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Planar Quasi-Newton Algorithms for Unconstrained 
Saddlepoint Problems I 

S. S. O R E N  2 

Communicated by H. Y. Huang 

Abstract. A new class of quasi-Newton methods is introduced that 
can locate a unique stationary point of an n-dimensional quadratic 
function in at most n steps. When applied to positive-definite or nega- 
tive-definite quadratic functions, the new class is identical to Huang's 
symmetric family of quasi-Newton methods (Ref. 1). Unlike the latter, 
however, the new family can handle indefinite quadratic forms and 
therefore is capable of solving saddlepoint problems that arise, for 
instance, in constrained optimization. The novel feature of the new class 
is a planar iteration that is activated whenever the algorithm encounters 
a near-singular direction of search, along which the objective function 
approaches zero curvature. In such iterations, the next point is selected 
as the stationary point of the objective function over a plane containing 
the problematic search direction, and the inverse Hessian approximation 
is updated with respect to that plane via a new four-parameter family 
of rank-three updates. It is shown that the new class possesses properties 
which are similar to or which generalize the properties of Huang's 
family. Furthermore, the new method is equivalent to Fletcher's (Ref. 2) 
modified version of Luenberger's (Ref. 3) hyperbolic pairs method, with 
respect to the metric defined by the initial inverse Hessian approxima- 
tion. Several issues related to implementing the proposed method in 
nonquadratic cases are discussed. 
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1. Introduction 

Variable-metric methods, which are also referred to as quasi-Newton 
methods, were originally developed by Davidon (Ref. 4) and by Fletcher 
and Powell (Ref. 5) for solving smooth unconstrained minimization prob- 
lems of the form: minimize f(x), where x e E n and f e C 2. 

As many well-known algorithms, quasi-Newton methods are based on 
a quadratic model of the objective function. In other words, they are 
obtained by assuming a quadratic function and adapted to handle nonquad- 
ratic problems by applying them to local quadratic approximations of the 
objective. These approximations are obtained from gradient information 
and updated on each iteration as new gradient measurements become 
available. Variable metric methods are typically quasi-Newton algorithms 
that guarantee the positive definiteness of these local quadratic approxima- 
tions (these two terms, however, are often treated as synonyms). A general 
class of quasi-Newton methods, which contains as special cases most 
algorithms of this type, is the so-called Huang's (Ref. 1) symmetric family. 
An equivalent representation of this family has been also given by Oren 
and Luenberger (Ref. 6). For the quadratic case, 

f ( x )  = (½)xrVx  - bTx  + c, (1) 

where F is a symmetric n x n positive-definite matrix, b is an n-vector, and 
c a scalar, this class can be represented conceptually by the following 
iterative process. 

Algorithm 1.1. 
definite symmetric matrix Ho, and the gradient 

go = Vf(xo)r = F x o -  b. 

S tep  1. If gk # O, then obtain 

dk = --Hkgk.  

S tep  2. Obtain 

Xk+ 1 ~ X k "~ Otkdk, 

where 

c,k = {a  lVf(xk + ,~G)& = O} -- -(gTG)/(dTFG). 

Step  3. Obtain 

gk+l = V f ( x k + l )  r = F X k . I  -- b, 

P k  "~ X k + l  - -  Xk = a k d k ,  

Start with an arbitrary point Xo, an n x n positive- 

(2) 

(3) 

(4) 

(5) 

(6) 
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qk = gk+l - gk = Fpk. (7) 

Step 4. Select arbitrary scalars Yk and q~k ~ 1/gT+lHkgk+l and obtain 

Hk+l = H k + ( 1 / p T q k ) ( p k v 2  + T T T VkPk + TkPkPk ) + q~kVkVk , ( 8 )  

where 

vk = ( q~£ Hkqk/ p~ qk ) Pk -- Hkqk. (9) 

Step 5. Increment k by 1 and return to Step 1. 
The parameters q~k and Yk in the above algorithm provide the two 

degrees of freedom available in Huang's (Ref. 1) symmetric family. The 
class of algorithms described in Ref. 6 differs from the above by having the 
parameter ~'k multiply Hk rather than PkP~. Specific well-known variable- 
metric methods, such as the DFP algorithm given in Refs. 4 and 5 or the 
BFGS algorithm presented, for example, in Ref. 7, can be obtained from 
this general class by appropriate selections of ~k and Yk. 

Some of the important well-known properties of Algorithm 1.1 are 
summarized for reference in the following theorem, without proof. 

Theorem 1.1. For a positive-definite, quadratic objective function 
with Hessian F, Algorithm 1.1 satisfies the following conditions, for k = 
0,1 . . . . .  n - 1 .  

(a) g r d j = d F F d j = O ,  f o r i < j ~ k ,  (10) 

and 

g f d j < O  if g i#0 ,  for j_< k. (11) 

Thus, Algorithm 1.1 is a conjugate-direction descent method and will hence 
converge to a stationary point in at most n steps. 

(b) If Ho=I ,  then Algorithm 1.1 is a conjugate-gradient algorithm, 
i.e., 

(do, dl . . . . .  dk) = (go, gl . . . . .  gk) = (go, fgo  . . . . .  fk - lgo)3 .  (12) 

(c) Hk+lqj=Hk+lFpi=wipj, for j_< k, (13) 

where 

¢oj = ~,j + ( q[H;qJ  p[qj)  (14) 

3 Throughout  this paper, (Yo . . . .  , Yk) denotes the subspace spanned by the vectors Yo . . . . .  Yk, 
while [Y0 . . . . .  Yk] is the matrix formed by these vectors. 
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and, if 

y i=  1 _ (qjrH~j/pjT qj), for j = 0, 1 . . . . .  n -  1, 

then 

H ,  = F  -a. 

(d) Any symmetric rank-two update of the form 

Hk+l = Hk +[Hkqk, pk]O[Hkqk, pk] T (15) 

satisfies (13) if and only if it can be expressed in the form given by (8) and 
(9). 

Proof. The proofs of parts (a), (b), (c) of Theorem 1.1 for special 
cases of Algorithm 1.1 were given by various authors (e.g., Refs. 7 and 5). 
Huang (Ref. 1), however, was the first to consider the general case presented 
above. [] 

A key assumption in the development of the presently known variable- 
metric algorithms and in particular those included in Huang's family is that 

dTFdk ~ O, for all k. 

This is guaranteed by assuming definiteness of the quadratic objective 
function used in the derivation. In fact, Theorem 1.1 holds as long as 

d~Fdk # O, for all k, 

regardless of whether F is definite or not. However, in the indefinite case, 
we may encounter situations where, for some k, d~Fdk and hence P~qk 
vanish, causing the method to break down; in practice, this will occur even 
when 

d~Fdk = 6 # 0, for small & 

The definiteness assumption is reasonable if the method is designed 
for minimization or maximization purposes. In certain applications, 
however, we may need to find a stationary point of a function where the 
Hessian matrix is indefinite, i.e., a saddlepoint [see, e.g., Sinclair and Fletcher 
(Ref. 8)]. The appropriate quadratic model for such a problem is of the 
form (1), where F is a nonsingular, symmetric indefinite matrix. Locating 
the stationary point of this quadratic is equivalent to solving the linear 
system of equations 

Fx=b. 

A classic example leading to such a problem is minimizing the quadratic 
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function 

f ( x )  = (1/2)xTGx - h Tx + c, (16) 

subject to 

A x = a ,  (17) 

where G is a symmetric n x n matrix, h is an n-vector, c is a scalar, A is 
an m x n matrix of rank m, and a is an m-vector. For this problem to have 
a unique solution, it is sufficient that G be positive definite over the subspace 
{ylAy = 0}. This solution can be obtained by finding the saddlepoint of the 
Lagrangian 

L(x, )t ) = f ( x )  + )t r ( A x -  a) 

l r  [ G A T ] [ ; ] _ [ h T a T ] [ X A ] + c  " (18) =~[x , A T] A 

It is possible, of course, to find the saddlepoint of a nonsingutar indefinite 
quadratic function f ( x )  by minimizing the squared norm of its gradient 
tlVf(x)ll 2, The Hessian of the new objective is the square of the original 
Hessian; thus, it is positive definite and standard methods can be applied 
safely. This approach, however, requires more computational work per 
iteration as compared to a direct method, due to the squaring of the Hessian. 
Furthermore, squaring the condition number of the Hessian, implied by 
this approach, has an adverse effect from a numerical stability point of view. 

The alternative approach adopted in this paper addresses explicitly 
possible indefiniteness of the Hessian by devising algorithms that can handle 
such cases. Existing work along these lines has concentrated on generaliz- 
ation and alternative implementation of conjugate-gradient algorithms so 
as to handle indefinite quadratic forms. The first method of this type was 
proposed by Luenberger (Ref. 3), followed by subsequent methods 
described by Luenberger (Ref. 9), Paige and Saunders (Ref. !0), Fletcher 
(Ref. 5), Sinclair and Fletcher (Ref. 8), and Hestenes (Ref. 11). Luenber- 
ger's (Ref. 3) method employs the concept of hyperbolic pairs to devise an 
alternate planar iteration that is executed when the regular conjugate- 
gradient iteration breaks down due to division by zero. Such division by 
zero occurs when the direction of search dk is singular, i.e., 

d ~Fdk = O. 

In its original form, this method does not adequately cope with the situation 
when d~Fdk is very small, but not exactly zero. Fletcher (Ref. 2) has shown, 
however, that this difficulty may be alleviated by performing an iteration 
which executes simultaneously two regular conjugate-gradient steps, 
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whenever dTFdk becomes too small. He has further shown that, when 
dTFdk is exactly zero, this double iteration reduces to the one proposed 
by Luenberger (Ref. 3) for this case. 

It is well known that, in spite of the theoretical equivalence of quasi- 
Newton and conjugate-gradient methods for definite quadratic functions, 
the former class of methods is superior to the latter when applied to 
nonquadratic function minimization. Recent results by Shanno (Ref. 12) 
shed some light on the above observation by showing that the conjugate- 
gradient method may be viewed as a memoryless quasi-Newton method. 
This lack of memory manifests itself in higher sensitivity to line-search 
accuracy and nonquadratic nature of the objective function. Thus, for small 
and moderate size problems, where the storage and overhead requirements 
for matrix updates are not substantial, quasi-Newton methods are commonly 
preferred. Although no empirical support is yet available, it is conceivable 
that the above considerations will apply to saddlepoint problems as well. 
It seems, therefore, worthwhile to develop generalized quasi-Newton 
methods that can handle indefinite Hessians. Such methods will have the 
added benefit of producing an estimate of the inverse Hessian which is often 
needed for various applications. In the example discussed above, for in- 
stance, the inverse Hessian of the Lagrangian may be required for sensitivity 
analysis (see, for example, Ref. 13). 

In this paper, we generalize Huang's symmetric family of quasi Newton 
algorithms so as to handle indefinite Hessians. For this purpose, we shall 
assume, in our derivations and analysis of the proposed method, the 
indefinite quadratic objective function given by (1), where F is a nonsingular 
indefinite matrix. For notational convenience, we use F explicitly in many 
of the results presented throughout this paper. It should be understood, 
however, that the proposed algorithms are intended, like conventional 
quasi-Newton methods, to be implemented without explicit knowledge of 
the Hessian. In discussing the adaptation of these methods to nonquadratic 
cases, we will hence show how the various quantities involving F can be 
obtained in terms of gradients of the objective function and by means of 
conventional line searches. 

2. Possible Breakdown in Huang's Class 

The concept of conjugacy that is normally used with respect to positive- 
definite matrices may be extended to symmetric nonsingular matrices as 
well. The following definition provides such a generalization along with 
other concepts that are commonly used in the analysis of indefinite quadratic 
forms. 
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Definition 2.1. Given a symmetric nonsingular n x n matrix Q, 

(a) two nonzero vectors x, y ~ E ~ are said to be conjugate with respect 
to Q if x r Qy=O;  

(b) a nonzero vector x c E "  is said to be singular with respect to Q 
if x fOx  = 0; 

(c) a pair of vectors {x, y} is said to be a hyperbolic pair with respect 
to Q if x and y are both singular with respect to Q and x TOy ¢ O. 

As pointed out earlier, Algorithm 1.1 can break down when applied 
to an indefinite quadratic form, since it may generate a singular direction 
of search dk, along which the function has zero curvature, i.e., 

d T Fdk T =Pkqk =0.  

The difficulties arise in' calculating the stepsize ak and in updating Hk. 
Equation (4) for calculating ak implies that Xk+l be a stationary point along 
the line xk + adk. Clearly, if dk is singular, the one-dimensional function 

f(~) =f(xk-,~d~) 

is linear in a and therefore has no stationary points (except for the degener- 
ate case, where a = 0 is stationary). If we attempt to resolve this problem 
by selecting some arbitrary ak > 0, then a further difficulty resulting from 
the singularity of dk arises in updating Hk. As will be shown below, using 
an update of the type given by (15), when dk is singular, will either fail to 
produce an Hk+l satisfying condition (13) or dk+l will not be conjugate to 
dk unless the two search directions are parallel. 

Proposition 2.1. 
where 

qk = Fpk and 

Then, the condition 

Hk + l qk = tokpk 

implies that either 

Hkqk = oJkpk 

and 

o r  

Hk+i = Ilk + crkpkp[ 

Let Hk+1 be obtained from Hkqk and Pk using (15), 

prqk = O. 

(19) 

(20) 

q rHkqk ~ 0 
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and 

Hk+l=Hk--(1/qrHkqk)(Hkqk--wkpk)(Hkqk--~okpk)T +crkPkP r, (21) 

for some arbitrary scalar ok. 

Proof. For convenience, we suppress the subscript k and denote Hk+, 
by H*. From (13), (15), and the fact that 

pTq =0,  

we have 

H*Fp = H*q = Hq + [Hq, p]C~[q THq, 0] T = oJp, (22) 

which can be rewritten as 

Hq{1 +dPll(qTHq)} +p{@21(qrHq) - ~o} = 0. (23) 

If Hq and p are collinear, then (15) may be collapsed to a rank-one 
correction of the form given by (20). Furthermore, since 

qTHq =pTFp=O, 

(23) implies 

Hq = ~op. 

If, on the other hand, Hq and p are linearly independent, then (23) can be 
satisfied only if q THq ~ O, while 

~H = -1/(qrHq),  (24) 

~21 = w / ( q'rHq). (25) 

Substituting (24) and (25) into (15) yields (21), with 

O" = (I)22. [ ]  

Proposition 2.2. Let Hk, Pk, qk, dk, gk be defined as in Algorithm 1.1, 
where 

prqk = O, 

and let Hk+~ satisfy (15) and (19). Then, either dk+~ is parallel to Pk or 

dr+lFpk ~ O. 

Proof. From (2) and (7), we have 

dk+l = - - g k + l g k + l  = - - H k + lqk  -- g k + l g k .  (26) 
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But, since Hk+l satisfies (19), we obtain, by (6), 

dk+l = --o)kpk -- H),+lgk. (27) 

If Hkqk is collinear with Pk, then, according to Proposition 2.1, Hk+l is 
determined by (20); and, since 

Hkgk = --(1/ ak)pk, 

one can easily show that dk+l is collinear with Pk. On the other hand, if 
Hkqk and p~ are independent, then Hk+l is determined by (21). From (25) 
and (21), it then follows that dk+~ is in the subspace spanned by Pk and 
Hkqk, i.e., 

dk+l = ~Pk + ~Hkqk, (28) 

for some scalars ~ and ft. Thus, by the singularity of Pk, we have 

dT+iFpk = i~pT qk + T ~q k Hkqk = ~q T Hkqk,  (29) 

implying that either 

d~+lFpk ~ 0 

o r  

~" = 0 and dk+l = ~:Pk. [] 

3. Planar Iteration 

Propositions 2.1 and 2.2 above assume that Pfqk is exactly zero. In 
practice, however, the method will break down even when prqk is not zero 

T but very small. In fact, as Pkqk tends to zero, the stepsize at  becomes 
arbitrarily large and the next search direction dk+l gets arbitrarily close to 
Pk. Following Fletcher's (Ref. 2) approach, this difficulty can be alleviated 
by combining the two subsequent problematic iterations corresponding to 
the search directions dk and dk+l into one planar iteration with respect to 
the subspace (dk, dk+l). In view of the following proposition, however, this 
is equivalent to performing a planar iteration over the subspace (Pk, Hkqk). 

Proposition 3.1. Let Hk, Pk, qk, dk, gk be defined as in Algorithm 1.1, 
and assume 

P~qk ~ O. 

Then, assuming ak ~ 0, there holds 

(dk, dk+l) -- (Pk, Hkqk). 
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Proof. Without loss of generality, we may assume k = 0. Then, since 

pTkqk # O, 

the results of Theorem 1.1 hold for k = 0 and k = 1, regardless of whether 
F is definite or not. By (13), we have 

wkpk = Hk+lqk = Hk+lgk+~ --Hk+lgk ~ (dk+l, Hk+lgk). (30) 

Hence, 

--dk+t = Hk+lgk+l ~ (Pk, Hk+lgk). (31) 

But, by (8) and (9), 

Hk + tgk ~ (Hkg~, Pk, Hkqk) = (Pk, Hkqk), (32) 

implying that 

(dk, dk+l) C_ (Pk, Hkqk). (33) 

Since we assumed 

d ~Fdk # 0 

and, by (10), 

d~Fdk+l = O, 

the vectors dk and dk+l are linearly independent, implying identity of the 
subspaces in (33). [] 

The basic idea underlying the proposed algorithm is to perform a planar 
iteration with respect to the subspace (Pk, Hkqk) whenever a singular or 
near-singular direction dk is encountered. In this planar iteration, the point 
Xk+2 and the inverse Hessian approximation Hk+2 are generated directly 
from xk and Hk, bypassing the problematic computation of xk+~ and Hk+~. 
Specifically, the point xk+2 is selected to be a stationary point of the objective 
function over the linear manifold Xk + (Pk, Hkqk), i.e., 

g k + 2  I (Pk, Hkqk). 

Defining 

Pk+~ = Xk+2--Xk and qk+l = gk+z--gk,  

we then update Hk so that the subspace (Pk+l, Pk) becomes an eigenspace 
of Hk+zF. The planar update is analogous to the linear update in Algorithm 
1.1 being based on the vectors Pk+l, Pk and their respective approximations 
Hkqk+~ and Hkqk. This update is performed via a rank-three modification 
of Ilk, employing the three vectors {Hkqk+l, Pk+l,pk} that span 
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(Hkqk+l, Pk+l, Hkqk, Pk). It should be emphasized that, by performing such 
a planar iteration, we eliminate the need to search along dk, so that the 
stepsize ak used to determine Pk and qk may be any arbitrary nonzero scalar. 

The main virtue of the above planar iteration is that it is welt defined 
even when pTqk approaches zero, causing dk and dk+l to become collinear 
and the computation of Xk+I and Hk+t to break down. Furthermore,  like 
Ftetcher's (Ref. 2) method, this planar iteration reduces, in the limit, when 
pTqk is exactly zero, to a hyperbolic-pairs-type method. This follows from 
the fact that, when Pk is singular, and 

qT Hkqk ~ 0, 

then the vectors Pk and 

Pk = Hkqk -- ( q T HkFHkqk/ 2q T Hkqk ) Pk 

form a hyperbolic pair spanning (Pk, Hkqk). The justification for the latter 
assumption and the precise relationship between our method and the 
algorithms proposed in Refs. 2 and 3 will be addressed later in the paper. 

Implementing the planar iteration outlined above hinges, of course, on 
the existence of the stationary point xk+2 and the linear independence of 
the vectors Pk+l and Pk. Furthermore,  as we shall see later, implementing 
the planar update will require that the matrix [qk+l, qk]T[pk+l, Pk] be 
nonsingular. In the following proposition, we establish conditions that will 
ensure satisfaction of these requirements for the quadratic case. For  nota- 
tional convenience, we omit the subscripts k in the remainder of this section 
using * and ** to replace the subscripts k + 1 and k + 2. 

Proposition 3.2. 
matrices and let g, p, q ~ E n be nonzero vectors such that 

p = -aHg ,  for some scalar a > O, 

and 

q=Fp, 

Let  F and H be symmetric, nonsingular n x n 

(pTq)2 ~ _a(pTg)(qTHq). (34) 

Then, 

(qTHFHq)(PTq) ~ (qTHq) a, (35) 

if and only if there exist a nonzero vector p*~ (p, Hq) which is linearly 
independent of p and satisfies the relation 

g + Fp* ± (p, Hq). 
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Furthermore, if such a vector exists, then the matrix [p*, p]TF[p*, p] is 
nonsingular. 

Proof. Let 

p* = ~p + ~Hq. (36) 

Then, the orthogonality condition implies that ~ and ~ satisfy the system 
of equations 

pWq qTHq ] [ _pTg ] 
qTHq qTHFHqj [ff] = L_qrHg j. (37) 

Since 

qTHg = --(1/a)prq, 

condition (34) implies that the first column on the left of (37) and the 
right-hand side of that system are linearly independent. Thus, a solution to 
(37) must have ~" ¢ 0. Furthermore, such a solution exists if and only if the 
determinant of the 2 x 2 matrix in (37) does not vanish, i.e., (35) holds. If 
such a solution exists, then we can also write 

[p*,p]T=[X ~][Hq, p] T (38) 

so that, by (35) and (38), 

det{[p*,p]TF[p*,p]}=~Z[(qrgfHq)(pTq)-(qTHq)2]¢O. (39) 
D 

Assuming that Hq and p are linearly independent, one could easily 
show that, for positive-definite H and F, (34) and (35) follow from the 
Cauchy-Schwartz inequality. In general, however, if F and H might be 
indefinite, (34) and (35) could be violated, even when Hq and p are linearly 
independent. This will not happen when Pk is singular, since, as will be 
shown later, we can assume (in the quadratic case) that 

(pTg)(qrHq) ~ O, whenever prq = O. 

However, when applying planar iterations in situation where the search 
direction dk is nearly-singular, one may encounter difficulties unless near- 
singularity is properly characterized. In particular, the planar iteration will 
break down if we apply it on an iteration k at which Algorithm 1.1 would 
generate a singular subsequent search direction dk+l. To clarify this state- 
ment, suppose that 

prkqk # O, 
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but the vector 

v = (q ~Hkqk / p rqk) Pk -- Hkqk 

is singular, i.e., 

vTFv=O. 

Clearly, 

vTq=O, 

therefore, in view of Proposition 3.2, v is parallel to the following search 
direction dk+l generated by Algorithm 1.1. It can be shown that, in this 
case, either there is no stationary point over the linear manifold xk + 
(Pk, Hkqk) or, if there is one, it is along the line xk +(Pk). This observation 
is consistent with Proposition 3.2, since the singularity of v implies violation 
of (35). Clearly, in such a case, the planar iteration will break down and 
its should, therefore, not be used, regardless of how small is p~q~:. We again 
emphasize, however, that the above cannot occur if 

P~qk = O. 

In view of Proposition 3.2, we could use (34) and (35) as a test to 
assure that the planar iteration is well defined. This would detect, for 
instance, problematic situations like the one described above. Unfortu- 
nately, computing the quantity q~HkFHkqk used in (35) is costly. It would 
either require explicit use of F (which is typically unavailable) or 
approximating FHkqk based on the difference between gk and an additional 
gradient evaluated at some point along the line xk + (Hkqk). In the following 
proposition, we introduce a criterion which is based only on available 
information and, if satisfied, it guarantees (34) and (35). 

Proposition 3.3. Let p, q, g, F, H, o~ be as in Proposition 3.2, and let 

cr = (IqTHql/ Ilq H ]tHqll){min[lap T gt, [qTHql]}. (40) 

Assuming that 

(pTg)(qrHq)~O, 

then, conditions (34) and (35) are satisfied if 

lprqI<-o-e and e<min[1 ,  1/IIFHI[ ]. 

Proof. By the Cauchy-Schwartz inequality, 

]qrI-Iql/]]Hq]] [[ql]-~ 1. 
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Thus, the given conditions imply that 

]pTql < min[[ ap r g[, lq THql], 

which in turn implies (34). Similarly, 

Iq THFHql Ip W q[ <~ IIHq[l I[qll IIFHII °-e < ( q rHq) 2, 

implying (35). 77 

The assumption that 

( pTg)(qTHq) ~ 0 

will be justified in the context of a generalization of Algorithm 1.1 which 
incorporates planar iterations. Specifically, it will be shown that, for a 
quadratic case and a positive-definite initial matrix Ho, (prg) and (q THq) 
do not vanish when 

]p T q] <_ erE. 

The criterion defined by Proposition 3.3 may be regarded as a relative 
measure of near-singularity of the search direction. If we assume that IIFH]] 
is uniformly bounded above, then Proposition 3.3 guarantees the existence 
of a sufficiently small fixed e, so that the planar iteration is well defined 
whenever 

Jp ql-< 

4. Planar Rank-Three Updates 

In this section, we develop rank-three updates of the form described 
in the preceding section, to be used in planar quasi-Newton iterations. We 
shall first present a general class of such updates and then highlight some 
special cases of interest. For ease of later reference, we shall again express 
the results in terms of the matrix H and the vectors p, p*, q, q*. It should 
be pointed out, however, that no assumption is being made here as to the 
source of these quantities or the relations among them, other than those 
that are explicitly stated in the theorem. In particular, we like to emphasize 
that the following results do not depend on the objective function being 
quadratic or on x+p*  being a stationary point over the linear manifold 
x+(Hq,  p). 

Theorem 4.1. Let  H be a symmetric n x n matrix, and let 

P=[p*,p] ,  O=[q* ,q]  
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be n x 2 matrices such that Qrp is nonsingular and the subspace (p*, p) is 
identical to (Hq, p). Then, a matrix H** will satisfy 

H** = H + [Hq*, p*, p]~[Hq*, p*, p]r, (41) 

H**Q = p ( Q r p ) - l ~ ,  (42) 

for some symmetric 3 x 3 matrix qb and 2 x 2 matrix ~ ,  if 

H** = H**(p) = H + P(QTp)-I[v, 0] T ÷ [t), O](pTQ)-IP r 

+ PFP r + ~vv r, (43) 

for some scalar q~, where 

v = P( Q rp)-1Q THq, _ Hq*, (44) 

r = (QTp) - I (~_  QrHQ)(pTQ)-I" (45) 

Furthermore, if the vectors {Hq*, p*, p} are linearly independent, then, for 
given ~ and q~H (the upper left element of qb), (43), (44), (45), with 
q~ = qb11, define the unique H** satisfying (41) and (42). 

Proof. Clearly, the update defined by (43) and (44) is of the general 
form specified by (41). To prove that (42) is also satisfied, we first note that 

Q T v = Q rp( Q Tp)-i Q THq. - Q THq. = O. (46) 

Thus, by (43), (44), (45), 

H** Q = HQ + Iv, O] + PF(PrQ) 

= [P(QTp)-IQrHq*, Hg] -p (QTp) - I (QTHQ ) +p(QTp)-~,t,. 

(47) 
We note, however, that P(QTp)-IQT is a projection operator projecting 
onto the subspace (p*, p) and along the orthogonal complement of (q*, q). 
Thus, since 

Hq e (p*, p), 

there holds that 

Hq = p( Q rp)-i Q-1Hg" (48) 

Consequently, 

[p(QTp)-1QrHq.  ' Hq] = P( Q TP)-~ Q rHQ ' (49) 

so that (47) reduces to (42). 
To prove the second part of the theorem, we show by construction 

that, given g~ and qb~l, Eqs. (41) and (42) define a unique H** depending 



182 JOTA: VOL. 43, NO. 2, JUNE 1984 

linearly on the scalar parameter qbH. First, by substituting (41) into (42), 
using (48), and partitioning the matrix ~, we obtain 

[Hq*, p*, p] W = O, 

where 

O W =  [-1-1( ' 

(50) 

r?_ll~__(l)s2._ ] rq,T/-/ol_r _o___] 
+ L,12, . ~ j  L-?r0-J L(OTp)-I , J"  

(51) 

Since [Hq*, p*, p] is of full rank, (50) is satisfied if and only if 

W = O .  

Thus, by (51), we obtain 

[1, O] + ~bl lq* THQ + • r2(pro) = O, (52) 

[0, ( OrP)-I OrHq ] + ¢bl2q.rH[q., q] + ~22(pTQ) _ ( QTp)-lxt t = O. 

(53) 

Since (prQ)  is nonsingular, Eqs. (52) and (53) have a unique solution 
{~b12,022} depending linearly on the parameters ~bll and ~.  Thus, since 
H** in (41) is linear in q~, it follows that, for given ~ ,  (41) and (42) define 
a unique class of matrices H**(~bH) depending linearly on the scalar 
parameter ~1 .  On the other hand, we have shown that the class H**(~o), 
defined by (43), (44), (45), also satisfies (50) and (42). Hence, the two 
classes are identical. Furthermore, since 

Hq* ~ (p*, p), 

while the coefficient of the term Hq*qTH in (43) and (44) is ~0, it also 
follows that 

~0 =q511. [] 

A more explicit representation of the general rank-three update defined 
by (43) and (44) is given in the following lemma. 

Lemma 4.1. 
equivalent to 

H** = H + a(pTq)(p*vT + vp*T)--a(p*rq)(pvT + vp T) 

+ [p*, p]F[p*, p]T + ~OVV r, 

where 

v = bp* + c p -  Hq*, 

The rank-three update defined by (43) and (44) is 

(54) 

(55) 
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a = 1/{(q*Wp*)(qWp) -- ( q , r p ) ( p ,  Wq)}, (56) 

b = a{(qrp)(q*rHq *) -- (q*Tp)(qrHq*)}, (57) 

C = a{(q*rp*)(qrHq *) -- (p*rq)(q*WHq*)}. (58) 

Proof. The result is obtained by substituting, in (43) and (44), 

Q=[q* , q ] ,  P = [ p * , p ] ,  

and the relation 

(OTe)-l=a [ q p -q* el L_p ,Tq  q , T p ,  j ,  (59) 

where 

a = 1/det(OTp) .  [] 

Further simplification of the above class of rank-three updates may be 
obtained by assuming specific relationships among the vectors p*, p, q*, q. 
The assumptions in the following corollary correspond to the case where 
these vectors are generated by the planar iteration outlined in the previous 
section, while the search direction p is singular. 

Corollary 4.1. Let H, p*, p, q*, q be as in Theorem 4.1. In addition, 
assume that 

p = - a H g ,  for some scalar a > 0, 

and vector g such that 

[p* ,p ]T (g+q*)=O and qTp=O. 

Then, the update defined by (43) and (44) is equivalent to 

H * * = H + ( 1 / q * T p ) ( p v r  +vpT)+[p* ,p]F[p* ,p]T  +qwv T, (60) 

where 

v = (q*Tgg*/q*Tp)p--  Hq*. (61) 

Proof.  Since 

Hq e (p*, p), 

we have 

qHT(g  + q*) = O. (62) 
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Thus,  

qrHq* = -qrHg = (1 / . )q~o  = O. (63) 

Also since the matrix Orp is assumed to be nonsingular and 

prq =0,  

the terms p,rq and q,rp must not vanish. Substituting the above into (56), 
(57), (58) results in 

a = -1/{(q*rp)(p*rq)}, b = O, c = (q*rHq*)/(q*rp), 

which lead to (60) and (61). [] 

If the vectors q*, q, p*, p are generated by a planar iteration and the 
objective function is quadratic with Hessian/7, then 

[q*, q] = F[p*, p]. 

In that case, (42) implies that the subspace (p*, p) is an eigenspace of H**F. 
Of particular interest is the case where each of the vectors p* and p is an 
eigenvector of H**F, which corresponds to the matrix (orP)-l~tz in (42) 
being diagonal. The matrix H** will then satisfy the relations 

H**q* = o~*p*, (64) 

H**q = o~p. (65) 

Premultiplying (64) and (65) by qr and q,W reveals that the eigenvalues 
o) and o9" are related through 

o)*(p*rq) = o)(pTq*). (66) 

It thus follows that, for the quadratic case, if p* and p become eigenvalues 
of H**F, they must be either conjugate with respect to the Hessian F or 
they must have the same corresponding eigenvalues. 

To obtain the subclass of rank-three updates that satisfy (64) and (65), 
we have to calculate the parameter matrix F, appearing in (43), by substitut- 
ing into (45) the relation 

( oTp)- l~  = (w/p,rq) diag(pTq,, p,Tq). (67) 

Clearly, the only free parameter remaining in the matrix F that results from 
the above substitution is the eigenvalue o9. Thus, the class of rank-three 
updates satisfying (64) and (65) is a two-parameter class like Huang's 
symmetric rank-two family. As we shall see below, the updates described 
above will again reduce to a relatively simple form for the special case 
considered in Corollary 4.1. 
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Corollary 4.2. Let H, p*, p, q*, q be as in Corollary 4.1. Then, the 
update defined by (60) and (61), with F given by 

[ 0 q*Tp] 
F={'C/{(p*Tp)(q*Tp)}} q*rp p,rq*j--{1/(p*Tq) 2} 

r 0 
x[qoHq q,THq,], (68) 

r = to + {(q*Tp*)(qTHq)/{(q*Tp)(p*rq)}}, (69) 

for some scalar to will satisfy 

H**q* = to(pTq,/p,Tq)p,, (70) 

H**q = top. (71) 

Proof. The proof is obtained by substituting (59), (63), (66), (67) 
into (45). [] 

For the case 

[q*, q] = F[p*, p], 

(e.g., quadratic objective function), Eqs. (68) and (69) may be simplified 
somewhat more, due to the fact that 

pTq,=p,rq. 

5. Planar Quasi-Newton Algorithm 

The results and concepts presented above will be incorporated now in 
a conceptual iterative procedure that extends Huang's symmetric class by 
performing a planar iteration whenever a near-singular search direction is 
encountered. The algorithm will be described in terms of quantities involving 
only gradient information, so that it can be implemented without explicit 
use of the Hessian. This is particularly important for potential extension to 
nonquadratic problems. 

Algorithm 5.1. 
positive-definite matrix H0, and the gradient 

go = Vf(xo)  ~. 

Step 1. (i) If gk ~ 0, then obtain 

dk = --Hkgk. 

Start with an arbitrary point Xo, an n × n symmetric 

(72) 
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(ii) Select some arbitrary stepsize o~ k > 0, then set 

Pk = akdk, 

and obtain 

gk+l = Vf (xk  +pk) T, (73) 

qk = gk+l -- gk, (74) 

Crk = (Iq[nkqd/I lqk II Ilnkqk II){min[Ic'kp[gkt, Iq[nkqd]}.  (75) 

(iii) For some predetermined small e -  0, if 

IP[qkl > ecrk 

[Case A], then execute Steps 2 to 5 of Algorithm 1.1, resetting Pk, qk+~, qk. 
Otherwise [Case B], execute a planar iteration as follows. 

Step 2. Obtain 

xk+2 e Xk + (Pk, Hkqk ) , (76) 

such that 

V f(Xk+2) ± (Pk, Hkqk). (77) 

Step 3. Set 

Pk+l = Xk÷2-- Xk, (78) 

gk+2 = V f(xk+2) T (79) 

qk+l = gk+2-- gk. (80) 

Step 4. Set 

Pk =[Pk+l, Pk], Qk =[qk+l,qk], 

and select an arbitrary symmetric 2 × 2 matrix Fk and some scalar 

~k+l "7~ - -1 /  gk+2Hkgk+2 • 

Then, obtain Hk+Z using the rank-three update 

+PkFkPk ~k+lVkVk, Hk+E=Hk+PkRk[ •k ,  o ] T  +[vk,  O ] R ~ P ~  T }_ T 
(81) 

where 

Vk = PkRkQ[Hkqk+l -- Hkqk+l, (82) 

Rk = ( O T~Pk) -1. (83) 

Step 5. Increment k by 2, and return to Step 1. 
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Step 2 in Case B of Algorithm 5,1 above calls for the location of a 
stationary point on a two-dimensional linear manifold. Similar requirements 
are present in Fletcher's (Ref. 2) algorithm and in Luenberger's (Ref. 3) 
method. For the quadratic case, this step can be performed analytically 
leading to a closed-form expression for Pk+l as a linear combination of Pk 
and Hkqk. In the following proposition, we present such an expression for 
the general case, where Pk is near singular, and for the special case where 

P~qk = O. 

These expressions are equivalent to the ones obtained in Refs. 2 and 3. 
Again, for convenience, we suppress the subscript k and replace k + 1 and 
k +2  by * and **, respectively. 

Proposition 5.1. Let H, p, p*, q, g, a be as in Case B of Algorithm 5.1, 
for a quadratic objective function having a nonsingular Hessian F. Then, 
assuming that (34) and (35) hold and that 

q rHq ~ O, 

we have 

p* --- {1/[a(1 - rs)]I{(r+ t s )p-  (t + r2)Hq}, (84) 

where 

r = (pTq)/(qTHq), (85) 

S = (qTHFHq)/(qTttq), (86) 

t = (apTg)/(qTHq). (87) 

If in addition 

pTq =0,  

then 

p* = ( pTg/ qrHq){(qrHFHq/ qTHq)p-  Hq}. (88) 

Proof. The results follow from (36), (37), and the fact that 

p = -aHg. 

Evaluating (84) or (88) requires the computation of qTHFHq. To avoid 
the explicit use of F, one can obtain the vector FHq by using another 
gradient along the line xk + flHkqk and obtaining (exactly in the quadratic 
case and approximately for a nonquadratic function) 

FHkqk = (I /~){Vf(xk + ~Hkqk)--Vf(xk)}, (89) 
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for some/3 ¢ 0. For the special case where 

pTq -----0, 

the following proposition suggests an alternative way for obtaining p*. 

Proposition 5.2. Let H, F, p, p*, q, g be as in Proposition 5.1, and 
assume 

pTq=O. 

Then, 

p* =/3*Hq + ~ *p, (90) 

where 

/3" = arg mint3{[Vf(x +/3Hq)]p} 2, (91) 

a* = arg min~{[Vf(x +/3*Hq + ap)]Hq} ~. (92) 

PraoL Since f is quadratic with Hessian F and 

g = Vf(x)  

(91) implies that 

[g+/3*VHg]rp =0. (93) 

Using the fact that 

q=Fp, 

this yields 

f l ,  = _(pTg)/(q rHq). (94) 

Similarly, (92) implies that 

[g +/3*FHq + a*Fp]rHq = 0. (95) 

But Hg is parallel to p. Hence, 

grHq = 0; 

consequently, by (95), 

a* = -/3*(q rHFHq)/(q THq). (96) 

Substituting (94) and (96) into (90) results in (88). [] 

In view of Proposition 5.2, if Pk is singular, the point Xk+2 in Case B 
of Algorithm 5.1 can be obtained by performing two line searches, as 
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Xk~kHkgk 

~k'~ -xk. 2 

Fig. 1. Two-step implementation of the planar search. 

189 

illustrated in Fig. 1. First, the point Zk is obtained by minimizing, along the 
line xk +flHkqk, the squared inner product of the gradient Vf(zk) with the 
vector Pk. Then, the point xk+2 is obtained by minimizing, along the line 
Zk + apk, the squared inner product of the gradient Vf(xk+l) with the vector 
Hkqk. 

Although the result of Proposition 5.2 depends on Pk being exactly 
singular, the above two-step implementation of the planar search might be 
a reasonable approximation even when Pk is near-singular. In fact, one 
could show that the norm of the error in Pk+t introduced by using such an 
approximate plane-search procedure is of the order of the parameter e in 
Algorithm 5.1. The most attractive feature of the above two-step 
implementation of the planar search is its easy extension to nonquadratic 
problems. We will further elaborate on this issue when we discuss such 
extensions. 

6. Quadratic Termination and Conjugacy Properties of Planar 
Quasi-Newton Algorithms 

In the following theorem, we prove the basic conjugacy property of 
the search directions and search planes generated by Algorithm 5.1 when 
applied to a quadratic objective function. These results are proved by 
induction, simultaneously with other auxiliary results used in the proof. 

Theorem 6.1. Let the sequences {xk} {gk}, {dk}, {Pk}, {qk}, {Hk}, {Pk}, 
{Ok}, {Rk}, {~k}, {ok}, {~k}, {3~k}, {rk} be defined by Algorithms 1.1 and 
5.1 for a quadratic objective function having a nonsingular Hessian F, and 
assume 

e<min[1,  1/llFHkll], for all k. 
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Let ~ be the set of indices corresponding to the search directions activating 
Case B of the algorithm, i.e., 

and 

.~ = { i l i p f  q, I <- ~o-~, g, ~. O, pi # 0}, 

,~ = { j l j - 1  ~.~}. 

Then, the following results hold for k = 0 ,  1 . . . . .  n - 1. 

(a) pTgj=pTFpi=O,  fo rO<- i< j<-k ,  if j~,,C, and 

(b) For a n y u ~ E  ~, 

(H~-  Ho)u ~ (Po . . . . .  Pj), 

(c) g~Higk=g~Hogk,  

and, if k ~ ~¢, then 

for O -  < i < j - l < -  k -  1,.if j ~ J .  

for jc{ j lO<-j  < - k , j ~ J } .  

for j ~  {jlO-< j -  < k -  1, j ~ J } ;  

g ~Hkgk = (1 + T T ~Pk-lgk Hogk)gk Hogk. 

(d) If k e; J and gk ~ O, then 

g~Pk ~ O; 

and, if k ~ ~, then 
T 

q k - l H k - l q k - 1  7 ~ O. 

(e) If k e ~ ,  then 

Hk+lFpi=toipi, for ie{ilO<-i<-k, i ~ ,  i~,,~}, 

-t- T T tol =Yi (qi Hiqi/pi qi), 

and 

H k + l F [ p i + l ,  Pi] = [ P i + I ,  Pi]~~i, 

12i = FiRV~ 1 + RiOiHiOi. 

for i ~ { i l O < - i < - k - l , i ~ } ,  

(97) 

( 9 8 )  

(99) 

(loo) 

(lOl) 

(lo2) 

(103) 

(104) 

(105) 

(106) 

Proof.  We prove the parts of the theorem simultaneously by induc- 
tion. First, we show that the theorem holds for k = 0 and, if 0 E ,9, then it 
holds for k --- 1. 

The above is clearly true for parts (a), (b), (c). Furthermore, by the 
positive definiteness of H0, it also holds for (d). Finally, if 0 ~ .,~, then part 
(e) holds for k = 0  by Theorem 1.1, while, if 0 ~ ,  then it holds for k - 1  
by Theorem 4.1. 
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We shall assume now by induction that the theorem holds up to k and 
further assume that k ~ & Then, we complete the proof by showing that 
the theorem holds for k + 1 if k + 1 ~ 5~ and it holds for k + 2 if k + 1 ~ & 

(a) Clearly, for a quadratic objective function with Hessian F, 

qi ---- FPi, for all i. 

Thus, 
k 

gk+l=gi+l + Y~ Fp, f o r i < - k - l , i ~ &  (107) 
]=i+1 

Therefore, by (4), (77), (97), 

pfgk+,=pf  gi+l=O, for ie{i[O<-i<-k, iZ~¢}. (108) 

Since i e ~¢ implies i+  1 ~ ~¢, we may rewrite (105) for i e ~¢ by replacing i 
with i +  1. Consequently, by (76) through (80) and (97), 

pfgk+l=pf g~+2=O, for i e{O<-i<-k- l , i~¢} .  (109) 

Since kZ o¢, we may combine (108) and (109) obtaining 

prgk+l = 0, for 0 ----- i <-- k. 

Again, since k ~ ,9, then by (72) 

p f  Fdk+l = --pf FHk+lgk+l, 

Hence, by (103), (110), (111), 

p f  Fpk+ 1 = T --Olk+ltOiPi gk+l = 0,  

(110) 

for all i. (111) 

for i e  {i[0-  < i -  k, i~ 5~, i~ J} ,  
(112) 

while, by (105), (111), (112), 

[P /+ I ,  Pi]TFpk+l = --Olk+l[Pi+l, pi]TFHk+lgk+l 

T = --ak+l•i [Pi+I, Pi]rgk+l = 0, 

for i e {i[0-- < i-- k - l ,  i e 5~}. (113) 

Since k ~ N, we may again combine (113) and (112) obtaining 

prFpk+l =0,  for 0 <  i < -- k. (114) 

Equations (110) and (114) prove (a) for k + 1 in both cases k + 1 ~ J 
and k + 1 ~ & For the case k + 1 s 5~, we also have, by (107), (110), (114), 

T T Pl gk+2=pl (gk+l+Fpk+l)=O,  for O<-i<-k and k + l e &  (115) 
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Furthermore, from (76) and (77), there exist scalars £ and 77 (depending 
on k) such that 

pfFpk+2 = Cp.r, FHk+lFpk+l + rlprFpk+l), for 0-- i -  k. (116) 

From (110), (105), and the assumption that k ~ 3~, it follows, however, that 

Hk + l Fpi e (Po . . . . .  Pk ). 

Thus, by (114) and (116), 

pfFpk+2=O, for O<-i<-k and k + l e &  (117) 

Equations (115) and (117) prove (a) for k + 2 in the case k + 1 e & 
(b) For the case k ~ J ,  Hk+l is determined by (8) and (9). Thus, using 

(98), we get 

(Hk+ 1 - -  Ho) u = ( H k + l  -- Hk) u + (Hk -- Ho) u ~ (Hkqk, Po . . . . .  Pk). 
(118) 

Therefore, in view of Proposition 3.1, 

(Hk+~-  Ho)u e (Po . . . .  , Pk+~). (119) 

For the case k E J ,  Hk+l is defined by (81) through (83). Using (98), 
we now have 

(Hk+I -- Ho) u = (Hk+l -- Hk- l )  u + (Hk-1 -- Ho) u 

c (Hk- lqk ,  po . . . . .  p k )C_(Hk- lgk+l ,Pk ,  Pk-1). (120) 

However, in view of (77) and (72), 

dk+l =- -Hk+lgk+l  ~ - - ( 1 - b  T ~ k g k + x H k - l g k + l ) H k - l g k + l  + tZkPk + "qkPk--1, 
(121) 

for some scalars/xk and ~k. Since the choice of ~k is restricted so that the 
coefficient of Hk-lgk+l in (121) does not vanish, (121) implies that 

(Hk-~gk+~, Pk, Pk-~) C (Pk-~, Pk, Pk+l); (122) 

therefore, (120) is equivalent to (119). The above proves (b) for k+  1. If 
however k + 1 ~ 5~, then (98) does not have to hold for k + 2, so the proof 
holds by default for k + 2 as well. 

(c) From (98), we have 

(H~-- Ho)gk+l e (Po . . . .  , Pj), 

Thus, by (110), 

g T+l(I-Ij-- Ho)gk+l = O, 

proving (99) for k + 1. 

f o r j c { j l O < - j < - k ,  j f : j } .  (123) 

for j c { j l O < - j <  k + l ,  j~  ~¢}, (124) 
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If k + 1 ~ 3r, then again, by (98) and (119), 

(H]-Ho)gk+2E(Po . . . . .  pj), for je{j[O<-]<-k+l,j~J}.  (125) 

Thus, by (115), we get 

gT÷2(I--Ij.--Ho)gk+2=O, for ]~{][0<--]<k+2,]¢!~} and k + l ~ &  
(126) 

To prove (100), consider first the case k ~ J .  Then, by (8), (9), (2), (4), 
+ T Hk+Igk+l = (1 ~kgk+lHkgk+x)Hkgk+l + tZkPk, (127) 

for some scalar ~k. Premultiplying (127) by gT+l, while using (110) and 
(124), yields 

T ..~ T T ga+xHk+tgk+l=(1 ~kgk+lHogk+t)gk+lHogk+1. (128) 

Likewise, for the case k c J ,  premultiplying (121) by gr+b while using 
(110) and (125), yields again (128). This completes the proof for k + 1. If 
however k + 1 ~ ~¢, then the proof holds by default for k + 2 as well. 

(d) The restrictions on ~k in Step 4 of Algorithms 1.1 and 5.1, along 
with (124), imply that 

1 - ~  T ~kgk+lHogk+l ¢ O. 

Thus, by (72), (128), and the positive definiteness of H0, 
T T gk+ldk+l = --gk+lHk+lgk+l < 0, if gk+l yS 0. (129) 

In view of (129), 

ak+l ~ 0. 

Therefore, since 

Pk+l ~- Olk+ldk+l, 

(t29) proves (102) for k + l .  Furthermore, if k + l ~ ,  then the proof 
extends by default to k + 2. 

The assumption that k ~ 3~ also implies k + 1 ~ ~, so (102) extends by 
default to k + 1. If, however, k+  1 ~ t ,  then it remains to show that (102) 
holds for k + 2. By (98), we have 

(Hk+, -Ho)qg+~ c <P0 . . . . .  Pk+x>- (130) 

Now, suppose that 
T qk+lHk+lqk+1 = O. 

Then, 
o'k+l = 0; 
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and, since k + 1 ~ 5, this implies 
T 

Pk*lqk+t = O. 

Consequently, from (130) and (114), we get 
T __ T qk+lHoqk+l - qk+lHk+lqk+l = O. (131) 

But (131) contradicts the fact that Ho is positive definite and 

Pk+l ~ O. 

Hence, (102) holds for k+2 ,  when k+  1 ~ & 
(e) First, we consider the case k + 1 g & In this case, Hk÷2 is deter- 

mined by (8) and (9). From (103) and (105), we have 

Hk.IFPi ~ (Po . . . . .  Pk). (132) 

Thus, by (9) and (114), we obtain 

VTk+lFpl = --qk+lHk+lFpi =0,  for 0--- i-- < k. (133) 

Consequently, (8), (114), (133) yield 

Hk+2FPi=Hk+lFpi, for O<-i<-k, (134) 

which implies that (103) and (I05) also hold with Hk.l  replaced by Hk+2. 
On the other hand, since by (9) 

T 
1)k+tqk+ 1 = 0 ,  

(8) yields 

Hk+2Fpk+I = Hk+2qk+l = gk+lqk+l  + l)k+l + "/k+lPk+l = O)k+lPk+l, (135) 

where OJk+l is given by (104) with i =  k + l .  Thus, (134) and (135) prove 
part (e) for k + 1 in the case k + 1 ~ & 

Next, we consider the case k + 1 e & Here, Hk+2 is undefined and Hk+3 
is defined by (81 ) through (83). The nonsingularity of R k÷ 1 and the existence 
of such an Hk+3 follows from Propositions 3.2 and 3.3 and from part (d) 
of this theorem. Since (132) still holds, we obtain, by (117), 

qTk+2Hk+lFpi = 0, for 0 ~ i --< k. (136) 

Consequently, from (81), (82), (114), (136), we get 

Hk+3Fpi =Hk+IFPi, for 0-- < - i -  < k. (137) 

Hence, (103) and (105) hold with Hk+l replaced by Hk+3, i.e. 

Hk+gFpi=o)ipi, for ie{ilO<--i<--k, i~,¢, i~,¢}, (138) 

Hk+3F[pi+l ,p i]=[pi+l ,p l] f '~ i ,  f o r  i e { i lO<- i<-k - l ,  ie.~}. (139) 
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Clearly, if k + 1 e 5~, then (138) extends by default to the range 0 - i -< k + 2 
and, by construction of the rank-three update, (139) extends to 0 -< i - k + 1. 
Thus, for k +  1 e 5~, we have proved that (e) holds up to k + 2 .  [] 

Corollary 6.1. For a nonsingular quadratic objective function, the 
sequence of points {Xk} generated by Algorithm 5.1 is such that every point 
xk is the unique stationary point of the objective function over the linear 
manifold x0 + (Po . . . . .  pk-1). 

Proof.  The points Xk are defined by Algorithm 5.1 only for k - 1 ~ 5~, 
where the index set 5~ is as in Theorem 6.1. Clearly, all these points are 
such that 

Xk e Xo + (Po . . . . .  Pk-1)" 

Furthermore,  by Theorem 6.1(a), Vf(Xk) is orthogonal to the subspace 
(Po . . . . .  P k - 1 ) ,  which proves the result. [] 

Corollary 6.2. For  a nonsingular quadratic objective function, the 
sequence of points {Xk} generated by Algorithm 5.1 is such that, for all 
k = 0 , 1  . . . . .  n - l ,  if 

Vf(xk)  ~ O, 

then the vectors Po . . . . .  Pk are linearly independent. Furthermore,  if Pk ~ 5~ 
(the index sets 5~ and ~¢ are as in Theorem 6.1), then the vectors P0 . . . .  , Pk+l 
are linearly independent. 

Proof. Assume 

g ~ O ,  for i = 0 ,  . . . .  k, i ~ .  

Then, by Theorem 6.1(d), the corresponding vectors pl are nonzero; and, 
if k ~ ~, then Pk÷l is also nonzero. Let  

Mk = [Po, Pl . . . .  ,Pk], 

and assume that k ~ & Suppose that there exist a vector a ~ E n such that 

Mka = O. 

Then, the vector a must also satisfy 

M ~ FMka = O, 

where F is the Hessian matrix of the objective function. Let Pi be as in 
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Theorem 6.1. Then, it follows from Theorem 6.1(a) that 

det(M~FMk)= 1] (pfFp~). 1-[ {det(PrFPi)}. (140) 
O<_i<~k O<_i<_k-1 
i~ 5~,i~ ic.~¢ 

The first product in (140) does not vanish, by the definition of N and ~, 
while det(PTFPi) does not vanish for i ~ .¢, by Proposition 3.2, Proposi- 
tion 3.3, and Theorem 6.1(d). Thus, the matrix M[FMg is nonsingular, 
which implies that a -- 0, and therefore Mk has full rank. For the case k e t ,  
Proposition 3.2, Proposition 3.3, and Theorem 6.1(d) guarantee that the 
right-hand side of (140) does not vanish for 0 -  < i<-k+l. Hence, by the 
same argument given above, Mk+l has full rank. [] 

Corollary 6.3. Algorithm 5.1 will converge to the unique stationary 
point of a nonsingular n-dimensional quadratic function in at most n steps. 

Proof. By Corollary 6.2, either gk = 0, for some k < n, or the vectors 
P0 . . . .  , Pn-1 are linearly independent. If the latter occurs, then 

g~ = 0, 

by Corollary 4.1. V] 

Corollary 6.4. The sequences {Hk}, { Pk }, {qk } generated by Algorithm 
5.1 for a nonsingular quadratic objective function are such that, for k = 
0, 1 . . . .  n -  1, either 

gk+l = 0 

or else: if k~o~ ( J  as in Theorem6.1),  then the vectors Hk, qk, Pk are 
linearly independent; and, if k ~ ~¢, then 

Hk-lqk ~ (Pk, Pk-1)- 

Proof. Since Ho is positive definite, then, by Theorem 6.1(c), 

T T gk+lHkgk+l=gk+lHogk+l>O, for k ~ ¢ ,  (141) 
T - -  T gk+lHk_lgk+l--gk+lHogk+l>O, for k e J .  (142) 

Suppose that 

k ~  and HkqkC(Pk). 

Then, by (72) and (36), 

Hkgk+l E (Pk). 

However, since gk+l is orthogonal to Pk, this would imply 
T 

g k + l H k g k + l  = 0 ,  
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contradicting (141). Similarly, if 

k e j  and Hk-lqk C(pk, Pk-1), 

then, by (72) and (80), 

Hk-lgk+l ~ (Pk, Pk-1). 

However, since gk+l is orthogonal to the subspace (Pk, Pk-1), this would 
imply that 

T gk+IHk-lgk+l = O, 

contradicting (142). [] 

The results presented in this section characterize the general properties 
of Algorithm 5.1 which do not depend on the choice of parameters in the 
updates. In particular, it was shown that Algorithm 5.1 generates search 
directions or search planes that are mutually conjugate with respect to the 
Hessian of the objective function. Algorithms of this type are in a sense a 
generalization of the well-known class of conjugate-direction algorithms for 
function minimization. We note from Corollaries 4.1 and 6.1 that, like the 
latter, Algorithm 5.1 possesses the quadratic termination property and the 
points that it generates are the stationary points over the expanding linear 
manifold spanned by the previous search directions and search planes. To 
distinguish such generalized methods from conventional conjugate direction 
algorithms, we shall refer to them as planar conjugate direction algorithms. 

The results of Theorem 4.1, together with Corollary 6.4, imply the 
existence and uniqueness of the rank-three update defined by (81) through 
(83), once the parameters ~k+l and Fk have been selected. This result is 
analogous to that stated in Theorem l . l (d)  for the rank-two update. An 
important question, yet to be addressed, concerns the effect of specific 
parameter selections on the algorithm performance. For the quadratic case, 
this issue is resolved (at least theoretically) in the following section, where 
it is shown that, under perfect line and plane searches, all the methods 
represented by Algorithm 5.1 (corresponding to different parameter selec- 
tions) are equivalent. 

7. Relationship to the Conjugate-Gradient Algorithm and Newton's 
Method 

In the next theorem, we show that Algorithm 5.1 satisfies a relation 
equivalent to (12) with respect to the metric /4o. Thus, by analogy to 
conventional terminology, we shall refer to it as a planar scaled conjugate- 
gradient algorithm. An immediate consequence of this characteristic is that, 
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for Ho = L Algorithm 5.1 becomes a planar conjugate gradient-algorithm, 
which is equivalent to the methods described in Refs. 2 and 11. The invari- 
ance of the sequence {Xk} with respect to the parameters of the updates 
also follows from this theorem. 

Theorem 7.1. Let the sequences {dk}, {Pk}, {gk}, {Ilk} be as in 
Theorem 6.1. Then, for k = 0, 1 , . . . ,  n - 1 ,  there holds that 

(Po . . . . .  Pk) = (Hogo . . . . .  Hogk) 

= (Hogo, (HoF)Hogo . . . . .  (HoF)kHogo). (143) 

Proof. We prove the result by induction. Clearly, (143) holds for 
k = 0. Furthermore, if 0 E ~, where ~ is the index set defined in Theorem 6.1, 
then, by (76) and (78), 

(P0, Pl) C_ (P0, Hoqo) c_ (Hogo, HoFHogo); (144) 

and, since P0 and PI are linearly independent, by Corollary 6.2, the three 
subspaces in (144) m u s t  be equal. Thus, if 0 ~ ..~, then (143) holds for k-< 1. 

As in Theorem 6.1, we assume by induction that (143) holds up to k, 
where k ~ ~. Then, we complete the proof by showing that (143) holds for 
k + 1 and, if k + 1 ~ t ,  it also holds for k + 2. By Theorem 6. l(b), we have 

Hk+lgk+l = --dk+l E (Po . . . . .  Pk, Hogk+l). (145) 

Thus, from (143) and (145), we get 

(Po . . . . .  Pk+t) C (Hogo . . . . .  Hogk +l). (146) 

On the other hand, by (143), we also have 

ttogk e ( Hogo . . . . .  ( HoF  ) k Hogo) 

and, likewise, 

Hoqk = HoFpk ~ ( ( HoF)  Hogo . . . . .  ( HoF)  k + l Hogo). 

Therefore, 

Hogk+l = Hoqk + Hogk C (Hogo, (HoF)Hogo,  . . . , (HoF)k÷~Hogo) (147) 

and, by (146) and (143), 

( H o g o , . . . ,  Hogk+l)C_(Hogo, (HoF)Hogo . . . . .  (HoF)k+lHogo). (148) 

If 

gk+l = 0, 
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then 

Pk+l = 0 and HoFpk  = Hogk,  

so by (143) 

( H o F  ) k + l Hogo ~ ( H o f  Po . . . . .  HoFpk  ) 

C_ (Hogo, ( H o F ) H o g o ,  . . . , (HoF)kHogo) .  (149) 

This implies that (143) also holds for k + l  since the ( k + l ) t h  vector in 
each of the three spanning sets i.n (143) depends on the previous k vectors 
that span equal subspaces. On the other, if 

gk+l # 0, 

then the vectors Po . . . .  , Pk+l are linearly independent by Corollary 6.2, so 
they span a (k +2)-dimensional subspace. But, since the dimension of 

(Hogo . . . . .  Hogk+l)  and (Hogo, ( H o F ) H o g o  . . . . .  ( H o F ) k + l H o g o )  

is at most k + 2, the inclusion signs in (146) and (148) may be replaced by 
equalities. The above proves (143) for k + 1 in general. If however k + 1 e 5~, 
then, by (76) and (78), we have 

Pk+2 e (Hk+lqk+~, Pk+l) e (Po . . . . .  Pk+~, Hogk,  Hogk+:).  (150) 

Thus, by (147), we get 

(Po, . . . , Pk + 2) c_ ( Hogo,  . . . , Hogk  + 2). (151) 

But, by (146) and (148), 

Hogk+2 = Hogk  + HoFp~+t ~ (Hogo,  ( H o F ) H o g o  . . . . .  (HoF)k+2Hogo) ,  
(152) 

implying 

(Hogo . . . . .  H0gk+2) C (Hogo,  HoFHogo  . . . . .  (HoF)k+2Hogo) .  (153) 

Again, since P0 . . . . .  Pk+2 are linearly independent by Corollary 6.2, the 
subspace on the left in (151) and (153) has the maximal dimension of the 
subspaces on the right. Consequently, the three subspaces in (151) and 
(153) must be identical, proving (143) for k + 2 when k + 1 E & [] 

Corollary 7.1. Algorithm 5.1, with /4o =/ ,  is a p l a n a r  con juga te -  

grad ien t  a lgor i thm;  i.e., when applied to a quadratic objective function with 
nonsingular Hessian F, then, for k = 0, 1 , . . . ,  n - 1 ,  either 

v f ( x k )  = o 
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or the following holds: 

(a) p f  Fpi rpl ~" ~ 0 <- < =gj .=gj  g.=O, for i < j - l _ k - 1 ;  

and, if Pj-1 does not trigger a planar iteration ( j~  ~,), then also 

pfFpj-1- -g:; Pj-1 =gfg!- I  =0,  for O-<j < - k. 

(b) (Po, Pl . . . . .  Pk) ~ (go, gl  . . . . .  gk) = (go, Fgo . . . . .  Fkgo). 

Proof. The proof follows from Theorems 6.1(a) and 7.1. [] 

Corollary 7.2. For a quadratic objective function, given fixed initial 
values x0, Ho, and J as in Theorem 6.1, the sequence {x~}~y generated by 
Algorithm 5.1 is unique and independent of the choice of the parameters 

Proof. The result follows from Corollary 4.1 and the uniqueness of 
the subspaces (P0 . . . .  , Pk), which is implied by Theorem 7.1. [] 

The results of Corollaries 7.1 and 7.2 indicate that, for a quadratic 
objective function, Algorithm 5.1 with Ho = 1 is equivalent [i.e., generates 
the same sequence {xk}] to Luenberger's (Ref. 3) and Fletcher's (Ref. 2) 
generalizations of the conjugate-gradient method. This is true for any values 
of the parameters used in the updates. It should be noted however that, 
although the parameters {~k}, {Tk}, {Fk} do not affect the values of xk for 
k ~ ~¢, they might affect the index set ~ itself. Furthermore, these parameters 
determine the inverse Hessian approximations Hk. In the following proposi- 
tion, it is shown that, for certain selections of the parameters 3'k and Fk, 
the sequence of matrices {Hk} generated by Algorithm 5.1 converges to a 
scalar multiple of the inverse Hessian F- : .  The subclass of Algorithm 5.1 
corresponding to this parameter selection will therefore have the additional 
capability of generating a Newton step at the end of its n-step cycle. In 
view of Corollary 6.3, this capability seems redundant, since the algorithm 
is expected to terminate by its nth iteration. Nevertheless, in practice, this 
extra feature might have important implications, which will be further 
discussed in the conclusion section. 

Corollary 7.3. Let the sequences {Hk} and {xk} be as in Theorem 6.1, 
with {3'k} and {Fk} selected such that 

7 k = w - - ( q r H k q j p r q k ) ,  for k ~ j ,  

Pk+lgk) 0 Fk ={o~ (Pkqk+a T 1 +RkOkHkQk}Rk, for k~5  ~, 
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with some fixed oJ # 0. Assuming 

Vf(xk) ~ 0, for k < n, 

then 

H ,  = toE  -1 .  

Proof. By Theorem 6.1(e) and (67), we have 

HnFpi = topi, for i = 0 . . . . .  n - 1. 

Thus, if we define 

M = [ p 0  . . . . .  P,-1], 

we may write 

H n F M  = wM. 

However, since M is nonsingular (by Corollary 6.2), the result follows from 
multiplying the last equation by M - 1 F  -1. [] 

8. Adaptation to Nonquadratic Problems 

Like most conventional quasi-Newton algorithms, Algorithm 5.1 can 
be easily adapted to handle nonquadratic problems. As usual, in such 
extensions, the successive approximations to the solution {xk} are deter- 
mined by searcfi procedures while the updates of the deflection matrices 
{Hk} are based on gradients evaluated in the process. One element which 
complicates this process in our case is the plane search which, as one may 
expect, is considerably more involved and more expensive than a simple 
line search. Such searches can be implemented in a variety of ways that, 
like line searches, involve tradeoffs between speed of convergence, accuracy, 
and information requirements. One possible approach is to approximate 
the plane search with a line search that becomes exactly equivalent to it 
when the objective function is quadratic. In view of Proposition 5.1, this 
can be done by redefining the point Xk+2 in Case B of Algorithm 5.1 as a 
stationary point of the objective along the line xk + pdk+l, where 

dk+a = (rk + tksk)pk -- (tk + rZ)Hkqk, 

with rk, Sk, tk defined by (85) through (87). As pointed out earlier, evaluating 
sk requires an additional gradient evaluation along the line Xk + ~HkClk. 

Current experience with quasi-Newton algorithms for minimization 
indicates that such methods are not too sensitive to line-search accuracy 
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(at least not as much as conjugate-gradient methods). This gives reason to 
believe that approximating the plane search with a line search might be 
appropriate in the context of a quasi-Newton method. 

Another point to be considered is the fact that planar iterations are 
intended for situations where the search direction is nearly singular. In 
other words, we would normally expect the trigger parameter e to be very 
small. On the other hand, as shown in Corollary 4.1 and in Propositions 5.1 
and 5.2, the update and plane-search procedures get considerably simplified 
when Pk is exactly singular. In particular, we have shown in Proposition 5.2 
that the plane search can be reduced in this case to two line searches. The 
relative errors introduced in the update and the plane search by applying 
this simplified iteration when Pk is not singular are of the same order as E. 
Thus, for sufficiently small E, one might be able to use the simplified planar 
update given by (54) and (55) and the two-step implementation of the 
plane search, defined in Proposition 5.2, without adversely affecting the 
algorithm performance. 

An unsettled issue which arises when applying Algorithm 5.1 to non- 
quadratic saddlepoint problems concerns the global convergence of the new 
method. The difficulty follows from the fact that Algorithm 5.1 is not a 
descent method with respect to the objective function. To guarantee conver- 
gence of the method on nonquadratic functions, we need a descent function 
that will monotonically decrease over the sequence of points generated by 
the algorithm. A natural candidate for this purpose is the norm of the 
gradient IlVf(x)ll. Unfortunately, this is not a valid descent function. Con- 
sider for example 

f (x ,  y) = x 4 -  3x3 + 3x2 -  y2 

This function has a saddlepoint with a nonsingular Hessian at the origin, 
while, along the line y = 0, its gradient norm IlVf(x, y)ll has local minima 
at x = 0 and x = 1 and a local maximum at x = ~. Thus, nothing can be said 
at this point about the global convergence of Algorithm 5.1 on nonquadratic 
saddlepoint problems. 

9. Conclusions 

The analysis and results presented in this paper focus on the motivation 
and the theoretical properties of the new class of quasi-Newton methods 
that can handle indefinite Hessians. For this purpose, we have considered 
the quadratic case and analyzed the new family of algorithms in its most 
general form. The free parameters of the family appear in the updates for 
the deflection matrix Hk, having two free parameters for a regular iteration 
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and four parameters in a planar iteration. Another parameter is E, which 
determines when a planar iteration should be performed. As shown by our 
analysis, for fixed x0 and H0, the sequence of points generated by the new 
class of algorithms, for a quadratic objective, is unique. Thus, from a 
theoretical point of view, it might appear that the choice of parameters in 
the updates has no effect on the performance of the algorithm. It should 
be noted, however, that the choice of parameters does affect the sequence 
of matrices Hk. We have shown, for instance, that, for specific choices of 
3'k and Fk, the matrices Hk will approximate the inverse Hessian and 
converge to it after n steps. 

Judging from current experience with algorithms from Huang's class, 
one would expect that, in implementing algorithms from the new family 
for nonquadratic problems (with imperfect line or plane searches), the 
choice of parameters will affect performance. Such differences in perform- 
ance are commonly attributed to the characteristics of the deflection matrices 
which affect the algorithm numerical stability and their sensitivity to the 
line-search accuracy and the quadratic nature of the objective function. It 
seems advantageous, for instance, to select Yk and Fk such that Hk will 
approximate the inverse Hessian, as indicated above. In this case, the nth 
step becomes a Newton step, which can compensate to some extent fo r  
error that has been accumulated as a result of imperfection of the preceding 
conjugate-direction steps. The remaining parameter ~k can be chosen to 
keep Hk away from singularity in the same way that Hk is maintained 
positive definite by restricting the range of q~k in Huang's class. Again, based 
on past experience, the choice of q~k is likely to have considerable influence 
on the stability and overall performance of algorithms belonging to the new 
class. Finally, one may also expect that the trigger parameter e, which 
determines how often planar iterations are performed, will also have in 
practice a noticeable effect on the algorithm performance. 

Examining the above issues and the effects of the approximations 
proposed in the previous section requires further analysis and extensive 
numerical experiments. Such investigations, however, were out of the scope 
of this paper. In order to assess the practical value of the proposed method 
for solving general saddlepoint problems, one would also have to resolve 
the global convergence issue mentioned earlier. 

As a final note, we like to point out that, although the planar iteration 
was primarily designed to address difficulties associated with indefinite 
Hessians, it may also prove useful in minimization problems in which the 
Hessian is ill conditioned. By employing planar iterations (within the 
framework of Algorithm 5.1), one may avoid difficulties arising in conven- 
tional quasi-Newton methods when successive search directions become 
nearly dependent. The aforementioned global convergence issue is easily 
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resolved when applying Algorithm 5.1 to minimization problems. Clearly, 
in that  case, the objective can serve as a descent functional. Thus, to assure 
global convergence, it is sufficient to maintain positive definiteness of H, 
which can be done by appropriate  selection of the parameter  g'k in the 
rank-two and rank- three  updates. 
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