðKtÞdt � pdLe
t þ ð1� lÞp dMe

tÞ

� �
þ e:

In fact, one can replace the initial time 0 in the above relations by an arbitrary
stopping time tI 2 T: More precisely, let k40 and tI 2 T: Then, for all ðL;MÞ 2

PðtI Þ \A0ðkÞ; we have

e�rtI v̂ðKt�
I
ÞXE

Z 1

tI

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ

����FtI

� �
: (3.2)

Moreover, for all e40; one can find ðLe;MeÞ 2 PðtI Þ \A0ðkÞ such that

e�rtI v̂ðKt�
I
ÞpE

Z 1

tI

e�rtðPðKtÞdt � pdLe
t þ ð1� lÞpdMe

tÞ

����FtI

� �
þ e: (3.3)

The details of this replacement involve measurability issues that are quite technical
and will be addressed later. Instead, the validity of the two inequalities (3.2) and (3.3)
will be justified a posteriori in Section 7.
Let us denote the capital in the absence of trading by K̂ : Then,

dK̂t ¼ K̂tðd dt þ gdW tÞ; K̂0 ¼ k: (3.4)

Note that for all tI 2 T; ðL;MÞ 2 PðtI Þ; Kt�
I
¼ K̂tI

: Consider the optimal stopping
problem

wðkÞ ¼ sup
tI2T

E½e�rtI ðv̂ðK̂tI
Þ � CI Þ�: (3.5)

Then, from (3.2), we get wXv: Moreover, assuming (3.3), we would have
wðkÞpvðkÞ þ e; for all e40: Therefore w ¼ v:
The equality v ¼ w has not been rigorously proved yet, but will be proved later in

Theorem 7.3. As a by-product, we will also construct the optimal entry decision and
optimal policies. Hence, we decompose the control problem (2.8) into the successive
resolution of a singular control problem (3.1) and then of an optimal stopping
problem (3.5).
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The HJB equation associated with the singular control problem (3.1) is

minfrv̂ �Lv̂ �P;�v̂0 þ p; v̂0 � ð1� lÞpg ¼ 0; on ð0;1Þ; (3.6)

while the HJB equation associated with the optimal stopping problem (3.5) is

minfrw �Lw;w þ CI � v̂g ¼ 0; on ð0;1Þ: (3.7)

Here L is the second-order operator associated to the diffusion system K̂ ; i.e., for
any C2 function j:

Lj ¼ 1
2
g2k2j00 þ dkj0:
4. Some properties on the auxiliary value function

We first state a standard comparison theorem, which says that any smooth
function, which is a supersolution to the Bellman equation (3.6), is a majorant of v̂:
To this end, first recall in our context Itô’s formula for cadlag semimartingales (cf.

[11]).
Let j 2 C2ð0;1Þ; t1pt2 be a.s. finite stopping times, kX0 and ðL;MÞ 2 At1 ðkÞ:

Then, we have

e�rt2jðKt2 Þ ¼ e�rt1jðKt�
1
Þ þ

Z t2

t1
e�rtð�rjþLjÞðKtÞdt

þ

Z t2

t1
e�rtgKtj0ðKtÞdW t þ

Z t2

t1
e�rtj0ðKtÞðdLct � dMc

t Þ

þ
X

t1ptpt2

e�rt½jðKtÞ � jðKt�Þ�; ð4:1Þ

where

Lct ¼ Lt �
X
0pspt

DLs; DLt ¼ Lt � Lt� ;

Mc
t ¼ Mt �

X
0pspt

DMs; DMt ¼ Mt � Mt�

are the continuous and discontinuous parts of L and M.

Proposition 4.1. Let j be a nonnegative C2 function, supersolution on ð0;1Þ to (3.6),
i.e.,

minfrj�Lj�PðkÞ;�j0 þ p;j0 � ð1� lÞpgX0; k40: (4.2)

Then,

v̂ðkÞpjðkÞ 8k40:

Proof. For ðL;MÞ 2 A0ðkÞ; set tn ¼ infftX0 : KtXng ^ n; n 2 N; and apply Itô’s
formula (4.1) between the a.s. finite stopping times 0 and tn: Then, taking
expectation and noting that the integrand in the stochastic integral is bounded on
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½0; tn�; we get

E½e�rtnjðKtn
Þ� ¼ jðkÞ þ E

Z tn

0

e�rtð�rjþLjÞðKtÞdt

� �

þ E

Z tn

0

e�rtj0ðKtÞðdLct � dMc
t Þ

� �

þ E
X

0ptptn

e�rt½jðKtÞ � jðKt�Þ�

" #
: ð4:3Þ

Since pð1� lÞpj0pp; and Kt � Kt� ¼ DLt � DMt; the mean-value theorem implies
that

jðKtÞ � jðKt�ÞppDLt � pð1� lÞDMt:

Using again the inequality pð1� lÞpj0pp in the integrals in dLc � dMc in (4.3),
and recalling �rjþLjp�P; we then obtain

E½e�rtnjðKtn
Þ�pjðkÞ � E

Z tn

0

e�rtPðKtÞdt

� �

þ E

Z tn

0

e�rtðpdLct � pð1� lÞdMc
t Þ

� �

þ E
X

0ptptn

e�rtðpDLt � pð1� lÞDMtÞ

" #

¼ jðkÞ � E

Z tn

0

e�rtPðKtÞdt

� �

þ E

Z tn

0

e�rtðpdLt � pð1� lÞdMtÞ

� �
:

Therefore,

E

Z tn

0

e�rtðPðKtÞdt � pdLt þ pð1� lÞdMtÞ

� �
þ E½e�rtnjðKtn

Þ�pjðkÞ:

Since j is nonnegative, we then get

jðkÞXE

Z tn

0

e�rtðPðKtÞdt þ pð1� lÞdMtÞ

� �
� E

Z 1

0

e�rtpdLt

� �
:

Applying Fatou’s lemma, by taking n ! 1 in the last inequality, yields

E

Z 1

0

e�rtðPðKtÞdt � pdLt þ pð1� lÞdMtÞ

� �
pjðkÞ:

Now, v̂ðkÞpjðkÞ follows immediately from the arbitrariness of ðL;MÞ: &

We now list a few properties on the value function v̂:

Lemma 4.1. For all kX0 and l;mX0 such that k þ l � mX0; we have

v̂ðkÞX� pl þ pð1� lÞm þ v̂ðk þ l � mÞ: (4.4)
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Proof. For any ðL;MÞ 2 A0ðk þ l � mÞ; consider the control ð ~L; ~MÞ defined by
~L0� ¼ ~M0� ¼ 0; and ~Lt ¼ Lt þ l; ~Mt ¼ Mt þ m; for tX0: Let ~K be the solution of
(2.2) with control ð ~L; ~MÞ and initial condition ~K0� ¼ k: Then, ~Kt ¼ Kt þ l � m for
tX0; and ð ~L; ~MÞ 2 A0ðkÞ: We thus get

v̂ðkÞXĴðk; ~L; ~MÞ ¼ E

Z 1

0

e�rtðPð ~KtÞdt � pd ~Lt þ ð1� lÞpd ~MtÞ

� �
¼ Ĵðk þ l � m;L;MÞ � pl þ ð1� lÞpm:

We obtain the required result from the arbitrariness of ðL;MÞ: &

Furthermore, recalling assumption A2 on P; we obtain

Lemma 4.2. For any q 2 ½ð1� lÞp; p�;

kpð1� lÞpv̂ðkÞp
~Pððr � dÞqÞ

r
þ kq; k40: (4.5)

Proof. (a) The lower bound immediately follows from (4.4) by taking l ¼ 0; m ¼ k;
and by noting that v̂ is nonnegative. (b) For the upper bound, we first set z ¼

ðr � dÞq40 and C ¼ ~PðzÞ=rX0: Then, from (2.6), we have

PðkÞpðr � dÞqk þ rC 8kX0:

This inequality implies that the function jðkÞ ¼ kq þ C satisfies rj�Lj�PX0;
and therefore is a supersolution to (3.6). &

Lemma 4.3. (a) The value function v̂ is nondecreasing, concave, and continuous on

ð0;1Þ:
(b) 0pv̂ð0þÞp½ ~Pððr � dÞpÞ�=r:

Proof. (a) From Lemma 4.1, we have

v̂ðkÞXv̂ðk0
Þ þ pð1� lÞðk � k0

Þ 80pk0pk:

This proves in particular that v̂ is nondecreasing.
The proof of concavity of v̂ is standard. It is established by considering convex

combinations of initial states and control and using the linearity of dynamics (2.2)
and the concavity of P: Since v̂ is finite and concave on ð0;1Þ; it is continuous on
ð0;1Þ:
(b) The limit v̂ð0þÞ exists from the nondecreasing property of v̂: By taking q ¼ p in

the inequality of Lemma 4.2, we obtain the required estimation on this limit. &

Since v̂ is concave on ð0;1Þ; it admits a right derivative v̂0þðkÞ and a left derivative
v̂0�ðxÞ at any k40; and v̂0þðkÞpv̂0�ðkÞ: Moreover, the concavity of v̂; combined with
inequality (4.4), shows that

pð1� lÞpv̂0þðkÞpv̂0�ðkÞpp 8k40: (4.6)

We then define the so-called no-transaction region

NT ¼ fk40 : pð1� lÞov̂0þðkÞpv̂0�ðkÞopg:
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Lemma 4.4. There exists kbpks 2 ½0;1� such that

NT ¼ ðkb; ksÞ; (4.7)

v̂ is differentiable on ð0; kbÞ [ ðks;1Þ and

v̂0ðkÞ ¼ p; on B ¼ ð0; kbÞ (4.8)

v̂0ðkÞ ¼ pð1� lÞ; on S ¼ ðks;1Þ: (4.9)

Proof. We set kb ¼ inffkX0 : v̂0þðkÞopg and ks ¼ supfkXkb : v0�ðkÞ4pð1� lÞg:
Then, ppv0þðkÞpv0�ðkÞ; for all kokb and v0þðkÞpv0�ðkÞppð1� lÞ; for all k4ks:
Together with (4.6), this proves (4.8) and (4.9). Finally, the concavity of v̂ leads to
(4.7). &

Remark 4.1. We will see later that 0 okbokso1; and the optimal strategy for the
company consists of (i) neither increasing nor reducing capitals when it is in the
regionNT ¼ ðkb; ksÞ; (ii) increasing capital when it is below kb in order to reach the
threshold kb; and (iii) reducing capital when it is above ks; in order to attain the level
ks: The region B ¼ ð0; kbÞ is called the expansion region, and S ¼ ðks;1Þ; the
contraction region.
5. Viscosity solutions and regularity of the auxiliary value function

The concept of viscosity solutions is known to be a general and powerful
tool for characterizing the value function of a stochastic control problem (cf. [7]).
It is based on the dynamic programming principle, which we now recall in our
context.

Dynamic programming principle. For all k40; we have

v̂ðkÞ ¼ sup
ðL;MÞ2A0ðkÞ

E

Z y

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ þ e
�ryv̂ðKyÞ

� �
(5.1)

for any y 2 T possibly depending on ðL;MÞ in the supremum in (5.1). Here, we used
the convention that e�ryðoÞ ¼ 0 when yðoÞ ¼ 1: Although this result is standard, we
are not able to find a precise reference covering exactly this situation (see however
[18] for a finite horizon case). Thus, we provide for the sake of completeness a quick
proof in Appendix A.

Theorem 5.1. The value function v̂ is a continuous viscosity solution on ð0;1Þ of the

Bellman equation (3.6), i.e., v̂ satisfies:
(i) Supersolution Viscosity Property: for any k040 and any C2 function j in a

neighborhood of k0 s.t. k0 is a local minimum of v̂ � j with ðv̂ � jÞðk0Þ ¼ 0;

minfrjðk0Þ �Ljðk0Þ �Pðk0Þ;�j0ðk0Þ þ p;j0ðk0Þ � ð1� lÞpgX0: (5.2)
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(ii) Subsolution Viscosity Property: for any k040 and any C2 function j in a

neighborhood of k0 s.t. k0 is a local maximum of v̂ � j with ðv̂ � jÞðk0Þ ¼ 0;

minfrjðk0Þ �Ljðk0Þ �Pðk0Þ;�j0ðk0Þ þ p;j0ðk0Þ � ð1� lÞpgp0: (5.3)

Proof. The proof is based on the dynamic programming principle and Itô’s formula.
It is standard, but somewhat technical in this singular control context, and is
deferred to the Appendix B. &

Based on the property that the value function is a concave viscosity solution of the
Bellman equation, we can now prove that it is in fact C2:

Theorem 5.2. The value function v̂ is a classical C2 solution on ð0;1Þ to the Bellman

equation

minfrv̂ �Lv̂ �PðkÞ;�v̂0ðkÞ þ p; v̂0ðkÞ � ð1� lÞpg ¼ 0; k40:

Proof. Step 1: We first prove that v̂ is a C1 function on ð0;1Þ: Since v̂ is concave, the
left and right derivatives v̂0�ðkÞ and v̂0þðkÞ exist for any k40 and v̂0þðkÞpv̂0�ðkÞ: We
proceed by contradiction argument. Suppose that v̂0þðk0Þov̂0�ðk0Þ for some k040:
Fix some q in ðv̂0þðk0Þ; v̂

0
�ðk0ÞÞ and consider the function

jeðkÞ ¼ v̂ðk0Þ þ qðk � k0Þ �
1

2e
ðk � k0Þ

2

with e40: Then k0 is a local maximum of ðv̂ � jeÞ with jeðk0Þ ¼ v̂ðk0Þ: Since j0
eðk0Þ ¼

q 2 ðpð1� lÞ; pÞ and j00
e ðk0Þ ¼ 1=e; the subsolution inequality (5.3) implies that we

must have

rjðk0Þ � dk0q þ
1

e
�Pðk0Þp0: (5.4)

Choosing e sufficiently small leads to a contradiction. Hence, v̂0þðk0Þ ¼ v̂0�ðk0Þ for all
k040:

Step 2: From Lemma 4.4, v̂ is C2 on ð0; kbÞ [ ðks;1Þ and satisfies v̂0ðkÞ ¼ p; k 2

ð0; kbÞ; v̂0ðkÞ ¼ kpð1� lÞ; k 2 ðks;1Þ: From Step 1, we haveNT ¼ ðkb; ksÞ ¼ fk40 :
pð1� lÞov̂0ðkÞopg: We now check that v̂ is a viscosity solution of

rv̂ �Lv̂ �P ¼ 0 on ðkb; ksÞ: (5.5)

Let k0 2 ðkb; ksÞ and j be a C2 function on ðkb; ksÞ such that k0 is a local maximum of
v̂ � j; with ðv̂ � jÞðk0Þ ¼ 0: Since j0ðk0Þ ¼ v̂0ðk0Þ 2 ðpð1� lÞ; pÞ; the subsolution
inequality (5.3) implies that

rjðk0Þ �Ljðk0Þ �Pðk0Þp0:

This proves that v̂ is a viscosity supersolution of (5.5) on ðkb; ksÞ: The proof of the
supersolution viscosity property is similar. Now for arbitrary k1pk2 2 ðkb; ksÞ;
consider the Dirichlet boundary problem:

rV �LV �PðkÞ ¼ 0 on ðk1; k2Þ; (5.6)

V ðk1Þ ¼ v̂ðk1Þ; V ðk2Þ ¼ v̂ðk2Þ: (5.7)
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Classical results provide the existence and uniqueness of a C2 function V on ðk1; k2Þ
as a solution to (5.6) and (5.7). In particular, this smooth function V is a viscosity
solution of (5.5) on ðk1; k2Þ: From standard uniqueness results on viscosity solutions
(here, for a linear PDE in a bounded domain), we deduce that v̂ ¼ V on ðk1; k2Þ:
From the arbitrariness of k1 and k2; it is clear that v̂ is C2 on ðkb; ksÞ and satisfies
(5.5) in the classical sense.

Step 3: It remains to prove the C2 property at kb and ks in the case 0okbokso1:
Let k 2 ð0; kbÞ: Since v̂ is C2 on ð0; kbÞ with v̂0ðkÞ ¼ p; the supersolution inequality
(5.2) applied to the point k and the test function j ¼ v̂ implies that v satisfies the
following in the classical sense:

rv̂ðkÞ �Lv̂ðkÞ �PðkÞX0; 0okokb:

Since the derivative of v̂ is the constant p on ð0; kbÞ; this yields

rv̂ðkÞ � dkp �PðkÞX0; 0okokb

and

rv̂ðkbÞ � dkbp �PðkbÞX0: (5.8)

On the other hand, from the C1 smooth-fit at kb; we have, by sending k downwards
kb in (5.5)

rv̂ðkbÞ � dkbp �PðkbÞ ¼
1
2
g2kbv̂00ðkþ

b Þ: (5.9)

From the concavity of v̂; the RHS of (5.9) is nonpositive, which combined with (5.8),
implies that v̂00ðkþ

b Þ ¼ 0: This proves that v̂ is C2 at kb with

v̂00ðkbÞ ¼ 0:

Similar arguments prove the C2 condition of v̂ at ks with

v̂00ðksÞ ¼ 0: &
6. Solution to the auxiliary optimization problem

6.1. Some preliminary results on an ODE

We recall some useful results on the second-order linear differential equation

rv̂ �Lv̂ �P ¼ 0; (6.1)

arising in the Bellman equation (3.6).
It is well known that the general solution to the ODE (6.1) with P ¼ 0 is given by

V̂ ðkÞ ¼ Akm
þ Bkn;

where under A3: r4d

m ¼
�d
g2

þ
1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d
g2

þ
1

2

	 
2
þ
2r

g2

s
o0;
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n ¼
�d
g2

þ
1

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d
g2

þ
1

2

	 
2
þ
2r

g2

s
41

are the roots of

1
2
g2mðm � 1Þ þ dm � r ¼ 0:

Moreover, the ODE (6.1) admits a twice continuously differentiable particular
solution on ð0;1Þ given by (cf. [9])

V̂0ðkÞ ¼ E

Z 1

0

e�rtPðK̂tÞdt

� �
¼ knG1ðkÞ þ kmG2ðkÞ

with

G1ðkÞ ¼
2

g2ðn � mÞ

Z 1

k

s�n�1PðsÞds; k40; (6.2)

G2ðkÞ ¼
2

g2ðn � mÞ

Z k

0

s�m�1PðsÞds; k40: (6.3)

Note that the integrals defining G1 and G2 are well-defined and finite for k40 by the
linear growth condition (2.6) on P:
Under assumptions A1 and A2, the limiting behavior of V̂0 when k goes to zero is

stated as follows.

Lemma 6.1. V̂ 0ð0
þÞ ¼ 0 and V̂

0

0ð0
þÞ ¼ 1:

Proof. (i) From (2.6), we have for all s; k40;

PðsÞp ~P
1ffiffiffi
k

p

	 

þ

sffiffiffi
k

p :

We then get for all k40;Z 1

k

s�n�1PðsÞdsp ~P
1ffiffiffi
k

p

	 

1

nkn þ
1ffiffiffi
k

p
1

ðn � 1Þkn�1
:

It follows that

knG1ðkÞp
2

g2ðn � mÞ

1

n
~P

1ffiffiffi
k

p

	 

þ

ffiffiffi
k

p

n � 1

" #
:

Recalling the well-known duality relation ~Pð1Þ ¼ Pð0Þ (cf. [15]), and since Pð0Þ ¼
0; we deduce by sending k to zero in the last inequality that

lim
k#0

knG1ðkÞ ¼ 0:

On the other hand, using the nondecreasing property of P; it is easy to see that

kmG2ðkÞp
2

g2ðn � mÞ

�PðkÞ

m
;



ARTICLE IN PRESS

X. Guo, H. Pham / Stochastic Processes and their Applications 115 (2005) 705–736718
so that

lim
k#0

kmG2ðkÞ ¼ 0:

This proves limk#0 V̂0ðkÞ ¼ 0:
(ii) In view of point (i), we have to prove that limk#0 V̂ 0ðkÞ=k ¼ 1: From the

standing assumption (2.5), for any arbitrary large N40; there exists k̄40; such that
for all 0okok̄; PðkÞ=kXN : Hence, we deduce that for all 0okok̄

V̂0ðkÞ

k
Xkm�1G2ðkÞX

2

g2ðn � mÞ

N

1� m
:

This proves the required result. &

6.2. Construction of the auxiliary value function
Lemma 6.2. The expansion and contraction thresholds satisfy

0okbokso1:

Proof. We first check that ks40: Otherwise, the expansion and no-transaction
regions are empty and v̂ is of the form

v̂ðkÞ ¼ kpð1� lÞ þ v̂ð0þÞ 8k40:

Since v̂ satisfies the Bellman equation (3.6), we must have rv̂ �Lv̂ �PX0; which
implies

rv̂ð0þÞX sup
k40

ðPðkÞ � ðr � dÞkpð1� lÞÞ ¼ ~Pððr � dÞpð1� lÞÞ:

Since ~P is nonincreasing, this contradicts the upper bound for v̂ð0þÞ in Lemma 4.3.
We now check that kb40: If not, the expansion region would be empty, and we

would have from Lemma 4.4 and Theorem 5.2

rv̂ �Lv̂ �P ¼ 0; 0okoks:

Hence, v̂ would satisfy on the nonempty set ð0; ksÞ

v̂ðkÞ ¼ Akm
þ Bkn

þ V̂0ðkÞ; 0okoks:

Since mo0 and jv̂ð0þÞjo1; this implies A ¼ 0: Now, since n41; we get v̂0ð0þÞ ¼
V̂

0

0ð0
þÞ ¼ 1; a contradiction to the fact that v̂0ðkÞpp for all k40:

We also have kbo1: Otherwise, v̂ would be of the form

v̂ðkÞ ¼ kp þ v̂ð0þÞ 8k40:

This contradicts the growth condition (4.5).
We claim that kso1: On the contrary, the contraction region would be empty,

and we would have from Lemma 4.4 and Theorem 5.2

rv̂ � dkv̂0ðkÞ � 1
2
g2k2v̂00ðkÞ �PðkÞ ¼ 0 8k4kb:
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By the concavity of v̂; this implies:

dv̂0ðkÞXr
v̂ðkÞ

k
�

PðkÞ

k
8k4kb: (6.4)

We also get that q :¼ limk!1 v̂0ðkÞ exists and lies in ½pð1� lÞ; p�; so that by the
L’Hopital rule, v̂ðkÞ=k goes to q as k goes to infinity. Moreover, from (2.6), we know
that PðkÞ=k goes to 0 as k tends to infinity. Hence, by sending k to infinity in (6.4),
we obtain dqXrq; a contradiction to A3.
Finally, since v̂ is C1; we have v̂0ðkbÞ ¼ p and v̂0ðksÞ ¼ pð1� lÞ; which implies

kboks: &

We can now explicitly determine the auxiliary value function v̂:

Theorem 6.1. The value function v̂ has the following structure:

v̂ðkÞ ¼

kp þ v̂ð0þÞ; kpkb;

Akm
þ Bkn

þ V̂0ðkÞ; kbokoks;

kpð1� lÞ þ C1; kXks;

8><
>: (6.5)

where the six-tuple of constants ðA;B; kb; ks; v̂ð0
þÞ;C1Þ is the unique solution to the

system of equations:

Akm
b þ Bkn

b þ V̂ 0ðkbÞ ¼ kbp þ v̂ð0þÞ; (6.6)

Akm
s þ Bkn

s þ V̂ 0ðksÞ ¼ kspð1� lÞ þ C1; (6.7)

mAkm�1
b þ nBkn�1

b þ V̂
0

0ðkbÞ ¼ p; (6.8)

mAkm�1
s þ nBkn�1

s þ V̂
0

0ðksÞ ¼ pð1� lÞ; (6.9)

mðm � 1ÞAkm�2
b þ nðn � 1ÞBkn�2

b þ V̂
00

0ðkbÞ ¼ 0; (6.10)

mðm � 1ÞAkm�2
s þ nðn � 1ÞBkn�2

s þ V̂
00

0ðksÞ ¼ 0; (6.11)

resulting from the continuity and smooth-fit C1 and C2 conditions of v̂ at kb and ks:

Proof. We know from Lemma 4.4 that on ð0; kbÞ and ðks;1Þ (which are nonempty
sets by Lemma 6.2), v̂ has the structure described in (6.5). Moreover, on ðkb; ksÞ; we
have pð1� lÞov̂0op from Lemma 4.4. Therefore, by Theorem 5.2, v̂ satisfies rv̂ �

Lv̂ �P ¼ 0; and from the previous Theorem 6.1, has the form written in (6.5). We
know the existence of a six-tuple ðA;B; kb; ks; v̂ð0

þÞ;C1Þ solution to the system of
equations (6.6)–(6.11). Indeed, this results from the continuity and smooth-fit C1 and
C2 conditions of v̂ at kb and ks that we proved to hold true. On the other hand,
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suppose that one can find another six-tuple ð ~A; ~B; ~kb; ~ks; ~vð0
þÞ; ~C1Þ solution to

(6.6)–(6.11). Then, by considering the function

~vðkÞ ¼

kp þ ~vð0þÞ; kp ~kb;
~Akm

þ ~Bkn
þ V̂0ðkÞ; ~kboko ~ks;

kpð1� lÞ þ ~C1; kX ~ks;

8><
>:

it turns out that ~v is a C2 solution (hence also a viscosity solution) on ð0;1Þ; with
linear growth condition, to the same HJB equation (3.6) than v̂; i.e.

minfr~v �L~v �P;�~v0 þ p; ~v0 � ð1� lÞpg ¼ 0; on ð0;1Þ: (6.12)

From standard uniqueness results for the PDE (3.6) (see e.g. [8]), we deduce that
~v ¼ v: This proves that ð ~A; ~B; ~kb; ~ks; ~vð0

þÞ; ~C1Þ ¼ ðA;B; kb; ks; v̂ð0
þÞ;C1Þ: &

Remark 6.1. The value function v̂ satisfies in ðkb; ksÞ:

rv̂ðkÞ � dkv̂0ðkÞ � 1
2
g2k2v̂00ðkÞ �PðkÞ ¼ 0; k 2 ðkb; ksÞ:

From the continuity and smooth C1 and C2 conditions of v̂ at kb; i.e., v̂ðkbÞ ¼

kbp þ v̂ð0þÞ; v̂0ðkbÞ ¼ p and v̂00ðkbÞ ¼ 0; we then deduce

ðr � dÞkbp þ rv̂ð0þÞ ¼ PðkbÞ: (6.13)

Similarly, the threshold ks satisfies

ðr � dÞkspð1� lÞ þ rC1 ¼ PðksÞ: (6.14)

Remark 6.2. Computation of v̂: From a computational viewpoint, the constants
A;B; kb; ks; v̂ð0

þÞ;C1 may be determined as follows. From Eqs. (6.8) and (6.10), we
express A and B in terms of kb

mA ¼
k�m

b

n � m
ðpðn � 1Þkb � ðn � 1ÞkbV̂

0

0ðkbÞ þ k2bV̂
00

0ðkbÞÞ; (6.15)

nB ¼
k�n

b

n � m
ðpð1� mÞkb � ð1� mÞkbV̂

0

0ðkbÞ � k2bV̂
00

0ðkbÞÞ: (6.16)

We proceed similarly for Eqs. (6.9) and (6.11) and get

mA ¼
k�m

s

n � m
ðpð1� lÞðn � 1Þks � ðn � 1ÞksV̂

0

0ðksÞ þ k2s V̂
00

0ðksÞÞ; (6.17)

nB ¼
k�n

b

n � m
ðpð1� lÞð1� mÞks � ð1� mÞksV̂

0

0ðksÞ � k2s V̂
00

0ðksÞÞ: (6.18)

Comparing (6.15)–(6.17) and (6.16)–(6.18) yields that kb and ks are solutions to

pðn � 1Þk1�m
b � ðn � 1Þk1�m

b V̂
0

0ðkbÞ þ k2�m
b V̂

00

0ðkbÞ

¼ pð1� lÞðn � 1Þk1�m
s � ðn � 1Þk1�m

s V̂
0

0ðksÞ þ k2�m
s V̂

00

0ðksÞ; ð6:19Þ
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pð1� mÞk1�n
b � ð1� mÞk1�n

b V̂
0

0ðkbÞ � k2�n
b V̂

00

0ðkbÞ

¼ pð1� lÞð1� mÞk1�n
s � ð1� mÞk1�n

s V̂
0

0ðksÞ � k2�n
s V̂

00

0ðksÞ: ð6:20Þ

6.3. Special case of power profit function

We consider the case where P is a Cobb–Douglas profit function. Without loss of
generality, we assume that PðkÞ ¼ ka; with 0oao 1. Then

V̂0ðkÞ ¼ Dka with D ¼
1

r � adþ ðg2=2Það1� aÞ
:

Two Eqs. (6.19) and (6.20) determining kb and ks are written as

pðn � 1Þk1�m
b � ðn � aÞDaka�m

b ¼ pð1� lÞðn � 1Þk1�m
s � ðn � aÞDaka�m

s ;

(6.21)

pð1� mÞk1�n
b � ða� mÞDaka�n

b ¼ pð1� lÞð1� mÞk1�n
s � ða� mÞDaka�n

s :

(6.22)

By denoting y ¼ ks=kb ð41Þ; Eqs. (6.21) and (6.22) are written equivalently in terms
of y and kb as

pðn � 1Þ½ym � ð1� lÞy� ¼ ðn � aÞDaka�1
b ½ym � ya�;

pð1� mÞ½yn � ð1� lÞy� ¼ ða� mÞDaka�1
b ½yn � ya�:

By comparing both expressions of Daka
b in these two previous equations, we obtain

an equation for y:

F ðyÞ :¼
ðn � aÞð1� mÞyn�1ðya � ymÞ þ ða� mÞðn � 1Þym�1ðyn � yaÞ

ðn � aÞð1� mÞðya � ymÞ þ ða� mÞðn � 1Þðyn � yaÞ
¼ 1� l:

(6.23)

It is easy to see that

lim
y#1

F ðyÞ ¼ 1 and lim
y!1

F ðyÞ ¼ 0: (6.24)

By the continuity of F ðyÞ; we get that the existence of yl41 s.t. Eq. (6.23) holds, i.e.
F ðylÞ ¼ 1� l: The uniqueness of such yl follows from Remark 6.2.
We can then express all the parameters A, B, kb; ks; v̂ð0þÞ and C1 in

terms of yl:

kb ¼
pð1� mÞðyn

l � ð1� lÞylÞ

aDða� mÞðyn
l � ya

lÞ

	 
1=ða�1Þ
; ks ¼ kbyl;

A ¼
ðn � 1Þpkb � aDða� nÞka

b

mðn � mÞkm
b

; B ¼
ð1� mÞpkb � aDða� mÞka

b

nðn � mÞkn
b

;

v̂ð0þÞ ¼ Akm
b þ Bkn

b þ Dka
b � pkb; C1 ¼ Akm

s þ Bkn
b þ Dka

s � pksð1� lÞ:
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Remark 6.3. From the above expression of kb; we see that kb is decreasing with
respect to p and goes to1 when p goes to 0. We also see numerically that the ratio
ks=kb increases with l:Moreover, from (6.24), ks=kb goes to 1 when l goes to 0, and
goes to infinity when l goes to 1. We discuss the corresponding economic
interpretation later in Section 8.

A numerical example. Take d ¼ 1; g ¼ 2; r ¼ 3; a ¼ 0:6: Fig. 1 shows the graph of
ks=kb as an increasing function of l:
On the other hand, for the values l ¼ 0:6 and p ¼ 0:5; we obtain kb ¼ 0:069;

ks ¼ 4:8; and the value function v̂:

v̂ðkÞ ¼

0:5k þ 0:044; kp0:069;
0:00005k�1

þ 0:027k1:5 þ 0:347k0:6; 0:069okp4:8;
0:2k þ 0:214; k44:8:

8><
>: (6.25)
7. Solution to the original problem and construction of optimal policies and entry

decision

7.1. Solution to the optimal stopping problem

We now return to the original value function w given by the optimal stopping
problem (3.5). We first state some elementary properties of w.

Lemma 7.1. (a) The value function w is nondecreasing on ð0;1Þ:
(b) w is p-Lipschitz continuous on ð0;1Þ:

jwðkÞ � wðk0
Þjppjk � k0

j 8k; k040:
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(c) w satisfies

ðv̂ð0þÞ � CI Þ
þpwðkÞpðv̂ð0þÞ � CI Þ

þ
þ pk; k40: (7.1)

In particular, we have wð0þÞ ¼ ðv̂ð0þÞ � CI Þ
þ
¼ maxð0; v̂ð0þÞ � CI Þ:

Proof. (a) That v is nondecreasing follows from the corresponding properties of v̂;
together with the fact that the solution to (3.4) is written explicitly as K̂t ¼ kedtNt;
where N is the exponential martingale given by

Nt ¼ exp �
g2

2
t þ gW t

	 

:

(b) From the p-Lipschitz continuity of v̂; we have

jwðkÞ � wðk0
Þjp sup

tI2T
E½e�rtI jv̂ðkedtI NtI

Þ � v̂ðk0edtI NtI
Þj�

ppjk � k0
j sup
tI2T

ENtI
;

since r � d40: We get the required result by noting that suptI2T ENtI
¼ 1:

(c) Since v̂ð0þÞpv̂ðkÞpv̂ð0þÞ þ pk; for all k40; we have

sup
tI2T

E½e�rtI ðv̂ð0þÞ � CI Þ�pwðkÞp sup
tI2T

E½e�rtI ðv̂ð0þÞ � CI Þ� þ p sup
tI2T

E½e�rtI K̂tI
�:

We conclude by noting that

sup
tI2T

E½e�rtI ðv̂ð0þÞ � CI Þ� ¼ ðv̂ð0þÞ � CI Þþ;

sup
tI2T

E½e�rtI K̂tI
�pk sup

tI2T
ENtI

¼ k: &

From classical results on optimal stopping theory, we have the following
characterization of w.

Theorem 7.1. w is a continuous viscosity solution of

minfrw �Lw;w þ CI � v̂g ¼ 0: (7.2)

We introduce the entry region

E ¼ fk40 : wðkÞ ¼ v̂ðkÞ � CI g

and the infimum of this set

kI ¼ inf E:

E is a closed subset in ð0;1Þ and corresponds to the region where it is optimal for the
company to activate its production. It is well-known that in the continuation region,
i.e. the complement set Ec of E in ð0;1Þ;

Ec ¼ fk40 : wðkÞ4v̂ðkÞ � CIg;

the value function w is smooth C2 and satisfies

rwðkÞ �LwðkÞ ¼ 0 8k 2 Ec: (7.3)
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However, w does not inherit the concavity property of v̂: Therefore, the
regularity property of w and connected property of E cannot be proved directly
from classical results. We will carefully analyze the entry region and the value
function w.
We first recall a well-known useful result on the entry region.

Lemma 7.2.

E � Q ¼ fk40 : rv̂ �Lv̂ � rCIX0g:

Proof. For the sake of completeness, we outline the key idea for the proof. Let
k0 2 E: Then, k0 is a minimum of w � j with wðk0Þ ¼ jðk0Þ; where j ¼ v̂ � CI is C2:
By the supersolution viscosity property of w, we deduce that rjðk0Þ �Ljðk0ÞX0;
i.e., k0 2 Q: &

Lemma 7.3. We have the following characterization of Q:
�
 If rCIpPðkbÞ; then
Q ¼
r

r � d
CI � v̂ð0þÞ

p
;1

� 

\ ð0;1Þ: (7.4)
�
 If PðkbÞorCIoPðksÞ; then
Q ¼ ½P�1ðrCI Þ;1Þ: (7.5)
�
 If rCIXPðksÞ; then
Q ¼
r

r � d
CI � C1

pð1� lÞ
;1

� 

: (7.6)

Proof. We partition the subset Q into three regions Q ¼ Q1 [ Q2 [ Q3 where

Q1 ¼ f0okpkb : rv̂ �Lv̂ � rCIX0g

¼ f0okpkb : rCIpðr � dÞkp þ v̂ð0þÞg;

since v̂ðkÞ ¼ kp þ v̂ð0þÞ on ð0; kbÞ;

Q2 ¼ fkbokoks : rv̂ �Lv̂ � rCIX0g

¼ fkbokoks : rCIpPðkÞg;

since v̂ satisfies rv̂ �Lv̂ �P ¼ 0 on ðkb; ksÞ; and

Q3 ¼ fk4ks : rv̂ �Lv̂ � rCIX0g

¼ fk4ks : rCIpðr � dÞkpð1� lÞ þ rC1g;

since v̂ðkÞ ¼ kpð1� lÞ þ C1 on ðks;1Þ:
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We now distinguish the following three cases.
Case 1: rCIpPðkbÞ: Then from expression (6.13) of kb; we have rCIpðr � dÞkbp þ

v̂ð0þÞ; and thus

Q1 ¼
r

r � d
CI � v̂ð0þÞ

p
; kb

� �
\ ð0;1Þ:

Moreover, since P is nondecreasing, we have Q2 ¼ ðkb; ksÞ: Finally, from expression
(6.14) of ks; we have for all kXks; ðr � dÞkpð1� lÞ þ rC1XPðksÞXPðkbÞXrCI ; and
hence Q3 ¼ ðks;1Þ: This proves equality (7.4).

Case 2: PðkbÞorCIoPðksÞ: Then from expression (6.13) of kb; Q1 ¼ ;: We also
have that Q2 ¼ ½P�1ðrCI Þ; ksÞ since P is nondecreasing. Finally, by the same
argument as in the previous case, from expression (6.14) of ks; we have Q3 ¼ ðks;1Þ:
This proves equality (7.5).

Case 3: rCIXPðksÞ: Then, Q1 and Q2 are empty and again using expression (6.14)
of ks; we have

Q3 ¼
r

r � d
CI � C1

pð1� lÞ
;1

� 

:

This completes the proof. &

Remark 7.1. When CIpv̂ð0þÞ; we have rCIpPðkbÞ by (6.13). Therefore, by Lemma
7.3, Q ¼ ð0;1Þ:When CI4v̂ð0þÞ; the previous Lemma shows that Q ¼ ½k̄I ;1Þ; with
k̄I40 given by

k̄I ¼

r

r � d
CI � v̂ð0þÞ

p
if rCIpPðkbÞ;

P�1ðrCI Þ if PðkbÞprCIpPðksÞ;
r

r � d
CI � C1

pð1� lÞ
if rCIXPðksÞ:

8>>>>><
>>>>>:

We can now provide an explicit solution to the optimal stopping problem (3.5).

Theorem 7.2. (1) If CIpv̂ð0þÞ; then kI ¼ 0 and E ¼ ð0;1Þ; i.e., w ¼ v̂ � CI :
(2) If CI4v̂ð0þÞ; then kI 2 ð0;1Þ and E ¼ ½kI ;1Þ: The value function w is

continuously differentiable at kI and is given by

wðkÞ ¼
ðv̂ðkI Þ � CI Þ

k

kI

	 
n

; kokI ;

v̂ðkÞ � CI ; kXkI :

8><
>:

The entry-threshold kI is the unique solution in ð0;1Þ to GðkI Þ ¼ CI where

GðkÞ ¼ v̂ðkÞ �
k

n
v̂0ðkÞ: (7.7)

(3) In both cases, the optimal entry decision is given by t�I ¼ infftX0 : K̂tXkI g:
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Proof. (1) Case CIpv̂ð0þÞ: Then, we have seen in Remark 7.1 that Q ¼ ð0;1Þ: By
definition of Q, this implies that the C2 function ~w ¼ v̂ � CI is solution to (7.2) on
ð0;1Þ: Standard verification result then shows ~w ¼ w: This means kI ¼ 0; E ¼

ð0;1Þ and w ¼ v̂ � CI :
(2) Case CI4v̂ð0þÞ:
Step 1: From Lemma 7.1(c), wð0þÞ ¼ 04ðv̂ � CI Þð0

þÞ: By the continuity of
functions w and v̂ � CI ; we have kI40:We claim that kIo1: Otherwise, we should
have Ec ¼ ð0;1Þ; and so the function w is smooth on ð0;1Þ and satisfies

rw �Lw ¼ 0; on ð0;1Þ:

Hence, w would be of the form wðkÞ ¼ Akm
þ Bkn; k40: Since mo0 and wð0þÞ ¼ 0;

A is equal to zero, and so wðkÞ ¼ Bkn: Since n41; this contradicts the linear growth
condition of w stated in Lemma 7.1(c). From the continuity of w and v̂; we deduce
that kI 2 E and lies in Q, from Lemma 7.2. Moreover, we know from Remark 7.3
that Q ¼ ½k̄I ;1Þ: Therefore, we get kIXk̄I and ½kI ;1Þ � Q, which means that

rv̂ðkÞ �Lv̂ðkÞ � rCIX0 8kXkI : (7.8)

Step 2: We now prove that w is C1 at kI : Recall that w is smooth C2 on Ec and in
the interior of E: Hence, it admits a left and right derivative w0

� and w0
þ at kI :

Moreover, since kI is a minimum of w � ðv̂ � CI Þ with wðkI Þ ¼ v̂ðkI Þ � CI ; we have
w0
�ðkI Þpv̂0ðkI Þpw0

þðkI Þ: So, if we suppose that w were not C1 at kI ; we could find
some q 2 ðw0

�ðkI Þ;w0
þðkI ÞÞ: Then consider the function

jeðkÞ ¼ wðkI Þ þ qðk � kI Þ þ
1

2e
ðk � kI Þ

2

with e40: Here kI is a local minimum of w � je; with jeðkI Þ ¼ wðkI Þ ¼ v̂ðkI Þ � CI :
Hence, the supersolution viscosity property of w for the Bellman equation (7.2)
implies that

rjeðkI Þ � dkI q �
1

e
X0:

Choosing e as sufficiently small leads to a contradiction. So w is C1 at kI with
w0ðkI Þ ¼ v̂0ðkI Þ:

Step 3: For kokI ; we recall that w satisfies rw �Lw ¼ 0; and wð0þÞ ¼ 0: Hence,
there exists a constant B s.t. wðkÞ ¼ Bkn; 0okokI : The continuity and the smooth-
fit C1 condition on w at kI imply that kI satisfies (7.7) and B ¼ ðv̂ðkI Þ � CI Þ=kn

I : So,
on ð0; kI Þ; we have wðkÞ ¼ ðv̂ðkI Þ � CI Þðk=kI Þ

n: We now prove that on ½kI ;1Þ; we
have w ¼ v̂ � CI ; i.e., E ¼ ½kI ;1Þ: To this end, let us consider the function

~wðkÞ ¼
ðv̂ðkI Þ � CI Þ

k

kI

	 
n

; kokI ;

v̂ðkÞ � CI ; kXkI :

8><
>:

Clearly, ~w is C1 on ð0;1Þ; C2 on ð0; kI Þ [ ðkI ;1Þ; and, according to (7.8), is a
solution to the Bellman equation

minfr ~w �L ~w; ~w þ CI � v̂g ¼ 0:
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A standard verification argument will lead to ~w ¼ w; with an optimal stopping time
given by t�I ¼ infftX0 : K̂tXkI g:

Step 4: It remains to check the uniqueness of the solution in ð0;1Þ to (7.7).
Consider then the function defined on ð0;1Þ by GðkÞ ¼ v̂ðkÞ � ðk=nÞv̂0ðkÞ: We have
Gð0þÞ ¼ v̂ð0þÞoCI ; and GðkÞ � kpð1� lÞð1� 1=nÞ as k goes to infinity, so that G

goes to infinity as k goes to infinity. Moreover, since G0ðkÞ ¼ ð1� 1=nÞv̂0ðkÞ �

k=nv̂00ðkÞ40 by the strict increasing monotonicity and concavity of v̂; we obtain the
required result, i.e. the existence and uniqueness of a solution kI in ð0;1Þ to
GðkI Þ ¼ CI : &

Next, we characterize the position of kI with respect to kb and ks; depending on
the entry cost CI ; and analyze the monotonicity of kI with respect to CI :

Proposition 7.1. kI is strictly increasing with respect to CI : Moreover,
�
 kIokb if and only if CIoðn � 1Þ=npkb þ v̂ð0þÞ: In this case, we have

kI ¼
n

n � 1

CI � v̂ð0þÞ

p
: (7.9)
�
 kI4ks if and only if CI4ðn � 1Þ=npð1� lÞks þ C1: In this case, we have

kI ¼
n

n � 1

CI � C1

pð1� lÞ
: ð7:10Þ
�
 kI 2 ½kb; ks� if and only if ðn � 1Þ=npkb þ v̂ð0þÞpCIpðn � 1Þ=npð1� lÞks þ C1:

Proof. (1) We recall from Theorem 7.2 that kI is the unique solution in ð0;1Þ to
Eq. (7.7): GðkI Þ ¼ CI :We have already seen in the proof of this last theorem that G

is strictly increasing. This means that kI is strictly increasing with CI :
(2) From expression (6.5) of v̂ 2 ð0; kbÞ; we deduce that kI solution to GðkI Þ ¼ CI

lies in ð0; kbÞ if and only if

kI ¼
n

n � 1

CI � v̂ð0þÞ

p
okb: (7.11)

The above bound is satisfied iff CIoðn � 1Þ=npkb þ v̂ð0þÞ:
The case where kI4ks can be studied similarly. And finally, the last case is a

consequence of the two previous ones. &

7.2. Optimal policies and entry decision

Let us first recall the following Skorohod Lemma.

Lemma 7.4. For any finite a.s. stopping time tI ; any initial state kX0 and given two

boundaries 0pkbokso1; there exist unique cadlag adapted processes K� and

nondecreasing processes ðL�;M�Þ 2 PðtI Þ satisfying the following Skorohod problem
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SðtI ; k; kb; ksÞ:

dK�
t ¼ K�

t ðddt þ gdW tÞ þ dL�
t � dM�

t ; tX0; K�
0� ¼ k; (7.12)

K�
t 2 ½kb; ks� a:e:; tXtI ; (7.13)

Z 1

tI

1K�
u4kb

dL�
u ¼ 0; (7.14)

Z 1

tI

1K�
uoks

dM�
u ¼ 0: (7.15)

Moreover, if K�
t�

I
ðoÞ 2 ½kb; ks�; then L�ðoÞ and M�ðoÞ are continuous. When

K�
t�

I
ðoÞokb; L�

tI
ðoÞ ¼ kb � K�

t�
I
ðoÞ; M�

tI
ðoÞ ¼ 0 and K�

tI
ðoÞ ¼ kb; and when

K�
t�

I
ðoÞ4ks; L�

tI
ðoÞ ¼ 0; M�

tI
ðoÞ ¼ K�

t�
I
ðoÞ � ks and K�

tI
ðoÞ ¼ ks:

Remark 7.2. When tI ¼ 0; the previous lemma is well known and proven (cf. [10]). A
straightforward adaptation shows the result for an a.s. finite stopping time tI : The
solution K� to the above equations is a reflected diffusion process at the boundaries
kb and ks; and the processes L� and M� are the local times of K� at kb and ks:
Conditions (7.14) and (7.15) imply that L�; (resp. M�), increases only when K� hits
the boundary kb (resp. ks). It is also known that the r-potential of L� andM� is finite,
i.e., E½

R1

0 e�rt dL�
t �o1; and E½

R1

0 e�rt dM�
t �o1 (cf. [14, Chapter X]). Therefore,

the control ðL�;M�Þ is admissible, i.e., ðL�;M�Þ 2 AtI
ðkÞ:

Theorem 7.3. For kX0; let ðK�;L�;M�Þ be the solution to the Skorohod problem

Sðt�I ; k; kb; ksÞ; where t�I is the optimal stopping time in Theorem 7.2. Then, we have

vðkÞ ¼ wðkÞ ¼ Jðk;L�;M�; t�I Þ; kX0:

Proof. Step 1: Let tI be an a.s. finite stopping time, ðL;MÞ 2 AtI
ðkÞ; K the

associated capital solution to (2.2). By applying Itô’s formula to e�rtv̂ðKtÞ between tI

and tn; where tn ¼ infftXtI : KtXng ^ n; we obtain by the same arguments as in the
proof of Proposition 4.1

e�rtI v̂ðKt�
I
ÞXE

Z tn

tI

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ

����FtI

� �
:

Since K̂tI
¼ Kt�

I
; we get

wðkÞXE½e�rtI ðv̂ðK̂tI
Þ � CI Þ�

XE

Z tn

tI

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ � e
�rtI CI

� �
:

Therefore, wðkÞXJðk;L;M; tI Þ by letting n ! 1:We obtain the result for any tI in
T by truncating with tI ^ T ; and sending T to infinity. From the arbitrariness of
ðL;M ; tI Þ; it is clear that wðkÞXvðkÞ:
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Step 2: From (7.13), the reflected process K� lies a.s. in ½kb; ks� for tXt�I so that

rv̂ðK�
t Þ �Lv̂ðK�

t Þ �PðK�
t Þ ¼ 0; tXt�I a:s:

By applying Itô’s formula to e�rtv̂ðK�
t Þ as in Step 1, we get

E½e�rtn v̂ðK�
tn
Þ� ¼ E½e�rt�

I v̂ðK̂t�
I
Þ� � E

Z tn

t�
I

e�rtPðK�
t Þdt

" #

þ E

Z tn

t�
I

e�rtv̂0ðK�
t ÞðdL�

t � dM�
t Þ

" #
; ð7:16Þ

where tn ¼ infftXt�I : K�
t Xng ^ n: Now, in view of (7.14) and (7.15), we have

E

Z tn

t�
I

e�rtv̂0ðK�
t ÞðdL�

t � dM�
t Þ

" #

¼ E

Z tn

t�
I

e�rtv̂0ðK�
t Þð1K�

t ¼kb
dL�

t � 1K�
t ¼ks

dM�
t Þ

" #

¼ E

Z tn

t�
I

e�rtðp dL�
t � pð1� lÞdM�

t Þ

" #
;

since v̂0ðkbÞ ¼ p and v̂0ðksÞ ¼ pð1� lÞ: Plugging into (7.16) yields

wðkÞ ¼ E½e�rt�
I ðv̂ðK̂t�

I
Þ � CI Þ�

¼ E½e�rtn v̂ðK�
tn
Þ� þ E

Z tn

t�
I

e�rtPðK�
t Þdt

" #

þ E

Z tn

t�
I

e�rtð�p dL�
t þ pð1� lÞdM�

t Þ � e
�rt�

I CI

" #
: ð7:17Þ

Note that the first two terms in the RHS of (7.17) are bounded since K� lies a.e. in
the compact set ½kb; ks�: Since E½

R1

0 e�rt dL�
t �o1; and E½

R1

0 e�rt dM�
t �o1; we can

send n to infinity, and obtain by the dominated convergence theorem wðkÞ ¼

Jðk;L�;M�; t�I Þ; which combined with the inequality of Step 1, completes the
proof. &
8. Economic interpretation and conclusions

The main results in this paper (Theorems 6.1, 7.2, and 7.3) provide a complete and
explicit solution to an optimal partially reversible investment with entry decisions. It
mathematically validates several economic intuitions.
�
 A company will decide to activate its production once a level of capital kI is
reached. From that time, the company will increase or reduce investment in order
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to maintain its production capacity in a closed bounded interval ½kb; ks�: The value
function and the boundaries kI ; kb; and ks can be computed quite explicitly.
�
 The entry-threshold kI is increasing with respect to the entry cost.

�
 The expansion threshold kb decreases with respect to the conversion factor p. This
is in accordance with the intuition that the more expensive the expansion, the
smaller window of chances which means the smaller expansion region ½0; kb�:
�
 For a fixed p, when l is decreasing, then ks is decreasing. This confirms that the
intuition the contraction region ½ks;1Þ should be increasing with a higher
contraction ratio. Moreover, when l goes to zero, i.e. expansion and contraction
ratios are close, ks converges to kb; while in the opposite extreme case when l goes
to 1, i.e. contraction factor goes to zero, ks goes to infinity.

Our analysis is carried out in a one-dimensional context, and relies crucially on the
concavity of the auxiliary value function that in turn implies its smoothness. This is a
result of a compromise between complicated economic issues and mathematical
tractability. We admit that an even more realistic and general model should be a
multidimensional one that incorporates, for instance, stochastic variable inputs in
the production function other than the production capacity, and a nondeterministic
cost function. This would be an interesting direction for future research.
Appendix A. Proof of dynamic programming principle (5.1)

We recall the notation: for any k40 and ðL;MÞ 2 A0ðkÞ;

Ĵðk;L;MÞ ¼ E

Z 1

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ

� �
;

so that

v̂ðkÞ ¼ sup
ðL;MÞ2A0ðkÞ

Jðk;L;MÞ:

(1) For any k40; ðL;MÞ 2 A0ðkÞ and y 2 T; we have

Ĵðk;L;MÞ ¼ E

Z y�

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞp dMtÞ

� �

þ E E

Z 1

y
e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ

����Ft

� �� �
: ðA:1Þ

Now, by the strong Markov property of K with respect to F; the augmented filtration
of the Brownian motion W (for details, see arguments, e.g. in Lemma 3.2 in [17]),
we have

E

Z 1

y
e�rt PðKtÞdt � pdLt þ ð1� lÞpdMtð Þ

����Ft

� �
¼ e�ryĴðKy� ;L;MÞpe�ryv̂ðKy�Þ

pe�ry v̂ðKyÞ � pDLy þ pð1� lÞDMyð Þ;
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where the last inequality follows from Lemma 4.1. Plugging the above inequality into
(A.1), we obtain

Ĵðk;L;MÞ

pE

Z y

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞp dMtÞ þ e
�ryv̂ðKyÞ

� �

p sup
ðL;MÞ2A0ðkÞ

E

Z y

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ þ e
�ryv̂ðKyÞ

� �
:

Taking the supremum over ðL;MÞ in the LHS of the previous inequality
shows that

v̂ðkÞp sup
ðL;MÞ2A0ðkÞ

E

Z y

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ þ e
�ryv̂ðKyÞ

� �
:

(2) Conversely, given an arbitrary ðL;MÞ 2 A0ðkÞ; k40; y 2 T; for any e40; o 2

O; there exists, by the definition of v, a pair ðLe;o;Me;oÞ 2 AyðKy�ðoÞÞ s.t.

vðKy�ðoÞÞ � eoJðKy�ðoÞ;Le;o;Me;oÞ: (A.2)

Then, consider the processes ð ~L; ~MÞ defined for all tX0 and o 2 O by

ð ~Lt; ~MtÞðoÞ ¼ ðLt;MtÞðoÞ1toyðoÞ þ ðLe;o
t þ Ly� ;M

e;o
t þ My�ÞðoÞ1tXyðoÞ:

The technical point here is to prove that ð ~L; ~MÞ is adapted and this can be done by a
measurable selection result as, e.g. in [1] or [2]. Then, the process ð ~L; ~MÞ 2 A0ðkÞ and
we denote by ~K the associated controlled process solution to (2.2). From the
pathwise uniqueness for the SDE (2.2), we have a.s. ~Kt ¼ K e

t for tXy; where Ke is the
solution to

dK e
t ¼ K e

tðddt þ gdW tÞ þ dLe
t � dMe

t ; tXy;

K e
y� ¼ Ky� :

We then have

v̂ðkÞXĴðk; ~L; ~MÞ

¼ E

Z y�

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ

� �

þ E E

Z 1

y
e�rtðPðK e

tÞdt � pdLe
t þ ð1� lÞpdMe

tÞ

����Ft

� �� �

¼ E

Z y�

0

e�rt PðKtÞdt � pdLt þ ð1� lÞpdMtð Þ þ e�ryJðKy� ;L
e;MeÞ

� �

XE

Z y�

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ þ e
�ryvðKy�Þ

� �
� e

XE

Z y

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ þ e
�ryvðKyÞ

� �
� e;
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where the first inequality follows from (A.2) and the second one from Lemma 4.1.
Since ðL;MÞ is arbitrary in A0ðkÞ; by sending e to zero, we obtain

v̂ðkÞX sup
ðL;MÞ2A0ðkÞ

E

Z y

0

e�rtðPðKtÞdt � pdLt þ ð1� lÞpdMtÞ þ e
�ryv̂ðKyÞ

� �

and this ends the proof. &
Appendix B. Proof of Theorem 5.1

B.1. Supersolution Viscosity Property

Fix some k040 and C2 function j such that v̂ðk0Þ ¼ jðk0Þ and jðkÞpv̂ðkÞ for all k

in a neighborhood B̄eðk0Þ ¼ ½k0 � e; k0 þ e� of k0 (0oeok0). Consider the admissible
control ðL;MÞ 2 A0ðk0Þ defined by M ¼ 0 and

Lt ¼
0; t ¼ 0;

Z; tX0;

(

where 0pZoe: Define the exit time te ¼ infftX0;KteB̄eðx0Þg: Here K is the
production capacity starting from k0 and controlled by ðL;MÞ above. Note that K

has at most one jump at t ¼ 0 and is continuous on ð0; te�: By the dynamic
programming principle (5.1) with y ¼ te ^ h; h40; we have

jðk0Þ ¼ v̂ðk0ÞXE

Z te^h

0

e�rtðPðKtÞdt � pdLtÞ þ e
�rðte^hÞv̂ðKte^hÞ

� �

XE

Z te^h

0

e�rtðPðKtÞdt � pdLtÞ þ e
�rðte^hÞjðKte^hÞ

� �
: ðB:1Þ

Applying Itô’s formula to the process e�rtjðKtÞ between 0 and te ^ h; and taking
expectation, we obtain similarly as in the proof of Proposition 4.1 by noting also that
dLct ¼ 0

E½e�rðte^hÞjðKte^hÞ� ¼ jðk0Þ þ E

Z te^h

0

e�rtð�rjþLjÞðKtÞdt

� �

þ E
X

0ptpte^h

e�rt½jðKtÞ � jðKt�Þ�

" #
: ðB:2Þ

Combining relations (B.1) and (B.2), we see

E

Z te^h

0

e�rtðrj�Lj�PÞðKtÞdt

� �
þ E

Z te^h

0

e�rtpdLt

� �

� E
X

0ptpte^h

e�rt½jðKtÞ � jðKt�Þ�

" #
X0: ðB:3Þ
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�
 Taking first Z ¼ 0; i.e., L ¼ 0; we see that K is continuous, and only the first term
in the LHS of (B.3) is nonzero. By dividing the above inequality by h with h ! 0;
we conclude by the dominated convergence theorem

rjðk0Þ �Ljðk0Þ �Pðk0ÞX0: (B.4)
�
 Now, by taking Z40 in (B.3), and noting that L and K jump only at t ¼ 0 with size
Z; we get

E

Z te^h

0

e�rtðrj�Lf�PÞðKtÞdt

� �
þ pZ� jðk0 þ ZÞ þ jðk0ÞX0: (B.5)

Taking h ! 0; then dividing by Z and letting Z ! 0; we see

p � j0ðk0ÞX0: (B.6)
�
 On the other hand, taking an admissible control ðL;MÞ 2 A0ðk0Þ such that L ¼ 0
and

Mt ¼
0; t ¼ 0;

Z40; tX0

(

and going over a similar argument, inequality (B.5) is replaced by

E

Z te^h

0

e�rtðrj�Lf�PÞðKtÞdt

� �
� pð1� lÞZ� jðk0 � ZÞ þ jðk0ÞX0:

Taking h ! 0; then dividing by Z and letting Z ! 0; we obtain

�pð1� lÞ þ j0ðk0ÞX0: (B.7)

This proves the required supersolution viscosity property

minfrjðk0Þ �Ljðk0Þ �Pðk0Þ;�j0ðk0Þ þ p;j0ðk0Þ � pð1� lÞgX0: (B.8)
B.2. Subsolution Viscosity Property

We prove this part by contradiction. Suppose the claim is not true. Then, there
exist k040; 0oeok0; a C2 function j with jðk0Þ ¼ v̂ðk0Þ and jXv̂ in B̄eðk0Þ ¼

½k0 � e; k0 þ e�; and n40 such that for all k 2 B̄eðk0Þ

rjðkÞ �LjðkÞ �PðkÞXn; (B.9)

pð1� lÞ þ npj0ðkÞpp � n: (B.10)

Given any admissible control ðL;MÞ 2 A0ðk0Þ; consider the exit time te ¼
infftX0;KteBeðx0Þg: (Here K is the production capacity starting from k0 and
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controlled by ðL;MÞ:) By applying Itô’s formula to e�rtjðKtÞ; we get

E½e�rtejðKt�e Þ� ¼ jðk0Þ þ E

Z te

0

e�rtð�rjþLjÞðKtÞdt

� �

þ E

Z te

0

e�rtj0ðKtÞðdLct � dMc
t Þ

� �

þ E
X

0ptote

e�rt½fðKtÞ � fðKt�Þ�

" #
: ðB:11Þ

Note that for all 0ptote; Kt 2 B̄eðk0Þ: Then, from Taylor’s formula and (B.10), and
noting that DKt ¼ DLt � DMt; we have for all 0ptote

jðKtÞ � jðKt�Þ ¼ DKt

Z 1

0

j0ðKt þ zDKtÞdz

p ðp � nÞDLt � ðpð1� lÞ þ nÞDMt: ðB:12Þ

In light of relations (B.9)–(B.12), we thus obtain

E½e�rtejðKt�e Þ�pjðk0Þ þ E

Z te

0

e�rtð�P� nÞðKtÞdt

� �
þ E

Z t�e

0

e�rtðp � nÞdLt

� �

� E

Z t�e

0

e�rtðpð1� lÞ þ nÞdMt

� �

¼ jðk0Þ þ E

Z te

0

e�rtð�PðKtÞdt þ pdLt � pð1� lÞdMtÞ

� �
� E½e�rtepDLte � þ E½e�rtepð1� lÞDMte �

� n E

Z te

0

e�rt dt

� �
þ E

Z t�e

0

e�rtðdLt þ dMtÞ

� �� �
: ðB:13Þ

Note that while Kt�e 2 B̄eðk0Þ; Kte is either on the boundary qBeðk0Þ or out of B̄eðk0Þ:
However, there is some random variable a valued in ½0; 1� such that

ka ¼ Kt�e þ aDKte

¼ Kt�e þ aðDLte � DMteÞ 2 qB̄eðk0Þ ¼ fk0 � e; k0 þ eg:

Then, similarly as in (B.12), we have

jðkaÞ � jðKt�e Þpaðp � nÞDLte � aðpð1� lÞ þ nÞDMte : (B.14)

Note that Kte ¼ ka þ ð1� aÞðDLte � DMteÞ; and so from Lemma 4.1

v̂ðkaÞX� pð1� aÞDLte þ pð1� lÞð1� aÞDMte þ v̂ðKte Þ: (B.15)

Recalling that jðkaÞXv̂ðkaÞ; inequalities (B.14) and (B.15) imply

jðKt�e ÞXv̂ðKteÞ � ðp � anÞDLte þ ðpð1� lÞ þ anÞDMte :
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Plugging this last inequality into (B.13) and recalling that jðk0Þ ¼ v̂ðk0Þ yields

v̂ðk0ÞXE

Z te

0

e�rtðPðKtÞdt � pdLt þ pð1� lÞdMtÞ þ v̂ðKte Þ

� �

þ n E

Z te

0

e�rt dt

� �
þ E

Z t�e

0

e�rtðdLt þ dMtÞ

� ��

þE½e�rteaðDLte þ DMte Þ�
�
: ðB:16Þ
�
 We now claim that there exists a constant g040 such that for all
ðL;MÞ 2 A0ðk0Þ

E

Z te

0

e�rt dt

� �
þ E

Z t�e

0

e�rtðdLt þ dMtÞ

� �
þ E½e�rteaðDLte þ DMte Þ�Xg0:

(B.17)

Indeed, one can always find some constant G040 such that the C2 function

cðkÞ ¼ G0ððk � k0Þ
2
� e2Þ;

satisfies

minfrc�Lcþ 1; 1� jc0
jgX0; on B̄eðk0Þ;

c ¼ 0; on qB̄eðk0Þ:

For instance, we can choose

G0 ¼ min
1

re2 þ 2ejdjðk0 þ eÞ þ g2ðk0 þ eÞ2
;
1

2e

� �
40:

By applying again Itô’s lemma, we then get

E½e�rtecðKt�e Þ�pcðk0Þ þ E

Z te

0

e�rt dt

� �
þ E

Z t�e

0

e�rtðdLt þ dMtÞ

� �
:

(B.18)

Since c0
ðkÞX�1; we have

cðKt�e Þ � cðkaÞX� ðKt�e � kaÞ ¼ aðDLte � DMteÞ

X� aDMte :

Plugging into (B.18) yields

E

Z te

0

e�rt dt

� �
þ E

Z t�e

0

e�rtðdLt þ dMtÞ

� �
þ E½e�rteaDMte �

XE½e�rtecðkaÞ� � cðk0Þ ¼ �cðk0Þ ¼ G0e2: ðB:19Þ

Hence, claim (B.17) holds with g0 ¼ G0e2:
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�
 Finally, by taking the supremum over all ðL;MÞ 2 A0ðk0Þ in (B.16), and invoking
the dynamic programming principle (5.1), we have v̂ðk0ÞXv̂ðk0Þ þ ng0; which is the
required contradiction.
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[11] P.A. Meyer, Séminaire de Probabilités, Lecture Notes in Mathematics, vol. 511, Springer, Berlin,

1976.

[12] A. Oksendal, Irreversible investments, Finance Stochastics 4 (2000) 223–250.

[13] R. Pindyck, Irreversible investment, capacity choice and the value of the firm, Amer. Econom. Rev.

79 (1988) 969–985.

[14] D. Revuz, M. Yor, Continuous Martingale and Brownian Motion, Springer, Berlin, 1991.

[15] T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.

[16] S. Shreve, M. Soner, Optimal investment and consumption with transaction costs, Ann. Appl.

Probab. 4 (1994) 609–692.

[17] J. Yong, X.Y. Zhou, Stochastic Controls: Hamiltonian Systems and HJB Equations, Springer, Berlin,

2000.

[18] H. Zhu, Generalized solution in singular stochastic control: the nondegenerate problem, Appl. Math.

Optim. 25 (1992) 225–245.


	Optimal partially reversible investment with entry decision and general production function
	Introduction
	Formulation of the problem
	Auxiliary optimization problem
	Some properties on the auxiliary value function
	Viscosity solutions and regularity of the auxiliary value function
	Solution to the auxiliary optimization problem
	Some preliminary results on an ODE
	Construction of the auxiliary value function
	Special case of power profit function

	Solution to the original problem and construction of optimal policies and entry decision
	Solution to the optimal stopping problem
	Optimal policies and entry decision

	Economic interpretation and conclusions
	Proof of dynamic programming principle (5.1)
	Proof of Theorem 5.1
	Supersolution Viscosity Property
	Subsolution Viscosity Property

	References


