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We propose a set of new algorithms based on stochastic localization methods for large-scale discrete sim-

ulation optimization problems with convexity structure. All proposed algorithms, with the general idea of

“localizing” potential good solutions to an adaptively shrinking subset, are guaranteed with high prob-

ability to identify a solution that is close enough to the optimal given any precision level. Specifically,

for one-dimensional large-scale problems, we propose an enhanced adaptive algorithm with an expected

simulation cost asymptotically independent of the problem scale, which is proved to attain the best achiev-

able performance. For multi-dimensional large-scale problems, we propose statistically guaranteed stochastic

cutting-plane algorithms, the simulation costs of which have no dependence on model parameters such as

the Lipschitz parameter, as well as low polynomial order of dependence on the problem scale and dimension.

Numerical experiments are implemented to support our theoretical findings. The theory results, joint the

numerical experiments, provide insights and recommendations on which algorithm to use in different real

application settings.

Key words : Discrete simulation optimization, convex optimization, enhanced adaptive algorithm, best

achievable performance, stochastic cutting-plane methods
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1. Introduction

In the area of operations research and management science, many decision making problems involve

complex stochastic systems and discrete decision variables. In presence of stochastic uncertainties,

many replications of stochastic simulation are often needed to accurately evaluate the objective

function associated with a discrete decision variable. Such problems are sometimes referred to

as Discrete Simulation Optimization or Discrete Optimization via Simulation (see Nelson (2010),

Hong et al. (2015)). For complex stochastic systems, even one replication of simulation can be

time consuming or costly. When the decision space is large, it is often computationally impractical

to run simulations for all the decision variables, creating a challenge in finding the optimal or

near-optimal decision variable. To circumvent this challenge, problem structure such as convexity

or local convexity of the objective function may need to be exploited to save costs and improve

efficiency.

In this paper, we consider discrete simulation optimization problems with a large number of

discrete decision variables and a convex objective function. Optimization problems with such fea-

tures naturally arise in many operations research and management science applications, including

queueing networks, supply chain networks, sharing economy operations, financial markets, etc.; see

Shaked and Shanthikumar (1988), Wolff and Wang (2002), Altman et al. (2003), Singhvi et al.

(2015), Jian et al. (2016), Freund et al. (2017) for examples and discussions. In these applications

where simulation is heavily used to evaluate system performance, the convexity of expected per-

formance as the objective function is either theoretically proved or empirically verified. Even in

presence of convexity, there may be a large number of decision variables that render very close

objective value to the optimal, and information such as the gap between the optimal and the sub-

optimal is hard to exactly know a priori. Our goal in this paper is to develop provably efficient

simulation optimization algorithms that are guaranteed with arbitrarily high probability 1− δ to

find a good decision variable that renders an objective value ε-close compared to the optimal, where

ε is any arbitrary small user-specified precision level. This criterion is called (ε, δ)-Probability of

Good Selection ((ε, δ)-PGS) in the literature; see Ma and Henderson (2017) and Hong et al. (2020).
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The major methodology in algorithm design in this paper can be classified as stochastic local-

ization methods, in the sense that we ‘localize’ potential good solutions in a subset and adaptively

shrink the subset at each step. Zhang and Zheng (2020) also considered the problem of discrete

convex simulation optimization, but their methodology is based on gradient-based search in the

discrete decision space, so no decision variable is screened out during the optimization procedure.

Different from both the stochastic localization methods in this paper and the gradient-based search

methods in Zhang and Zheng (2020), in the simulation optimization literature, the method of

metamodeling has also been used to exploit the structure of objective function so that not all deci-

sion variables are needed; see Ankenman et al. (2010), Sun et al. (2014), Barton (2015), Kleijnen

(2017), Salemi et al. (2019) and references within. We describe our contributions as follows.

First, we consider large-scale one-dimensional problems with the decision space as {1,2, . . . ,N},

in which N is a large number that represents the problem scale. This problem setting is mathemat-

ically equivalent to the problem of ranking and selection; see Hong et al. (2020) for a review. The

objective function is assumed to be discrete convex on the decision space, but no other structure

information such as strong convexity or a minimal gap between the optimal and suboptimal is

known. To quantify the computational cost, we take the view that the simulation cost is the dom-

inant contributor to the computational cost; see also Ma and Henderson (2019). The simulation

cost of an algorithm is measured as the total number of simulation replications run at all decision

variables visited by the algorithm until it stops. When designing algorithms to solve large-scale

discrete simulation optimization problems, the dependence of the simulation cost on the problem

scale N (or, the number of alternatives/solutions/systems in the area of ranking and selection) is

crucial to understand; see also discussions in Zhong and Hong (2019). We design an adaptive sam-

pling (AS) algorithm that is guaranteed to return a decision variable that satisfies the (ε, δ)-PGS

criterion. The upper bound on the asymptotic simulation cost for the AS algorithm for any convex

problem can be proved as O(log(N)ε−2 log(1/δ)) when ε and δ is small, which represents a log(N)

dependence on the scale of the problem. Note that when the convexity structure is not exploited,
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the dependence on N can be linear. We then design an enhanced adaptive sampling (EAS) algo-

rithm that is proved to enjoy an upper bound on the asymptotic simulation cost as O(ε−2 log(1/δ)).

This upper bound does not depend on the problem scale N when ε and δ is small. This EAS algo-

rithm essentially hits the best achievable performance (i.e., lower bound on simulation cost) and

therefore provides a matching upper and lower bound on simulation costs for large-scale ranking

and selection problems with general convex structure. This theoretical superiority of the EAS algo-

rithm has also been verified by numerical experiments. On the contrary, gradient-based algorithms

cannot achieve the performance of the EAS algorithm for large-scale one-dimensional problems.

Next, we turn to the settings of large-scale multi-dimensional problems with a d-dimensional

discrete decision space as {1,2, . . . ,N}× {1,2, . . . ,N}× . . .×{1,2, . . . ,N}. We note that the scale

N can easily be relaxed to be different in each dimension in our algorithm design, but we unify

the use of N in each dimension in the analysis, so as to clearly demonstrate the impact of the

scale N . A natural definition of discrete convexity on the multi-dimensional decision space is the

L\-convexity (Murota 2003), which guarantees that a local optimum is global optimal; see Dyer and

Proll (1977), Freund et al. (2017), Zhang and Zheng (2020) for example. We first observe that even

though the AS algorithm and the EAS algorithm in one-dimensional can be extended to the multi-

dimensional case, the dependence of their simulation cost on the dimension d is too large (Agarwal

et al. 2011, Liang et al. 2014), even up to an exponential order of dependence, which may prohibit

their practical use in high-dimensional problems. This motivates us to develop new stochastic local-

ization algorithms that have low dependence on the dimension d. Such algorithms take advantage

of the subgradient information constructed by taking simulation samples, which plays a a crucial

role in reducing the dependence of simulation cost on the dimension d. Specifically we develop

stochastic cutting-plane (SCP) algorithms based on deterministic cutting-plane algorithms (Vaidya

1996, Bertsimas and Vempala 2004, Lee et al. 2015, Jiang et al. 2020), with the goal to achieve

the PGS criterion. When evaluating the algorithm performance in terms of asymptotic simulation

cost when the precision level ε and failing probability δ are small, in additional to analyzing the
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dependence on dimension d and scale N , it is sometimes of interest to analyze the dependence

on the Lipschitz parameter L. We develop a weakly polynomial SCP algorithm that has a O(d3)

dependence on the dimension and a logarithm dependence on L. We then develop a strongly poly-

nomial SCP algorithm that has a O(d4) dependence on the dimension but no dependence on L.

This is the first algorithm that is dependence-free of the Lipschitz parameter L to solve general

large-scale multi-dimensional discrete stochastic convex problems. In contrast, the gradient-based

search algorithms developed in Zhang and Zheng (2020) has a quadratic dependence on L, on

top of its lower O(d2) dependence on the dimension compared to stochastic SCP algorithms. Our

developed SCP algorithms may particularly be preferable when the Lipschitz parameter L for a

given problem is large or unknown. Numerically, it is shown that SCP algorithms have comparable

performance to gradient-based algorithms in Zhang and Zheng (2020) and that SCP algorithms are

suitable for the cases when the information about model parameters such as Lipschitz parameter

is unknown a priori. In terms of dependence on the scale N , we show that the gradient-search algo-

rithm and the strongly and weakly stochastic SCP algorithms all present an O(N 2) dependence on

the scale N for their simulation costs. On the other hand, the EAS algorithm, when extended to

high-dimensional, still present no dependence on N , but however incurs an exponential dependence

on d. These analyses can assist practitioners to choose which algorithm to use depending on the

knowledge or partial knowledge on d, N and L in the specific problems.

We remark that algorithms that satisfy PGS criterion are our major focus. If, in addition, for

scenarios when extra information on the indifference zone parameter c > 0 is available, i.e., the

objective function value gap between the best decision and the second best is known, our algorithms

can naturally be extended to identify the exact best decision variable with high probability 1− δ.

This criterion is referred to as Probability of Correct Selection with Indifference Zone Parameter

(PCS-IZ). We also provide performance analysis for our proposed algorithms when they are used

to achieve the PCS-IZ criterion.

We summarize the proved algorithm performances in Table 1, where the algorithm performance

is demonstrated by the order of asymptotic simulation cost, when the failing probability δ and
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the precision level ε are small and the problem scale N is large. A detailed numerical comparison

of all algorithms that satisfy the PGS criterion are provided in Section 5 to show the consistency

between our theoretical analysis and practical performance.

Two contemporaneous papers Zhang and Zheng (2020) and Eckman et al. (2020) also discuss

the use of the convexity structure in simulation. Zhang and Zheng (2020) proposes gradient-based

algorithms with PGS guarantee for general convex discrete simulation optimization problems with

high-dimension decision space (i.e., d is large). The adaptive search algorithm, enhanced adaptive

search algorithm and general stochastic cutting-plane algorithms introduced in our paper are based

on a completely different idea that adaptively screens out inferior decision variables. Moreover, for

scenarios when the problem scale N is large and the dimension d= 1, the enhanced adaptive search

algorithm attains the best achievable performance and demonstrates an asymptotic simulation

cost independent of N . One of our proposed stochastic cutting-plane algorithm completely does

not depend on the Lipschitz parameter of the problem, while the gradient-based algorithms has a

quadratic dependence on the Lipschitz parameter. In general, it appears that the gradient-based

algorithms tend to be preferable for large d, while the stochastic cutting-plane algorithms tend to

be preferable for large N and large Lipschitz parameter L, even though both sets of algorithms

are designed to be generally applicable. The other contemporaneous paper Eckman et al. (2020)

discusses the idea of using functional structure such as convexity to screen out inferior decision

variables based on given simulations on other decision variables. Their focus is different. They do

not discuss simulation optimization algorithms that can find the best or a statistically guaranteed

good decision variable. Nor do they have analysis on simulation costs and the dependence on

problem scale and dimension.

The remainder of the paper is outlined as follows. Section 1.1 summarizes the notation. Section

2 introduces the setup of model, framework, optimality criterion, and simulation costs. Section 3

discuss the algorithms and performance analysis developed for one-dimensional large-scale prob-

lems. Section 4 discuss the algorithms and performance analysis developed for multi-dimensional

large-scale problems. Section 5 provide numerical experiments that support the theoretical findings.

Section 6 concludes.
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Table 1 Upper bounds on the expected simulation cost for algorithms that achieve the PGS or PCS-IZ

guarantee. Here, M is an absolute constant. Constants except for d,N, ε, δ, c, γ,M are omitted in the O(·) notation.

In comparison, the expected simulation cost without convexity is O(Ndε−2 log(1/δ)).

Algorithms PGS PCS-IZ

Adaptive Sampling

(One-dim)
O(log(N)ε−2 log(1/δ)) O(c−2 log(1/δ))

Enhanced Adaptive

(One-dim)

O(ε−2 log(1/δ))

(best achievable performance)

O(c−2 log(1/δ))

(best achievable performance)

Multi-dim Gradient-based

(Pseudo-poly)

O(d2N2ε−2 log(1/δ))

(Zhang and Zheng 2020)

O(d2 log(N)c−2 log(1/δ))

(Zhang and Zheng 2020)

Stochastic Cutting-plane

(Weakly-poly)
O(d3N2ε−2 log(dNL/ε) log(1/δ)) O(d3 log(N)ε−2 log(dNL/ε) log(1/δ))

Stochastic Cutting-plane

(Strongly-poly)
O(d3N2(d+ log(N))ε−2 log(1/δ)) O(d3 log(N)(d+ log(N))ε−2 log(1/δ))

Enhanced Adaptive

(Multi-dim)
O(Mdε−2 log(1/δ)) O(Mdc−2 log(1/δ))

1.1. Notation

We adopt the same set of notation as in (Zhang and Zheng 2020). For a stochastic system labeled

by its decision variable x, we denote ξx as the random object associated with the system. We write

ξx,1, ξx,2, . . . , ξx,n as independent and identically distributed (iid) copies of ξx. The empirical mean

of the n independent evaluations for system labeled by x is denoted as F̂n(x) := 1
n

∑n

j=1F (x, ξx,j).

The indices set [N ] := {1,2, . . . ,N} is defined for every positive integer N . For any set S and

positive integer d, we define the product set Sd as {(x1, x2 . . . , xd) : xi ∈ S, i∈ [d]}. For two vectors

x, y ∈ Rd, the maximum operation x ∨ y, minimum operation x ∧ y, the ceiling function dxe and

the flooring function bxc are all considered as component-wise operations. To compare simulation
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costs, we omit terms that are independent of d,N, ε, δ, c in O(·) and omit terms independent of δ

in Õ(·). To be more concrete, the notation f = O(g) means that there exist constants c1, c2 > 0

independent of N,d, ε, δ, c such that f ≤ c1g+ c2. Similarly, the notation f = Õ(g) means that there

exist constants c1 > 0 independent of N,d, ε, δ, c and constant c2 > 0 independent of δ such that

f ≤ c1g+ c2. In other words,

2. Model and Framework

We consider a complex stochastic system that involves discrete decision variables in a d-dimensional

subspace X = [N1]× [N2]×· · ·× [Nd] in which the Ni’s are positive integers. The objective function

f(x) for x∈X is given by

f(x),E[F (x, ξx)], (1)

in which ξx is a random object supported on a proper space (Y,BY) and F : X × Y → R is a

performance function. Specifically, the function F captures the full operations logic in the stochastic

system. We consider scenarios when the objective function f(x) is not in closed-form and needs to

be evaluated by averaging over simulation replications of F (x, ξx). The random objects ξx’s can be

different for different decision variables.

Assumption 1. The objective function f(x) is a convex function on the discrete set X .

For the exact definition of discrete convexity, we describe in details in Section 3 for the one-

dimensional cases and Section 4 for the multi-dimensional cases.

2.1. Optimality Guarantees and Classes of Algorithms

Our general goal is to design algorithms that guarantees the selection of a good decision variable

that has close-to-optimal performance with high probability. Formally, this criterion is defined as

Probability of Good Selection.

• (ε, δ)-Probability of good selection (PGS). The solution x returned by an algorithm has

objective value at most ε larger than the optimal objective value with probability at least 1− δ.
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This PGS guarantee is also referred to as the probably approximately correct selection (PAC)

guarantee in the literature (Even-Dar et al. 2002, Kaufmann et al. 2016, Ma and Henderson 2017).

While our major focus is to design algorithms that satisfy the PGS optimality guarantee, we

also consider the optimality guarantee of Probability of Correct Selection with Indifference Zone

Parameter as a comparison.

• Probability of correct selection with indifference zone parameter (PCS-IZ). (See

Hong et al. (2020)) The problem is assumed to have a unique solution that renders the optimal

objective value. The optimal value is assumed to be at least c > 0 smaller than other objective

values. The gap width c is called the indifference zone parameter in Bechhofer (1954). The

PCS-IZ guarantee requires that the solution returned by an algorithm is the optimal solution with

probability at least 1− δ.

In general, by choosing ε < c, algorithms satisfying the PGS guarantee can be readily applied

to satisfy the PCS-IZ guarantee. On the other hand, however, algorithms satisfying the PCS-IZ

guarantee may fail to satisfy the PGS guarantee; see Eckman and Henderson (2018) and Hong

et al. (2020). The failing probability δ in either PGS or PCS-IZ is usually chosen to be small to

ensure a high probability result. We assume in this paper that δ is small.

Assumption 2. The failing probability δ is sufficiently small.

In addition, we assume that the probability distribution for the stochastic simulation output

F (x, ξx) is Gaussian or sub-Gaussian.

Assumption 3. The distribution of F (x, ξx) is Gaussian or sub-Gaussian with known upper bound

σ2 on the variance for any x∈X .

The triad of the decision set X , the space of randomness (Y,BY) and the function F (·, ·) is called

the model of problem (1). We define the set of all models such that function f(·) is convex on set

X asMC(X ), or simplyMC. The setMCc includes all convex models with IZ parameter c. Next,

we define the class of simulation algorithms that are proved to find solutions satisfying certain

optimality guarantee for a given set of models.
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Definition 1. Suppose the optimality guarantee O and the set of modelsM is given. A simulation

algorithm is called an (O,M)-algorithm, if for any model M ∈M, the algorithm returns a solution

to M that satisfies the optimality guarantee O.

For example, the class of (PGS,MC)-algorithms guarantees a PGS solution for any convex model.

2.2. Simulation Costs

For simulation optimization optimization problems, the view that the simulation cost of generating

replications of F (x, ξx) is the dominant contributor to the computational cost is widely hold; see

Luo et al. (2015), Ni et al. (2017), Ma and Henderson (2019). Therefore, for the purpose of com-

paring different simulation algorithms that satisfy certain optimality guarantee, the performance

of different algorithms is quantified as the total number of evaluations of F (x, ξx) at different x.

The number of evaluations during a solving process is called the simulation cost. Besides providing

a measurement to compare different algorithms, simulation costs can provide insights on how the

computational cost depends on the scale and dimension of the problem. Moreover, understand-

ing the simulation costs can provide information to facilitate the setup of parallel procedures for

large-scale problems. The main focus of this paper is to develop provable simulation algorithms

for a certain optimality guarantee and provide an upper bound on the simulation cost to achieve

that guarantee. We note that our proposed algorithms do not require additional structures of the

selection problem in addition to convexity. Now, we give the rigorous definition of the expected

simulation cost for a given set of models M and given optimality guarantee O.

Definition 2. Given the optimality guarantee O and a set of modelsM, the expected simula-

tion cost is defined as

T (O,M) := inf
A is (O,M)

sup
M∈M

E[τ ],

where τ is the number of simulation evaluations of F (·, ·) for each algorithm implementation.

The notion of simulation cost in this paper is largely focused on

T (ε, δ,MC) := T ((ε, δ)-PGS,MC) T (δ,MCc) := T ((c, δ)-PCS-IZ,MCc).
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We mention that upper bounds derived in this paper also hold almost surely, while lower bounds

only hold in expectation.

To better present the dependence of expected simulation cost on the scale and dimension of the

problem, we assume that N1 =N2 = · · ·=Nd.

Assumption 4. The feasible set of decision variables is X = [N ]d, where N ≥ 2 and d≥ 1.

With Assumption 4 in hand, we will present the dependence of the expected simulation on N

and d when at least one of them is large. We note that the results in this work can be naturally

extended to the case when each dimension has different number of feasible systems. Furthermore,

if the objective function f is defined on the cube [N1] × [N2] × · · · × [Nd] while the feasible set

X characterized by a polytope {x ∈ Zd : Ax ≤ b}, the algorithms proposed in this paper can be

directly extended with few modification.

3. Simulation Algorithms and Complexity Analysis: One-dimensional Case

We first consider the case when the discrete decision variable is one-dimensional, i.e., X = [N ] =

{1,2, . . . ,N}. This setting is mathematically equivalent to the problem of ranking and selection with

convexity. We have in mind cases where the number of systems N is large. In the one-dimensional

case, the discrete convexity for a function f can be defined similarly as the ordinary continuous

convexity through the discrete midpoint convexity property, namely,

f(i+ 1) + f(i− 1)≥ 2f(i) ∀i∈ {2, . . . ,N − 1}.

If the function f(x) is convex on X , it has a convex linear interpolation on [1,N ], defined as

f̃(x) := [f(xi+1)− f(xi)] · (x−xi) + f(xi), ∀x∈ [xi, xi+1], ∀i∈ [N − 1]. (2)

The definition of discrete convexity in multi-dimensional decision space is called L\-

convexity (Murota 2003). We defer the discussion of L\-convex functions for multi-dimensional case

to section 4.
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In this section, we propose simulation algorithms that are guaranteed to find solutions that

satisfy the PGS criterion, when the objective function has a convex structure. The presumption

is that there is no further structure information available to the algorithm. For every proposed

simulation algorithm, we provide an upper bound on the expected simulation cost to achieve the

PGS guarantee. We demonstrate the dependence of the upper bound on the precision level ε, the

failing probability allowance δ, and the number of systems N . We also provide a lower bound on

the expected simulation cost that reflects the best achievable performance for any algorithm. We

show that one of our proposed algorithms can attain the best achievable performance.

3.1. Adaptive Sampling Algorithm and Upper Bound on Expected Simulation Cost

We first propose an adaptive sampling algorithm for the PGS guarantee. The idea of adaptive sam-

pling algorithm is from the classical bi-section method. Agarwal et al. (2011) propose a stochastic

bi-section method for stochastic continuous convex optimization, which is different from ours. The

pseudo-code is listed in Algorithm 1. We discuss the details right afterwards.

Algorithm 1 Adaptive sampling algorithm for PGS guarantee

Input: Model X = [N ],Bx,F (x, ξx), optimality guarantee parameters ε, δ.

Output: An (ε, δ)-PGS solution x∗ to problem (1).

1: Set upper and lower bound of the current interval L← 1,U ←N .

2: Set maximal number of comparisons Tmax← log1.5(N) + 2.

3: while U −L> 2 do . Iterate until there are at most 3 points.

4: Compute 3-quantiles N1/3←b2L/3 +U/3c and N2/3←dL/3 + 2U/3e.

5: repeat simulate an independent copy of F (N1/3, ξ1/3) and an independent copy of

F (N2/3, ξ2/3)

6: Compute the empirical mean (using all the simulated samples) F̂n(N1/3), F̂n(N2/3).

7: Compute 1− δ/(2Tmax) confidence intervals at each quantile:

[
F̂n(N1/3)−h1/3, F̂n(N1/3) +h1/3

]
and

[
F̂n(N2/3)−h2/3, F̂n(N2/3) +h2/3

]
.
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8: until the first time that one of the following three conditions holds:

(i) F̂n(N1/3)−h1/3 ≥ F̂n(N2/3) +h2/3,

(ii) F̂n(N1/3) +h1/3 ≤ F̂n(N2/3)−h2/3,

(iii) h1/3 ≤ ε/8 and h2/3 ≤ ε/8.

9: if F̂n(N1/3)−h1/3 ≥ F̂n(N2/3) +h2/3 then

10: Update L←N1/3.

11: else if F̂n(N1/3) +h1/3 ≤ F̂n(N2/3)−h2/3 then

12: Update U ←N2/3.

13: else if h1/3 ≤ ε/8 and h2/3 ≤ ε/8 then

14: Update L←N1/3 and U ←N2/3.

15: end if

16: end while

17: Simulate F (x, ξx) for x∈ {L, . . . ,U} until the 1−δ/(2Tmax) confidence widths are smaller than

ε/2.

. Now U −L≤ 2.

18: Return the point in {L, . . . ,U} with minimal empirical mean.

In the procedure of Algorithm 1, one step is to compute confidence intervals that satisfy certain

confidence guarantees. We now provide one feasible approach to construct such confidence intervals,

which is based on Hoeffding’s inequality for Gaussian and sub-Gaussian random variables. Define

h(n,σ,α) :=

√
2σ2

n
· log(2/α).

Recall that σ2 is the upper bound of the variances of all systems. With this function h(·) in hand,

whenever n independent simulations of system x is available, one can construct a 1−α confidence

interval for f(x) as [
F̂n(x)−h(n,σ,α), F̂n(x) +h(n,σ,α)

]
.
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If the variance σ2
x of a single system x is known, the confidence interval may be sharpened by

replacing σ with σx.

Intuitively, the algorithm iteratively shrinks the size of the set containing a potential good

decision. Specifically, the algorithm shrinks the length of current interval by at least 1/3 for each

iteration. Thus, the total number of iterations is at most O(log1.5(N)) to shrink the set containing

a potential good decision with at least 3 points. Then, the algorithm solves a sub-problem with

at most 3 points. We can prove that Algorithm 1 achieves PGS guarantee for any given convex

problem without knowing further structure information, i.e., Algorithm 1 is a [(ε, δ)-PGS,MC]-

algorithm. By estimating the simulation cost of the algorithm, an upper bound on the expected

simulation cost to achieve the PGS guarantee follows.

Theorem 1. Suppose Assumptions 1-4 hold. Algorithm 1 is a [(ε, δ)-PGS,MC]-algorithm. Fur-

thermore, we have

T (ε, δ,MC) =O

[
log(N)

ε2
log

(
log(N)

δ

)
+N

]
= Õ

[
log(N)

ε2
log

(
1

δ

)]
.

Proof of Theorem 1. The proof of Theorem 1 is given in EC.2.1. �

We provide an explanation on the additional hidden term of smaller order of log(1/δ). In fact,

the upper bound on the expected simulation cost is given by a constant multiplied by the sum

log(N)ε−2 log (1/δ) + log(N). We note that in practice, the number of simulation samples taken in

each iteration must be an integer, while in analysis, the simulation cost is treated as a real number.

Hence, the practical simulation cost of each iteration should be the smallest integer larger than

the the theoretical simulation cost and an extra O(1) term is introduced. Then, the total expected

simulation cost of Algorithm 1 should contain an extra O(log(N)) term, which is not related to δ

and is relatively small compared to the main term when δ is small.

We next discuss an extension to Algorithm 1 under application scenarios when the simulation of

two very close systems can be simultaneously done at the cost of simulating one system. Specifically,

when a copy of simulation for system x is generated, with its outcome denoted as F (x, ξx,1), a
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copy of simulation for system x+ 1 (or x− 1) can be generated at the same time with a negligible

additional cost, with its outcome denoted as F (x+ 1, ξx+1,1). It is usually the case that the two

outcomes (F (x, ξx,1),F (x+1, ξx+1,1)) are positively correlated. Therefore, throughout the procedure

of implementing Algorithm 1, whenever n independent copies of simulation are done for system

x and an empirical mean estimator F̂n(x) is obtained, we also have available an empirical mean

estimator F̂ free
n (x+1) for system x+1 that is positively correlated with F̂n(x). Intuitively, with the

additional free information on system x+ 1, Algorithm 1 can be terminated early if the estimated

performances for the two neighboring systems are close enough. Rigorously, Algorithm 1 can be

terminated early if

F̂n(x) +hx ≤ F̂ free
n (x+ 1)−hfree

x+1 + ε/N and F̂ free
n (x+ 1) +hfree

x+1 ≤ F̂n(x)−hx + ε/N,

where hx and hfree
x+1 are half-widths of confidence intervals with at least 1− δ/2 confidence. One

convenient choice of hx and hfree
x+1 is to set hx = hfree

x+1 = h(n,σ, δ/2). If the positive correlation

between F̂n(x) and F̂ free
n (x) is known, the half-widths can be sharpened. The legitimacy of this

termination rule is because of the convex structure. For any system x ∈ X , the local and global

expected performances satisfy the relation that

|f(x)− f(x+ 1)|< ε

N
=⇒ |f(x)− f(x∗)|< ε,

where x∗ is the label of the unknown best system. On one hand, Algorithm 1 is clearly enhanced

by adding this termination rule. On the other hand, we note that for the termination rule to be

triggered, it is required that h(n,σ, δ/2)< ε/N , or equivalently

n> 2σ2ε−2N 2 log(4/δ),

which means that a large number of simulation copies are needed to trigger this termination rule,

with a quadratic dependence on the total number of systems N . Recall that the upper bound for

the expected simulation cost of Algorithm 1 has a logarithm dependence on N . Therefore, this
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additional termination rule benefits the algorithm, but likely will not improve the order of upper

bound for the expected simulation cost when the number of systems N is large.

Next, we consider the PCS-IZ guarantee. When the priori information about indifference zone

parameter c is available, we can modify the adaptive sampling algorithm to achieve better sim-

ulation cost. The modified algorithm also consists of two parts: the shrinkage of intervals and a

sub-problem with at most 3 points. The improvement is achieved by a weaker condition for the

comparison of objective values at two 3-quantiles. We give the modified algorithm in EC.1.1. The

following theorem gives the correctness and the expected simulation cost of the modified adaptive

sampling algorithm.

Theorem 2. Suppose Assumptions 1-4 hold. The modified adaptive sampling algorithm is a

[(c, δ)-PCS-IZ,MCc]-algorithm. Furthermore, we have

T (δ,MCc) =O

[
1

c2
log

(
log(N)

δ

)
+N

]
= Õ

[
1

c2
log

(
1

δ

)]
.

Proof of Theorem 2. The proof of Theorem 2 is given in EC.2.2. �

By Theorem 2, the expected simulation cost for the PCS-IZ guarantee is independent of the num-

ber of points N . In comparison, the cost of bi-section method on deterministic convex problem

has dependency O(log2(N)) on N . Hence, stochastic problems have different properties compared

with deterministic problems. Optimal algorithms for deterministic problems cannot be naively

adjusted to stochastic problems to achieve the optimal expected simulation cost. This intuition

is also observed in Zhang and Zheng (2020), where fundamental differences between simulation

optimization algorithms and deterministic optimization algorithms are observed.

3.2. Enhanced Adaptive Sampling Algorithm and Upper Bound on Expected Simulation Cost

We have shown that the expected simulation cost of adaptive sampling algorithm for the PGS

guarantee has a log(N) dependence on N for large N . Then, one may naturally ask: is there

any algorithm for the PGS guarantee that has simulation cost independent of N? The answer is

affirmative. In this subsection, an enhanced adaptive sampling algorithm for the PGS guarantee
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is proposed and is proved to have asymptotic simulation cost independent of N . Similar to the

adaptive sampling algorithm, the enhanced adaptive sampling algorithm maintains a set of active

points and shrinks the set in each iteration until there are at most 2 points. However, instead of only

sampling at 3-quantiles points of the current interval, the enhanced adaptive sampling algorithm

samples all points in the current active set. We give the pseudo-code in Algorithm 2.

Algorithm 2 Enhanced adaptive sampling algorithm for PGS guarantee

Input: Model X = [N ],Bx,F (x, ξx), optimality guarantee parameters ε, δ.

Output: An (ε, δ)-PGS solution x∗ to problem (1).

1: Set the active set S ←X .

2: Set the step size d← 1, maximal number of comparisons Tmax←N .

3: while the size of S is at least 3 do . Iterate until S has at most 2 points.

4: repeat simulate an independent copy of F (x, ξx) for all x∈ S

5: Compute the empirical mean (using all the available simulated samples) F̂n(x) for all

x∈ S.

6: Compute 1− δ/(2Tmax) confidence intervals at each quantile:

[F̂nx(x)−hx, F̂nx(x) +hx] ∀x∈ S.

7: if the confidence width hx ≤ |S| · ε/80 for some x∈ S then

8: Stop sampling point x.

9: end if

10: until at least one of the following conditions holds

(i) ∃x, y ∈ S s.t. F̂nx(x) +hx ≤ F̂ny(y)−hy

(ii) ∀x∈ S hx ≤ |S| · ε/80.

11: if F̂nx(x) +hx ≤ F̂ny(y)−hy for some x, y ∈ S then . Type-I Operation

12: if x< y then

13: Remove all points z ∈ S such that z ≥ y from S.
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14: else

15: Remove all points z ∈ S such that z ≤ y from S.

16: end if

17: else if hx ≤ |S| · ε/80 for all x∈ S then . Type-II Operation

18: Update the step size d← 2d.

19: Update S ←{xmin, xmin+d, . . . , xmin+kd}, where xmin = minx∈S x and k= d|S|/2e−1.

20: end if

21: end while . Now S has at most 2 points.

22: Simulate F (x, ξx) for x∈ S until the 1− δ/(2Tmax) confidence widths are smaller than ε/4.

23: Return the point in S with minimal empirical mean.

There are two kinds of shrinkage operations in Algorithm 2, which we denote as Type-I and

Type-II Operations. Intuitively, Type-I Operations are implemented when we can compare and

differentiate the function values of two points with high probability, and Type-II Operations are

implemented when all points have similar function values. In the latter case, we prove that there

exists a neighboring point to the optimum that has function value at most ε/2 larger than the

optimum. Hence, we can discard every other point in S (the set in the algorithm that contains a

potential good selection) with at least one ε/2-optimal point remained in the active set. We give

a rough estimate to the expected simulation cost of Algorithm 2. We assign an order to points

in X by the time they are discarded from S. Points discarded in the same iteration are ordered

randomly. Then, for the last k-th discarded point xk, there are at least k points in S when xk is

discarded. By the second termination condition in line 11, the confidence width at xk is at least

kε/80. If Hoeffding bound is used, simulating Õ(ε−2k−2 log(1/δ)) times is enough to achieve the

confidence width. Recalling the fact that
∑

k k
−2 <π2/6<∞, if we sum the simulation cost over

k ∈ [N ], the total expected simulation cost is bounded by Õ(ε−2 log(1/δ)) and is independent of

N . The following theorem proves that Algorithm 2 indeed achieves PGS guarantee for any convex

problem and provides a rigorous upper bound on the expected simulation cost T (ε, δ,MC).
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Theorem 3. Suppose Assumptions 1-4 hold. Algorithm 2 is a zeroth-order [(ε, δ)-PGS,MC)]-

algorithm. Furthermore, we have

T (ε, δ,MC) =O

[
1

ε2
log

(
N

δ

)
+N

]
= Õ

[
1

ε2
log

(
1

δ

)]
.

Proof of Theorem 3. The proof of Theorem 3 is given in EC.2.3. �

We can see that the expected simulation cost of the enhanced adaptive sampling algorithm for the

PGS guarantee is independent of N no matter how large N is. If used for the PCS-IZ guarantee,

the enhanced adaptive sampling algorithm achieves Õ(c−2 log(1/δ)) expected simulation cost by

setting parameter ε= c/2. This is because all sub-optimal solutions have function value at least c

larger than the optimal solution and the solution satisfies (c/2, δ)-PGS guarantee also satisfies the

(c, δ)-PCS-IZ guarantee. Hence, for both PGS and PCS-IZ guarantees, we get upper bounds for

expected simulation cost that are independent of N .

3.3. Lower Bound on Expected Simulation Cost

In this subsection, we give lower bounds to the expected simulation costs for all simulation algo-

rithms that satisfy certain optimality guarantee. Zhang and Zheng (2020) proved a lower bound

for the PGS guarantee and therefore we focus on lower bounds for the PCS-IZ guarantee in this

work. The lower bounds suggest the limits for all simulation algorithms for general selection prob-

lems with convex structure. In the one-dimensional case, the derived lower bound for the PCS-IZ

guarantee also holds for the PGS guarantee by choosing c= 2ε. By comparing with upper bounds

established for specific simulation algorithms, we can conclude that the enhanced adaptive sam-

pling algorithm is optimal up to a constant factor. Similar to the method used in Zhang and Zheng

(2020), we construct two convex models that have similar distributions at each point but have

distinct optimal solutions. Then, the information-theoretical inequality in Kaufmann et al. (2016)

can be used to provide a lower bound of zeroth-order algorithms.

We present the results in Kaufmann et al. (2016) for the completeness. Given a zeroth-order

algorithm and a model M , we denote Nx(τ) as the number of times that F (x, ξx) is sampled when
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the algorithm terminates, where τ is the stopping time of the algorithm. Then, it follows from the

definition that

EM [τ ] =
∑
x∈X

EM [Nx(τ)] ,

where EM is the expectation when the model M is given. Similarly, we can define PM as the

probability when the model M is given. The following lemma is proved in Kaufmann et al. (2016)

and is the major tool for deriving lower bounds in this paper.

Lemma 1. For any two models M1,M2 and any event E ∈Fτ , we have

∑
x∈X

EM1
[Nx(τ)]KL(ν1,x, ν2,x)≥ d(PM1

(E),PM2
(E)), (3)

where d(x, y) := x log(x/y) + (1− x) log((1− x)/(1− y)), KL(·, ·) is the KL divergence and νk,x is

the distribution of model Mk at point x for k= 1,2.

We first give a lower bound for the PCS-IZ guarantee.

Theorem 4. Suppose Assumptions 1-4 hold. We have

T (δ,MCc)≥Θ

[
1

c2
log

(
1

δ

)]
.

Proof of Theorem 4. The proof of Theorem 4 is given in EC.2.4. �

The lower bound of T (ε, δ,MC), i.e., the expected simulation cost for achieving the PGS guarantee,

can be derived in the same way by substituting c with 2ε in the construction of two models.

Corollary 1. Suppose Assumptions 1-4 hold. We have

T (ε, δ,MC)≥Θ

[
1

ε2
log

(
1

δ

)]
.

Combining with the upper bounds we derived in Sections 3.1 and 3.2, we know the adaptive

sampling algorithm is optimal up to a constant for the PCS-IZ guarantee, while having a log(N)

order gap for the PGS-IZ guarantee. On the other hand, the enhanced adaptive sampling algorithm

is optimal for both guarantees up to a constant. However, the space complexities of the adaptive
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sampling algorithm and the enhanced adaptive sampling algorithms are O(log(N)) and O(N),

respectively. This observation implies that the adaptive sampling algorithm is preferred for the

PCS-IZ guarantee, while for the PGS guarantee, we need to consider the trade-off between the

simulation cost and the space complexity when choosing algorithms. Before concluding this section,

we note that our simulation algorithms are designed to ensure PGS/PCS-IZ guarantees for large-

scale convex problems whose detailed structure is hard to detect a priori. If a specific simulation

problem has more refined structure, the simulation algorithms may be adjusted to achieve better

expected simulation costs under the same guarantees.

4. Simulation Algorithms and Complexity Analysis: Multi-dimensional Case

In this section, we propose stochastic cutting-plane algorithms to achieve the PGS guarantee for

discrete convex simulation optimization problems with multi-dimensional decision variables. The

decision space is considered as X = [N ]d. We have in mind cases where both the problem scale N

and the dimension d are large. In the multi-dimensional case, the discrete convexity of f is defined

by the so-called L\-convexity, which is defined on the mid-point convexity for discrete variables.

The exact definition will be given shortly in Section 4.1. The L\-convexity can lead to a property

that the discrete convex function has a convex extension along with an explicit subgradient defined

on the convex hull [1,N ]d. We next discuss a brief outline of results in this section before discussing

the details. A first natural idea is to extend the adaptive sampling algorithm developed in Section

3 to the multi-dimensional case. A direct generalization of the adaptive sampling algorithm results

in the zeroth-order stochastic ellipsoid method (Agarwal et al. 2011) and the zeroth-order random

walk method (Liang et al. 2014), whose computational complexities have O(d33) and O(d14) depen-

dence on the dimension, respectively. On the other hand, we show that the enhanced adaptive

sampling method can be naturally extended to the multi-dimensional case. The multi-dimensional

enhanced adaptive sampling algorithm also has expected simulation cost independent of scale N

when N is large. However, the expected simulation cost has exponential dependence on the dimen-

sion d and therefore the enhanced adaptive sampling algorithm is only suitable for low-dimensional
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problems. The high order dependence on d by simply extending the one-dimensional algorithms to

multi-dimensional problems may prohibit the practical use even for moderate-dimension problems.

We therefore develop new stochastic cutting-plane algorithms, which utilize properties of L\-convex

functions and the Lovász extension, to evaluate unbiased stochastic subgradients at each point via

finite difference. In contrast to the one-dimensional case, the stochastic subgradients information is

proved to be useful in reducing the dependence of simulation cost on d. More specifically, our pro-

posed stochastic cutting-plane algorithms are proved to have O(d3) dependence on d. In addition,

the stochastic cutting-plane methods have only logarithm dependence on the Lipschitz constant

L, while the gradient-based method in Zhang and Zheng (2020) has quadratic dependence on L.

Furthermore, the discrete nature of problem (1) makes it possible to devise strongly polynomial

algorithms, i.e., algorithms that do not require the knowledge of Lipschitz constant.

4.1. Discrete Convex Functions in Multi-dimensional Space

Similar to the one-dimensional case, discrete convex functions in multi-dimensional space are char-

acterized by the discrete midpoint convexity property and have convex piecewise linear extension.

In Murota (2003), this collection of functions is named as L\-convex functions and is proved to

have the property that local optimality implies global optimality. The exact definition of L\-convex

functions is given by

Definition 3. A function f(x) : X 7→ R is called a L\-convex function, if the discrete midpoint

convexity holds:

f(x) + f(y)≥ f(d(x+ y)/2e) + f(b(x+ y)/2c) ∀x, y ∈X .

The set of models such that f(x) is L\-convex on X is denoted as MC. The set of models such

that f(x) is L\-convex with indifference zone parameter c is denoted as MCc.

Remark 1. As noted in Zhang and Zheng (2020), the feasible set X = [N ]d is a L\-convex set

and we only need the discrete midpoint convexity property to define L\-convex functions on X . In

the case when d= 1, the L\-convexity is equivalent to the discrete convexity defined in Section 3.

Hence, the definitions of MC and MCc are consistent with Section 3.



Zhang, Zheng, and Lavaei: Localization Methods for Discrete Convex Simulation Optimization
23

The following property shows that L\-convex functions can be viewed as a generalization of sub-

modular functions.

Lemma 2 (Murota (2003)). Suppose the function f(x) :X 7→R is L\-convex. Then, the transla-

tion submodularity holds:

f(x)+f(y)≥ f((x−α1)∨y)+f(x∧(y+α1)) ∀x, y ∈X , α∈N s.t. (x−α1)∨y, x∧(y+α1)∈X .

By the translation submodularity, the L\-convex function restricted to a cube x+ {0,1}d ⊂ X is

a submodular function. Therefore, the Lovász extension (Lovász 1983) can be constructed as the

convex piecewise linear extension inside each cube. In addition, L\-convex functions are integrally

convex functions (Murota 2003). Therefore, we can get a continuous convex function on [1,N ]d

by piecing together the Lovász extension in each cube. More importantly, we can calculate a sub-

gradient of the convex extension with O(d) function value evaluations. Hence, L\-convex functions

provides a good framework for extending continuous convex optimization theory to the discrete

case. In the remaining of this subsection, we specify this intuition of L\-convex function in a rigorous

way. We first define the Lovász extension of submodular functions and give an explicit subgradient

of the Lovász extension at each point.

Definition 4. Suppose function f(x) : {0,1}d 7→ R is a submodular function. For any x ∈ [0,1]d,

we say a permutation αx : [d] 7→ [d] is a consistent permutation of x, if

xαx(1) ≥ xαx(2) ≥ · · · ≥ xαx(d).

For each i∈ {0,1, . . . , d}, the i-th neighbouring points of x is defined as

Sx,i :=
i∑

j=1

eαx(j) ∈X ,

where vector ek is the k-th unit vector of Rd. We define the Lovász extension f̃(x) : [0,1]d 7→R

as

f̃(x) := f
(
Sx,0

)
+

d∑
i=1

[
f
(
Sx,i

)
− f

(
Sx,i−1

)]
xαx(i). (4)
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We note that the value of the Lovász extension does not rely on the consistent permutation

we choose. We list several well-known properties of the Lovász extension and refer their proofs

to Lovász (1983), Fujishige (2005).

Lemma 3. Suppose Assumptions 1-4 hold. Then, the following properties of f̃(x) hold.

(i) For any x∈X , it holds f̃(x) = f(x).

(ii) The minimizers of f̃(x) satisfy arg minx∈[0,1]d f̃(x) = arg minx∈X f(x).

(iii) Function f̃(x) is a convex function on [0,1]d.

(iv) A subgradient g ∈ ∂f̃(x) is given by

gαx(i) := f
(
Sx,i

)
− f

(
Sx,i−1

)
∀i∈ [d]. (5)

It is proved in Zhang and Zheng (2020) that, with 2d simulation runs, we can generate a stochastic

subgradient at point x by

ĝαx(i) := F
(
Sx,i, ξ1i

)
−F

(
Sx,i−1, ξ2i−1

)
∀i∈ [d]. (6)

Then, we show that the Lovász extension in the neighborhood of each point can be pieced together

to form a convex function on conv(X ) = [1,N ]d. We define the local neighborhood of each point

y ∈ [1,N − 1]d as the cube

Cy := y+ [0,1]d.

We denote the objective function f(x) restricted to Cy ∩X as fy(x), which is submodular by the

translation submodularity of f(x). For point x ∈ Cy, we denote αx as a consistent permutation

of x− y in {0,1}d and, for each i ∈ {0,1, . . . , d}, the corresponding i-th neighboring point of x is

defined as

Sx,i := y+
i∑

j=1

eαx(j).

Then, the Lovász extension of fy(x) in Cy can be calculated as

f̃y(x) := f
(
Sx,0

)
+

d∑
i=1

[
f
(
Sx,i

)
− f

(
Sx,i−1

)]
xαx(i).
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Now, we piece together the Lovász extension in each cube by defining

f̃(x) := f̃y(x) ∀x∈ [1,N ]d, y ∈ [N − 1]d s.t. x∈ Cy. (7)

It is proved in Murota (2003), Zhang and Zheng (2020) that f̃(x) is well-defined and is a convex

function.

Theorem 5. The function f̃(x) in (7) is well-defined and is convex on X .

Utilizing properties (i) and (ii) of Lemma 3, problem (1) is equivalent to the relaxed problem

f∗ := min
x∈[1,N ]d

f̃(x). (8)

Moreover, the subgradient (5) and stochastic subgradient (6) are valid for the convex extension

f̃(x). Similarly, (stochastic) subgradients can be computed in the neighboring cube of each point

and it does not matter which cube is chosen for points belonging to multiple cubes. Finally, the

linear-time rounding process proposed in Zhang and Zheng (2020) reduces the problem of finding

PGS solutions of the original problem to that of the relaxed problem.

Algorithm 3 Rounding process to a feasible solution

Input: Model X ,Bx,F (x, ξx), optimality guarantee parameters ε, δ, (ε/2, δ/2)-PGS solution x̄ to

problem (8).

Output: An (ε, δ)-PGS solution x∗ to problem (1).

1: Compute a consistent permutation of x̄, denoted as α.

2: Compute the neighbouring points of x̄, denoted as S0, . . . , Sd.

3: Simulate F (S0, ξ0), . . . ,F (Sd, ξd) until the 1− δ/4 confidence width is smaller than ε/4.

4: Return the point x∗ with minimal empirical mean.

The following theorem verifies the correctness and estimates the simulation cost of Algorithm 3.

Theorem 6. Suppose Assumptions 1-4 hold. The solution returned by Algorithm 3 satisfies the

(ε, δ)-PGS guarantee and the simulation cost of Algorithm 3 is at most

O

[
d

ε2
log

(
1

δ

)
+ d

]
= Õ

[
d

ε2
log

(
1

δ

)]
.

The rounding process for the (c, δ)-PCS-IZ guarantee follows by choosing ε= c/2.
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4.2. Stochastic Cutting-plane Method: Weakly Polynomial Algorithm

With the definitions and tools introduced in Section 4.1, we have a suitable framework for extending

deterministic cutting-plane methods to the stochastic case. In this subsection, we develop weakly

polynomial stochastic cutting-plane methods for discrete convex simulation optimization. Weakly

polynomial algorithms guarantee an (ε, δ)-PGS solution within poly(d,N, ε, δ, log(L)) times of sim-

ulations and arithmetic operations, where L is the Lipschitz constant and is assumed known a

priori.

Assumption 5. The `∞-Lipschitz constant of f(x) is L. Namely, we have

|f(x)− f(y)| ≤L, ∀x, y ∈X , s.t. ‖x− y‖∞ ≤ 1.

Algorithms that guarantee an (ε, δ)-PGS solution within poly(d,N, ε, δ) times of simulations and

arithmetic operations are called strongly polynomial algorithms and are proposed in Section 4.3. In

comparison, gradient-based methods proposed in Zhang and Zheng (2020) are pseudo-polynomial

algorithms, since they require poly(d,N, ε, δ,L) simulation runs and arithmetic operations. Gen-

erally, cutting-plane methods based on separation oracles (Vaidya 1996, Bertsimas and Vempala

2004, Lee et al. 2015) have lower-order dependence on the problem dimension than those based on

membership oracles (Agarwal et al. 2011, Liang et al. 2014). Compared to gradient-based meth-

ods, cutting-plane methods are more sensitive to noise. Hence, more simulation runs are needed to

generate robust separation oracles and therefore the simulation cost has a higher-order dependence

on the problem dimension than gradient-based methods.

Now, we show that the cutting-plane method in Vaidya (1996) can be extended to find PGS

solutions in the stochastic case. Vaidya’s cutting-plane method maintains a polytope that contains

the optimal points and iteratively reduces the volume of polytope by generating a separation oracle

at the approximate volumetric center. When the volume is small enough, the Lipschitz continuity

implies the all points in the polytope have close objective values to the optimum. Vaidya’s method

is able to achieve the optimal number of separation oracles evaluations up to a constant in the
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deterministic case. We note that other cutting-plane methods based on reducing the volume of

polytope can also be extended to our case. We consider Vaidya’s method for its simplicity. As

a counterpart of separation oracles, we introduce the stochastic separation oracle, namely the

(ε, δ)-separation oracle, to characterize the accuracy of separation oracles in the stochastic case.

Definition 5. An (ε, δ)-separation oracle ((ε, δ)-SO) is a function on [1,N ]d that for any input

x∈ [1,N ]d, it outputs a vector ĝ ∈Rd such that for any y ∈ [1,N ]d ∩Hc,

f(y)≥ f(x)− ε

holds with probability at least 1− δ, where the half space H := {z : 〈ĝ, z−x〉 ≤ 0}.

Before we state the algorithm, we give a concrete example of (ε, δ)-SO oracle and provide an upper

bound of the expected simulation cost of evaluating each oracle. We define the averaged subgradient

estimator as

ĝnαx(i) := F̂n
(
Sx,i

)
− F̂n

(
Sx,i−1

)
∀i∈ [d], (9)

where αx is a consistent permutation of x, n≥ 1 is the number of samples and F̂n is the empirical

mean of n independent evaluations of F . The following lemma gives a lower bound of n such that

ĝn is an (ε, δ)-SO oracle.

Lemma 4. Suppose Assumptions 1-4 hold. If we choose

n= Õ

[
dN 2

ε2
log

(
1

δ

)]
,

then ĝn is an (ε, δ)-SO oracle. Moreover, the expected simulation cost of generating an (ε, δ)-SO

oracle is at most

O

[
d2N 2

ε2
log

(
1

δ

)
+ d

]
= Õ

[
d2N 2

ε2
log

(
1

δ

)]
.

Proof of Lemma 4. The proof of Lemma 4 is given in EC.3.1. �

We prove that, by substituting the separation oracles with stochastic separation oracles, the cutting-

plane method in Vaidya (1996) can be used to find PGS solutions. The pseudo-code of the stochastic

Vaidya’s method is given in Algorithm 4.
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Algorithm 4 Stochastic Vaidya’s method for PGS guarantee

Input: Model X ,Bx,F (x, ξx), optimality guarantee parameters ε, δ, Lipschitz constant L, (ε, δ)-SO

oracle ĝ.

Output: An (ε, δ)-PGS solution x∗ to problem (1).

1: Set the initial polytope P ← [1,N ]d.

2: Set the number of iterations Tmax←O[d log(dLN/ε)].

3: Initialize the set of points used to query separation oracles S ←∅.

4: Initialize the volumetric center z← (N + 1)/2 · (1,1, . . . ,1)T .

5: for T = 1,2, . . . , Tmax do

6: Decide adding or removing a cutting plane by Vaidya’s method.

7: if add a cutting plane then

8: Evaluate the (ε/8, δ/4)-SO oracle ĝ at z.

9: if ĝ= 0 then

10: Round z to an integral solution by Algorithm 3 and return the rounded solution.

11: end if

12: Add the current point z to S.

13: else if remove a cutting plane then

14: Remove corresponding point z from S.

15: end if

16: Update the approximate volumetric center z by Newton-type method.

17: end for . There are at most O(d) points in S by Vaidya’s method.

18: Find an (ε/4, δ/4)-PGS solution x̂ of problem minx∈S f(x).

19: Round x̂ to an integral solution by Algorithm 3.

We note that if the approximate volumetric center z is not in [1,N ]d, then we choose a violated

constraint xi ≥ 1 or xi ≤N and return ei or−ei as the separating vector, respectively. For arithmetic

operations, each iteration of Algorithm 4 requires O(d) inversions and multiplications of d × d
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matrices. Each inversion and multiplication can be finished within O(dω) arithmetic operations,

where ω < 2.373 is the matrix exponent (Alman and Williams 2020). Hence, Algorithm 4 needs

O(dω+1) arithmetic operations for each iteration. The correctness and the expected simulation cost

of Algorithm 4 are provided in the following theorem.

Theorem 7. Suppose Assumptions 1-5 hold. Algorithm 4 returns an (ε, δ)-PGS solution and we

have

T (ε, δ,MC) =O

[
d3N 2

ε2
log(

dLN

ε
) log(

1

δ
) + d2 log(

dLN

ε
)

]
= Õ

[
d3N 2

ε2
log(

dLN

ε
) log(

1

δ
)

]
.

Proof of Theorem 7. The proof of Theorem 7 is given in EC.3.2. �

Remark 2. We note that the random walk method in Bertsimas and Vempala (2004) can achieve

a better expected simulation cost

Õ

[
d3N 2

ε2
log(

LN

ε
) log(

1

δ
)

]
at the expense of O[d6 + log2(1/δ)] arithmetic operations in each iteration. Here, the O[log2(1/δ)]

factor is required to ensure the high-probability approximation to the centroid. Also, we note that

the fast implementation of Vaidya’s method in Jiang et al. (2020) reduces number of arithmetic

operations in each iteration to O(d2).

Remark 3. Stochastic Vaidya’s method can also be applied to problems that defined on [N ]d with

linear constraints {x∈Zd :Ax≤ b}, since we can choose the initial polytope to be [1,N ]d∩{Ax≤ b}.

Using the same adaptive acceleration scheme as in Zhang and Zheng (2020), the indifference zone

parameter can help reducing the dependence of simulation cost on problem scale N . We give the

pseudo-code of the accelerated Vaidya’s method in EC.1.2. Similar to Zhang and Zheng (2020), we

can prove the correctness and estimate the expected simulation cost of the accelerated algorithm.

Theorem 8. Suppose Assumptions 1-5 hold. The accelerated stochastic Vaidya’s method returns

a (c, δ)-PCS-IZ solution and we have

T (c, δ,MCc) =O

[
d3 log(N)

ε2
log(

dLN

ε
) log(

1

δ
) + d2 log(N) log(

dLN

ε
)

]
= Õ

[
d3 log(N)

ε2
log(

dLN

ε
) log(

1

δ
)

]
.
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4.3. Stochastic Cutting-plane Method: Strongly Polynomial Algorithm

In this subsection, we develop strongly polynomial algorithms for the PGS guarantee, i.e., algo-

rithms that do not require the knowledge of the Lipschitz constant. The design of strongly polyno-

mial algorithms is based on the following observation: if a convex body P ⊂Rd has volume smaller

than (d!)−1 =O[exp(−d log(d))], then all integral points in P must lie on a hyperplane. Otherwise,

if there exist d+ 1 integral points x0, . . . , xd ∈ P that are not on the same hyperplane, then the

convex body P contains the polytope conv{x0, . . . , xd}, which has volume

1

d!
|det(x1−x0, . . . , xd−x0)| ≥

1

d!
> vol(P ),

which is a contradiction. Hence, we may use Vaidya’s method or the random walk method to reduce

the volume of search polytope P to O[exp(−d log(d))] and then reduce the problem dimension by

restricting to the hyperplane. After d−1 dimension reductions, we have an one-dimensional convex

problem and algorithms in Section 3 can be applied. We give the pseudo-code in Algorithm 5.

Algorithm 5 Dimension reduction method for PGS guarantee

Input: Model X ,Bx,F (x, ξx), optimality guarantee parameters ε, δ, (ε, δ)-SO oracle ĝ.

Output: An (ε, δ)-PGS solution x∗ to problem (1).

1: Set the initial polytope P ← [1,N ]d.

2: Initialize the set of points used to query separation oracles S ←∅.

3: for d′ = d, d− 1, . . . ,2 do

4: Apply Vaidya’s method or the Random Walk method with (ε/4, δ/4)-SO oracles.

5: Add points where separation oracles are called to S.

6: Stop when the volume of P is small enough.

7: Find the hyperplane H that contains all integral points in P .

. If P contains no integral points, then an arbitrary hyperplane works.

8: Update P to a polytope on the hyperplane H. . Reduce the dimension by 1.

9: end for



Zhang, Zheng, and Lavaei: Localization Methods for Discrete Convex Simulation Optimization
31

10: Find an (ε/4, δ/4)-PGS solution of the last one-dim problem and add the solution to S.

11: Find the (ε/4, δ/4)-PGS solution x̂ of problem minx∈S f(x).

12: Round x̂ to an integral solution by Algorithm 3.

To make Algorithm 5 practical, we need to consider the following two problems:

• How large is the volume of projected polytope on the hyperplane?

• How many arithmetic operations are required to identify the hyperplane given the volume of

P is small enough?

The answer to the first problem is crucial to the number of separation oracles needed in each

iteration. Although the polytope P has small volume in the original space, it may have much larger

volume after projected onto a hyperplane. Hence, the number of separation oracle evaluations in

each iteration is decided by the upper bound of the volume. On the other hand, the number of

arithmetic operations in each iteration is mainly determined by the answer to the second problem,

since other parts of the algorithm requires polynomially many arithmetic operations. Recently,

the two problems are solved in Jiang (2020). For the first problem, the author has designed an

alternative potential function that includes both the volume of search polytope and the density of

integral points in the current subspace. The increase of the potential function after each projection

is better bounded than that of the volume and is decreased at a constant rate after adding a cutting

plane. For the second problem, the author shows that the LLL algorithm Lenstra et al. (1982) can

be applied to find LLL-reduced basis, which contains the normal vector of the hyperplane when the

volume of search set is small enough. More specifically, Jiang (2020) proves that O(d2 + d log(N))

separation oracles and poly(d, log(N)) arithmetic operations are enough for finding an optimal

solution in the deterministic case. We show that the results can be naturally extended to the

stochastic case to achieve the PGS guarantee.

Theorem 9. Suppose Assumptions 1-4 hold. Algorithm 5 returns an (ε, δ)-PGS solution and we

have

T (ε, δ,MC) =O

[
d3N 2(d+ log(N))

ε2
log(

1

δ
) + d2(d+ log(N))

]
= Õ

[
d3N 2(d+ log(N))

ε2
log(

1

δ
)

]
.
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Proof of Theorem 9. The proof of Theorem 9 is given in EC.3.3. �

It is noted in Jiang (2020) that with exponentially many arithmetic operations, we can reduce the

number of separation oracles to O(d2). Hence, with exponentially many arithmetic operations, the

expected simulation cost can be reduced to Õ[d4N 2ε−2 log(1/δ)]. Similar to the stochastic Vaidya’s

method, the acceleration scheme can reduce the number of required simulation runs if we substitute

Algorithm 4 with Algorithm 5. We give the reduced expected simulation cost for achieving the

PCS-IZ guarantee and omit the proof.

Theorem 10. Suppose Assumptions 1-4 hold. The accelerated dimension reduction method returns

an (c, δ)-PCS-IZ solution and we have

T (c, δ,MCc) =O

[
d3 log(N)(d+ log(N))

ε2
log(

1

δ
) + d2 log(N)(d+ log(N))

]
= Õ

[
d3 log(N)(d+ log(N))

ε2
log(

1

δ
)

]
.

4.4. Multi-dimensional Enhanced Adaptive Sampling Algorithm

In this subsection, we give the multi-dimensional version of the enhanced adaptive sampling algo-

rithm designed in Section 3.2. Similar to the one-dimensional case, the asymptotic simulation

cost of the multi-dimensional algorithm does not depend on the problem scale N and Lipschitz

constant L. Hence, the multi-dimensional algorithm provides a matching simulation cost to the

one-dimensional case up to a constant. However, the expected simulation cost is exponentially

dependent on the dimension d. Therefore, the enhanced adaptive sampling algorithm is only suit-

able for low-dimensional problems.

The main idea of the generalization to multi-dimensional problems is to view optimization algo-

rithms as estimators to the optimal value. This intuition is elaborated in the following definition.

Definition 6. Suppose a constant C > 0 is given. We say an algorithm is sub-Gaussian with

dimension d and parameter C if for any d-dimensional L\-convex problem, any ε > 0 and small

enough δ > 0, the algorithm returns an estimate to f∗ satisfying |f̂∗− f∗| ≤ ε with probability at

least 1− δ, using at most

T (ε, δ) = Õ

[
2C

ε2
log(

2

δ
)

]



Zhang, Zheng, and Lavaei: Localization Methods for Discrete Convex Simulation Optimization
33

simulation runs.

For example, Theorem 3 shows that the enhanced adaptive sampling algorithm (Algorithm 2)

returns an (ε/2, δ/2)-PGS solution with Õ[ε−2 log(1/δ)] simulations. Then, we can simulate the

function value at the solution for Õ[ε−2 log(1/δ)] times such that the 1− δ/4 confidence width is

smaller than ε/4. Then, the empirical mean of function values at the solution is at most ε far from

f∗ with probability at least 1−δ. Hence, we know that Algorithm 2 is sub-Gaussian with dimension

1. We note that, if we treat algorithms as estimators, estimators are generally “biased”. This fact

implies that the empirical mean of several (ε, δ)-PGS solutions does not give better optimality

guarantee, while the empirical mean of several unbiased estimators usually has a tighter deviation

bound.

Now, we inductively construct sub-Gaussian algorithms for multi-dimensional problems. We first

define the marginal objective function as

fd−1(x) := min
y∈[N ]d−1

f(y,x). (10)

We can see that each evaluation of fd−1(x) requires solving a (d− 1)-dimensional L\-convex sub-

problem. Hence, if we have an algorithm for (d−1)-dimensional L\-convex problems, we only need

to solve the last one-dimensional problem

min
x∈[N ]

fd−1(x) = min
x∈[N ]

min
y∈[N ]d−1

f(y,x) = min
x∈X

f(x) (11)

Moreover, we can prove that problem (11) is also a convex problem.

Lemma 5. If function f(x) is L\-convex, then function fd−1(x) is L\-convex on [N ].

Proof of Lemma 5. The proof of Lemma 5 is given in EC.3.4. �

Based on the observations above, we can use sub-Gaussian algorithms for (d − 1)-dimensional

problems and Algorithm 2 to construct sub-Gaussian algorithms for d-dimensional problems. We

give the pseudo-code in Algorithm 6.
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Algorithm 6 Multi-dimensional enhanced adaptive sampling algorithm

Input: Model X ,Bx,F (x, ξx), optimality guarantee parameters ε, δ, sub-Gaussian algorithm A

with dimension d− 1.

Output: An (ε, δ)-PGS solution x∗ to problem (1).

1: Set the active set S ← [N ].

2: Set the step size d← 1 and the maximal number of comparisons Tmax←N .

3: Set Ncur←+∞.

4: while the size of S is at least 3 do . Iterate until S has at most 2 points.

5: if |S| ≤Ncur/2 then . Update the confidence interval.

6: Record current active set size Ncur← |S|.

7: Set the confidence width h←Ncur · ε/160.

8: For each x∈ S, use algorithm A to get an estimate to fd−1(x) such that

∣∣∣f̂d−1(x)− fd−1(x)
∣∣∣≤ h

holds with probability at least 1− δ/(2Tmax).

9: end if

10: if f̂d−1(x) +h≤ f̂d−1(y)−h for some x, y ∈ S then . Type-I Operation

11: if x< y then

12: Remove all points z ∈ S such that z ≥ y from S.

13: else

14: Remove all points z ∈ S such that z ≤ y from S.

15: end if

16: else . Type-II Operation

17: Update the step size d← 2d.

18: Update S ←{xmin, xmin+d, . . . , xmin+kd}, where xmin = minx∈S x and k= d|S|/2e−1.

19: end if
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20: end while . Now S has at most 2 points.

21: For each x∈ S, use Algorithm A to get an estimate to fd−1(x) such that

∣∣∣f̂d−1(x)− fd−1(x)
∣∣∣≤ ε/4

holds with probability at least 1− δ/(2Tmax).

22: Return x∗← arg minx∈S f̂d−1(x).

We prove that Algorithm 6 is sub-Gaussian with dimension d and estimate its parameter.

Theorem 11. Suppose Assumptions 1-4 hold. Also, suppose Algorithm A is sub-Gaussian with

dimension d−1 and parameter C. Then, Algorithm 6 is a sub-Gaussian algorithm with dimension

d and parameter MC, where M > 0 is an absolute constant.

Proof of Theorem 11. The proof of Theorem 11 is given in EC.3.5. �

Using the results of above theorem and the fact that Algorithm 2 is sub-Gaussian with dimension

1, we can inductively construct sub-Gaussian algorithms with any dimension d.

Theorem 12. Suppose Assumptions 1-4 hold. There exists an [(ε, δ)-PGS,MC]-algorithm that

is sub-Gaussian with parameter Md−1C, where M is the constant in Theorem 11 and C is the

parameter of Algorithm 2. Hence, we have

T (ε, δ,MC) = Õ

[
Md

ε2
log(

1

δ
)

]
.

Furthermore, by choosing ε= c/2, we get

T (δ,MCc) = Õ

[
Md

c2
log(

1

δ
)

]
.

If we treat F (x, ξx) as a sub-Gaussian algorithm with dimension 0 and parameter σ2, then Theorem

11 implies that there exists a sub-Gaussian algorithm with dimension 1 and parameter σ2M .

However, the parameter C of Algorithm 2 is usually smaller than σ2M and therefore Algorithm 2

is preferred in the one-dimensional case.
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5. Numerical Experiments

In this section, we implement our proposed simulation algorithms that are guaranteed to find

high-confidence high-precision PGS solutions. First, we consider the problem of finding the optimal

allocation of a total number of N staffs to two queues so that the average waiting time for all

the arrivals from the two queues is minimized. Given the optimality parameters ε, δ, we show that

the adaptive sampling algorithm and the enhanced adaptive sampling algorithm have respectively

O(logN) and O(1) dependence on the scale N , which supports our theory results. Second, we

construct a high-dimensional stochastic function, whose expectation is a separable convex function,

i.e., functions with the form f(x) =
∑d

i=1 f
i(xi) for convex functions f1(x), . . . , fd(x), to test and

compare gradient-based methods with the stochastic cutting-plane methods proposed in this work

for different scale N and dimension d.

5.1. Staffing Two Queues under Resource Constraints

Consider a service system that operates over a time horizon [0, T ] with two streams of cus-

tomers arriving at the system. One example is that the system receives service requests from both

online app-based customers and offline walk-in customers, and each stream needs dedicated servers

assigned. The first stream of customers arrive according to a doubly stochastic non-homogeneous

Poisson process N1 = (N1(t) : t ∈ [0, T ]), and each customer requests a service with service time

independent and identically distributed according to a distribution S1. The second stream of cus-

tomers obeys the same model with process N2 = (N2(t) : t ∈ [0, T ]) and distribution S2. The two

streams of customers form two separate queues and their arrival processes can be correlated. Sup-

pose that the decision maker needs to staff the two queues separately. There are in total a number

N + 1 of homogeneous servers that work independently in parallel. Each server can handle the

service requested by customers from either stream, one at a time. Suppose that no change on the

staffing plan can be made once the system starts working. Assume that the system operates based

on a first-come-first-serve routine, with unlimited waiting room in each queue, and that customers

never abandon.
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The decision maker’s objective function is select the staffing level x∈ [N ] for the first queue and

the staffing level N +1−x for the second queue, in order to minimize the expected average waiting

time for all customers from the two streams over [0, T ]. In the numerical example, we consider

N ∈ {10,20, . . . ,150}, T = 2. The arrival processes N1 and N2 are non-homogeneous processes with

random intensity functions Γ1 ·λ1(t) and Γ2 ·λ2(t), in which

λ1(t) := 75 + 25sin(0.3t), λ2(t) := 80 + 40sin(0.2t).

Positive-valued random variables Γ1,Γ2 are defined as

Γ1 :=X +Z, Γ2 := Y −Z,

where X,Y are independent uniform random variables on [0.75,1.25] and Z is an independent

uniform random variable on [−0.5,0.5]. The service time distribution S1 is log-normal distributed

with mean 0.75 and variance 0.1. The service time distribution S2 is gamma distributed with

mean 0.65 and variance 0.1. Figure 1 plots an empirical average waiting time as a function in the

discrete decision variable x. Shown by the plot, the landscape around the optimum is extremely

flat and such property may cause challenges for algorithms that desire the selection of the exact

best solution (i.e., PCS criterion). Instead, algorithms that are designed for the (ε, δ)-PGS criterion

do not suffer from the extremely flat landscape around the global optimum.

5.2. Separable Convex Function Minimization

We consider the problem of minimizing a stochastic function whose expectation is a separable

L\-convex function with the form

min
x∈X

fc,x∗(x) :=
d∑
i=1

cig(x∗i ;xi),

where ci ∈ [0.75,1.25], x∗i ∈ {1, . . . , b0.3Nc} for all i∈ [d] and

g(y∗;y) :=


√

y∗

y
− 1 if y≤ y∗√

N+1−y∗
N+1−y − 1 if y > y∗

∀y, y∗ ∈ [N ].
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(a) (b)

Figure 1 The landscapes of objective functions in the one-dimensional case. (a) The empirical average waiting

time withN = 150. (b) The landscape of the separable convex function with d= 1,N = 150 and optimum

x∗ = 31.

We can see that the function fc,x∗(x) is the sum of separable convex function and therefore is

L\-convex. Also, function fc,x∗(x) has optimum x∗ and optimal value 0. For stochastic evaluations,

we add the Gaussian noise with mean 0 variance 1. We can see from Figure 1 that the landscape

of g(x∗;x) is similar to the average waiting time of the queueing model. One purpose of designing

this numerical example is that the expected objective function has closed form, and we are able to

exactly compute the optimality gap of the decision variable returned by the proposed algorithms.

5.3. Numerical Results: Adaptive Sampling Algorithm and Enhanced Adaptive Sampling

Algorithm

We first compare the performance of the adaptive sampling (AS) algorithm (Section 3.1) and

the enhanced adaptive sampling (EAS) algorithm (Section 3.2) on both problems. We consider

problems with d = 1 and scale N ∈ {10,20, . . . ,150}. The expected simulation cost is computed

by averaging 400 independent solving processes. For the queueing optimal allocation problem, we

set the optimality parameters for the PGS criterion as ε = 1, δ = 10−6. An upper bound on the

variance is given as σ2 = 10. For the separable convex function minimization, we generate each

ci from the uniform distribution on [0.75,1.25] and x∗i from the discrete uniform distribution on

{1,2, . . . , b0.3Nc}. The optimality parameters are chosen as ε = 0.2, δ = 10−6 and the variance

σ2 = 1.
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(a) (b)

Figure 2 The expected simulation cost of adaptive sampling (AS) and enhanced adaptive sampling (EAS) algo-

rithms in the one-dimensional case. (a) The optimal allocation problem. (b) The one-dimensional

separable convex function minimization.

The algorithms are run to satisfy the given PGS criterion. We then plot the expected simulation

costs in Figure 2. For the queueing optimal allocation problem, the expected simulation cost of

AS and EAS algorithms have O(dlogNe) and O(1) dependence on the scale N , respectively. The

expected simulation cost of the enhanced adaptive sampling algorithm is almost independent of

N and this verifies our theoretical analysis. For the separable convex function problem, same as

the queueing example, the expected simulation cost of the AS algorithm and EAS algorithm have

O(logN) and O(1) dependence on N , respectively. This again verifies our theoretical analysis.

5.4. Numerical Results: Gradient-based and Stochastic Cutting-plane Methods

We next compare the performance of gradient-based and stochastic cutting-plane algorithms (Sec-

tion 4) on multi-dimensional problems. To facilitate comparison, we consider the separable convex

function minimization problem, where the optimal solution and optimal objective value are exact.

Algorithm-wise, we consider the truncated subgradient descent method in Zhang and Zheng (2020),

Vaidya’s method, the random walk method and the dimension reduction method. The dimension

and scale of the separable convex model are chosen as d ∈ {2,6,10} and N ∈ {50,100,150}. The

optimality guarantee parameters are chosen as ε= (d!)1/d/5, δ= 10−6, respectively. The choice of ε

ensures that the ε-sub-level set of objective function covers a “flat region” of the landscape. Same
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Table 2 Simulation cost and coverage rate of different algorithms on separable convex functions.

Gradient Methods Cutting-plane Methods

Params. Subgradient Vaidya’s Method Random Walk Dim Reduction

d N Cost(107) Rate(%) Cost(107) Rate(%) Cost(107) Rate(%) Cost(107) Rate(%)

2 50 0.39 100.0 2.03 100.0 0.57 100.0 0.19 100.0

2 100 0.44 100.0 2.05 100.0 0.59 100.0 0.23 100.0

2 150 0.51 100.0 2.05 100.0 0.58 100.0 0.26 100.0

6 50 0.96 100.0 4.53 100.0 1.59 100.0 1.71 100.0

6 100 1.07 100.0 4.61 100.0 1.68 100.0 1.94 100.0

6 150 1.25 100.0 4.64 100.0 1.72 100.0 2.04 100.0

10 50 1.27 100.0 5.95 100.0 2.14 100.0 3.20 100.0

10 100 1.42 100.0 6.14 100.0 2.34 100.0 3.53 100.0

10 150 1.65 100.0 6.21 100.0 2.44 100.0 3.65 100.0

15 50 1.52 100.0 8.56 100.0 3.71 100.0 4.14 100.0

20 50 1.69 100.0 10.3 100.0 4.14 96.25 4.28 99.00

50 50 2.25 100.0 21.6 100.0 TLE - TLE -

as the one-dimensional case, we compute the average simulation cost of 400 independently gen-

erated models to approximate the expected simulation cost. Moreover, early stopping conditions

are designed to terminate algorithms early when little progress is achieved for every iteration. For

the truncated subgradient descent method, we maintain the empirical mean of stochastic objective

function values up to the current iteration and terminate the algorithm if the empirical mean does

not decrease by ε/
√
N after O(dε−2 log(1/δ)) consecutive iterations. For Vaidya’s method and the

random walk method, we terminate the algorithm if the empirical mean of the last 3 iterations

does not decrease by 2ε/(d
√
N). For the dimension reduction method, we terminate the algorithm

if the polytope is empty. Also, we have observed that using (Nε/4, δ/4)-SO oracles is enough for

producing high-probability guarantee within the range N ≤ 150.
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We summarize the results in Table 2, where the coverage rate refers to the percentage of imple-

mentations that produce an ε-optimal solution and “TLE” (Time Limit Exceed) means a single

implementation does not finish in 30 minutes. Since the coverage rates of all algorithms are close

to 100%, we claim that the PGS guarantee is satisfied by all algorithms. When the dimension d

is not large, the dimension reduction method has the best performance and has the advantage of

not requiring the knowledge about Lipschitz constant; when the dimension d is large, the higher

order dependence on d makes stochastic cutting-plane methods inferior to the stochastic subgra-

dient method. Moreover, Vaidya’s method requires more simulation runs compared to the random

walk method, which is consistent with our remark after Theorem 7. However, the O(d7) arithmetic

operations of the random walk method prohibit its application to higher-dimension problems. In

summary, based on the theory and the supportive results from the numerical experiments, we rec-

ommend the use of adaptive sampling algorithms and stochastic cutting-plane algorithms when (i)

N is large while d is moderate, or (ii) the Lipschitz constant is not known or hard to estimate.

6. Conclusion

New stochastic localization algorithms are proposed for large-scale discrete convex simulation opti-

mization problems. All simulation algorithms are theoretically guaranteed to identify a solution that

has close objective values with the optimal up the the given precision with high probability. Also,

the efficiency of proposed algorithms is characterized by the upper bound of the expected simulation

cost. Specifically, in the one-dimensional case, we propose an enhanced adaptive sampling method,

which has an expected simulation cost asymptotically independent of the problem scale and attains

the best achievable performance. For the multi-dimensional case, stochastic cutting-plane methods

are designed by extending deterministic cutting-plane methods. The expected simulation cost is

proved to have only logarithmic or no dependence on the Lipschitz constant. In addition, numerical

results on both artificial and real-world models verify our theoretical findings and provide insights

on which algorithm to use based on real-application settings.
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Proofs of Statements

EC.1. Omitted PCS-IZ Algorithms

EC.1.1. Modified Adaptive Sampling Algorithm

We first give the modified adaptive sampling algorithm and omit lines that are the same as Algo-

rithm 1.

Algorithm 7 Adaptive sampling algorithm for PCS-IZ guarantee

Input: Model X = [N ],Bx,F (x, ξx), optimality guarantee parameter δ, indifference zone parameter

c.

Output: An (c, δ)-PCS-IZ solution x∗ to problem (1).

1: Set upper and lower bound of current interval L← 1,U ←N .

2: Set maximal number of comparisons Tmax← log1.5(N) + 2.

3: while U −L> 2 do . Iterate until there are at most 3 systems.

...

8: Stop sampling if one of the following conditions holds:

(i) F̂n(N1/3)−h1/3 ≥ F̂n(N2/3) +h2/3,

(ii) F̂n(N1/3) +h1/3 ≤ F̂n(N2/3)−h2/3,

(iii) h1/3 ≤ (N2/3−N1/3) · c/5 and h2/3 ≤ (N2/3−N1/3) · c/5.

...

13: if h1/3 ≤ (N2/3−N1/3) · c/5 and h2/3 ≤ (N2/3−N1/3) · c/5 then

14: Update L←N1/3 and U ←N2/3.

15: end if

16: end while

17: Simulate F (x, ξx) for all x ∈ {L, . . . ,U} until the 1− δ/(2Tmax) confidence widths are smaller

than c/3.
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. Now U −L≤ 2.

18: Return the point in {L, . . . ,U} with minimal empirical mean.

EC.1.2. Stochastic Vaidya’s Method for The PCS-IZ Guarantee

Then, we give the stochastic Vaidya’s method for PCS-IZ guarantee. We note that by substituting

Algorithm 4 with Algorithm 5, we get an accelerated strongly polynomial algorithm for the PCS-IZ

guarantee.

Algorithm 8 Stochastic Vaidya’s method for PCS-IZ guarantee

Input: Model X ,Bx,F (x, ξx), optimality guarantee parameter δ, indifference zone parameter c,

Lipschitz constant L, (ε, δ)-SO oracle ĝ.

Output: An (c, δ)-PCS-IZ solution x∗ to problem (1).

1: Set the initial guarantee ε0← cN/4.

2: Set the number of epochs E←dlog2(N)e+ 1.

3: Set the initial searching space Y0← [1,N ]d.

4: for e= 0, . . . ,E− 1 do

5: Use Algorithm 4 to get an (εe, δ/(2E))-PGS solution xe in Ye.

6: Update guarantee εe+1← εe/2.

7: Update the searching space Ye+1←N (xe,2
−e−2N).

8: end for

9: Round xE−1 to an integral point by Algorithm 3.

EC.2. Proofs in section 3

EC.2.1. Proof of Theorem 1

We first estimate the simulation cost of Algorithm 1. The following lemma gives an upper bound

on the total number of iterations.

Lemma EC.1. Suppose Assumptions 1-4 hold. The number of iterations of Algorithm 1 is at most

log1.5(N) + 1.
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Proof. If the total number of points N is at most 3, then there is no iteration. In the following

proof, we assume N ≥ 4. We first calculate the shrinkage of interval length after each iteration.

We denote the upper and the lower bound at the beginning of the k-th iteration as Uk and Lk,

respectively. Then, we know there are nk := Uk − Lk + 1 points in the k-th iteration and the

algorithm starts with L1 = 1,U1 =N . We define the 3-quantiles N1/3 := b2Lk/3+Uk/3c and N2/3 :=

dLk/3 + 2Uk/3e. By the updating rule, the next interval is

[Lk,N2/3] or [N1/3,Uk] or [N1/3,N2/3].

By discussing three cases when nk ∈ 3Z, nk ∈ 3Z + 1 and nk ∈ 3Z + 2, we know the next interval

has at most 2nk/3 + 1 points, i.e.,

nk+1 ≤ 2nk/3 + 1. (EC.1)

Rewriting the inequality, we get the relation nk+1− 3≤ 2(nk− 3)/3. Combining with the fact that

n1 =N , it follows that

nk ≤
(

2

3

)k−1
(N − 3) + 3.

Suppose Algorithm 1 terminates after T iterations. Then, it holds that nT ≥ 4 and nT+1 ≤ 3. Hence,

we know

4≤ nT ≤
(

2

3

)T−1
(N − 3) + 3,

which implies

T ≤ log1.5(N − 3) + 1≤ log1.5(N) + 1.

�

In the next lemma, we estimate the simulation cost of each iteration.

Lemma EC.2. Suppose Assumptions 1-4 hold. The simulation cost of each iteration of Algorithm

1 is at most 256σ2ε−2 log (4Tmax/δ), where Tmax := log1.5(N) + 2. The simulation cost of the sub-

problem is at most 24σ2ε−2 log (4Tmax/δ).
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Proof. We first calculate the confidence interval at each point x ∈ X . By Assumption 3, the

distribution of F (x, ξx) is sub-Gaussian with parameter σ2. Hence, the distribution of the empirical

mean F̂n(x) is sub-Gaussian with parameter σ2/n and the Hoeffding bound gives

P
[
|F̂n(x)− f(x)| ≥ t

]
≤ 2exp

(
− nt

2

2σ2

)
∀t≥ 0.

Next, we estimate the simulation cost of each iteration. Choosing

tε =
ε

8
, nε,δ =

128σ2

ε2
log

(
4Tmax
δ

)
,

we get the deviation bound

P
[
|F̂nε,δ(x)− f(x)| ≥ ε

8

]
≤ δ

2Tmax
.

If we simulate F (N1/3, ξ1/3) and F (N2/3, ξ2/3) for nε,δ times, the confidence width is ε/4 and the

third condition in Line 8 is satisfied. Hence, the simulation cost of each iteration is at most 2nε,δ.

Finally, for the sub-problem, we choose

tε =
ε

2
, ñε,δ =

8σ2

ε2
log

(
4Tmax
δ

)

and it follows that

P
[
|F̂ñε,δ(x)− f(x)| ≥ ε

2

]
≤ δ

2Tmax
.

Hence, simulating ñε,δ times on each point are sufficient and the simulation cost is at most 3ñε,δ.

�

Combining Lemmas EC.1 and EC.2, we get the total simulation cost of Algorithm 1.

Lemma EC.3. Suppose Assumptions 1-4 hold. The expected simulation cost of Algorithm 1 is at

most

256Tmaxσ
2

ε2
log

(
4Tmax
δ

)
=O

[
log(N)

ε2
log

(
1

δ

)]
,

where Tmax := log1.5(N) + 2.
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Proof. By Lemmas EC.1 and EC.2, the total simulation cost of the first part is at most

[log1.5(N) + 1] · 256σ2

ε2
log

(
4Tmax
δ

)
≤ [Tmax− 1] · 256σ2

ε2
log

(
4Tmax
δ

)
and the simulation cost of the second part is at most

24σ2

ε2
log

(
4Tmax
δ

)
.

Combining two parts, we know the total simulation cost is at most

[Tmax− 1] · 256σ2

ε2
log

(
4Tmax
δ

)
+

24σ2

ε2
log

(
4Tmax
δ

)
≤ 256Tmaxσ

2

ε2
log

(
4Tmax
δ

)
.

�

Finally, we verify the correctness of Algorithm 1 and get an upper bound on T0(ε, δMC).

Proof of Theorem 1. We denote Tmax := log1.5(N) + 2. We also denote the upper and the lower

bound at the beginning of the k-th iteration as Uk and Lk, respectively. We use the induction

method to prove that, for the k-th iteration, at least one of the following two events happens with

probability at least 1− (k− 1) · δ/Tmax:

• Event-I. A solution to problem (1) is in {Lk, . . . ,Uk},

• Event-II. For any x∈ {Lk, . . . ,Uk}, it holds f(x)≤miny∈X f(y) + ε.

When k= 1, all solutions to problem (1) are in X = {L1, . . . ,U1} and Event-I happens with prob-

ability 1. Suppose the claim is true for the first k − 1 iterations. We consider the k-th iteration.

For the (k− 1)-th iteration, if Event-II happens with probability at least 1− (k− 2) · δ/Tmax, then

Event-II happens for the k-th iteration with the same probability. This is because the interval

{Lk, . . . ,Uk} is a subset of {Lk−1, . . . ,Uk−1} and all points in the new interval satisfy the condition

of Event-II.

Hence, we only need to consider the case when only Event-I for the (k− 1)-th iteration happens

with probability at least 1− (k− 2)δ/Tmax. We assume Event-I happens and consider conditional

probabilities in the following of the proof. We denote

N1/3 := b2Lk−1/3 +Uk−1/3c, N2/3 := bLk−1/3 + 2Uk−1/3c

and discuss by two different cases.
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Case I. Suppose one of the first two conditions in line 8 holds when the sampling process

terminates. Since the two conditions are symmetrical, we assume without loss of generality that

the first condition holds. Then, the new interval is [N1/3,Uk−1] and, by the definition of confidence

interval, we know

f(N1/3)≥ f(N2/3)

holds with probability at least 1−δ/Tmax. We assume the above event and Event-I for the (k−1)-th

iteration both happen, which has joint probability at least 1− δ/Tmax− (k− 2)δ/Tmax = 1− (k−

1)δ/Tmax. By the convexity of f(x), it holds that

f(x)≥ f(N1/3) +
x−N1/3

N1/3−N2/3

[
f(N1/3)− f(N2/3)

]
≥ f(N1/3) ∀x∈ {Lk−1, . . . ,N1/3}.

Hence, the minimum of f(x) in {Lk−1, . . . ,Uk−1} is attained by a point in {N1/3, . . . ,Uk−1}. Com-

bining with the assumption that there exists a solution to problem (1) in {Uk−1, . . . ,Lk−1}, we

know that there exists a solution to problem (1) in {N1/3, . . . ,Uk−1}. Thus, Event-I for the k-th

iteration happens with probability at least 1− (k− 1)δ/Tmax.

Case II. Suppose only the last condition in line 8 holds when the sampling process terminates.

Since the first two conditions in line 8 do not hold, we have

∣∣∣F̂n(N1/3)− F̂n(N2/3)
∣∣∣≤ ε/4. (EC.2)

In addition, by the definition of confidence interval, it holds

∣∣∣f(N1/3)− F̂n(N1/3)
∣∣∣≤ ε/8, ∣∣∣f(N2/3)− F̂n(N2/3)

∣∣∣≤ ε/8
with probability at least 1− δ/Tmax. Combining with inequality (EC.2), we know

∣∣f(N1/3)− f(N2/3)
∣∣≤ ε/2 (EC.3)

holds with probability at least 1− δ/Tmax. We assume that the above event and Event-I for the

(k−1)-th iteration both happen, which has joint probability at least 1− δ/Tmax− (k−2)δ/Tmax =

1−(k−1)δ/Tmax. We prove that if Event-I for the k-th iteration does not happen, then Event-II for
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the k-th iteration happens. Under the condition that Event-I does not happen, we assume without

loss of generality that solutions to problem (1) are in {Lk−1, . . . ,N1/3− 1}. Using the convexity of

function f(x), we know

f(x)≥ f(N1/3)−
N1/3−x

N2/3−N1/3

[
f(N1/3)− f(N2/3)

]
∀x∈ {Lk−1, . . . ,N1/3}.

Choosing

x∈
(

arg min
y∈X

f(y)

)
∩{Lk−1, . . . ,Uk−1} 6= ∅,

we get

min
y∈X

f(y)≥ f(X1/3)−
N1/3−x

N2/3−N1/3

[
f(N1/3)− f(N2/3)

]
≥ f(X1/3)−

N1/3−Lk−1
N2/3−N1/3

· ε/2≥ f(X1/3)− ε/2,

where the last inequality is from the definition of 3-quantiles. Combining with inequality (EC.3),

we get

min
y∈X

f(y)≥ f(N2/3)− ε.

By the convexity of f(x), it holds that

max
x∈{N1/3,...,N2/3}

f(x) = max{f(N1/3), f(N2/3)} ≤min
y∈X

f(y) + ε,

which means Event-II for the k-th iteration happens.

Combining the two cases, we know the claim holds for the k-th iteration. Suppose there are T

iterations in Algorithm 1. By Lemma EC.1, we have T ≤ Tmax− 1. By the induction method, the

last interval {LT+1, . . . ,UT+1} satisfies the condition in Event-I or Event-II with probability at least

1−T · δ/Tmax ≥ 1− δ+ δ/Tmax. If Event-II happens with probability at least 1− δ+ δ/Tmax, then

regardless of the point chosen in the sub-problem, the solution returned by the algorithm has value

at most ε larger than the optimal value with probability at least 1− δ+ δ/Tmax ≥ 1− δ. Hence, the

solution satisfies the (ε, δ)-PGS guarantee. Otherwise, we assume Event-I happens with probability

at least 1− δ+ δ/Tmax. Then, a solution to problem (1) is in {LT+1, . . . ,UT+1}. We choose

x∗ ∈
(

arg min
x∈X

f(x)

)
∩{LT+1, . . . ,UT+1}
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and suppose the algorithm returns

x∗∗ ∈ arg min
x∈{LT+1,...,UT+1}

F̂n(x).

By the definition of confidence interval, it holds

f(x∗∗)≤ F̂n(x∗∗) + ε/2, f(x∗)≥ F̂n(x∗)− ε/2

with probability at least 1− δ/Tmax. Under the above event, we get

f(x∗∗)≤ F̂n(x∗∗) + ε/2≤ F̂n(x∗) + ε/2≤ f(x∗) + ε.

Recalling that Event-I happens with probability at least 1 − δ + δ/Tmax, the point x∗∗ satisfies

the above relation with probability at least 1− δ and therefore satisfies the (ε, δ)-PGS guarantee.

Combining with the first case, we know Algorithm 1 is an [(ε, δ)-PGS,MC]-algorithm. �

EC.2.2. Proof of Theorem 2

We first estimate the simulation cost of each iteration and the sub-problem.

Lemma EC.4. Suppose Assumptions 1-4 hold. The simulation cost for each iteration of Algorithm

7 is at most 100σ2c−2(N2/3 −N1/3)
−2 log[4Tmax/δ], where Tmax := log1.5(N) + 2. The simulation

cost of the sub-problem is at most 54σ2c−2 log[4Tmax/δ].

Proof. The proof is similar to the proof of Lemma EC.2 and we only give a sketch of the proof.

By the Hoeffding bound, simulating

50σ2

(N2/3−N1/3)2c2
log

(
4Tmax
δ

)
times on quantiles N1/3 and N2/3 is enough to ensure that the confidence width is at most (N2/3−

N1/3) · c/5. It implies that the last condition in line 8 is satisfied and the simulation cost of each

iteration is at most 100σ2c−2(N2/3 −N1/3)
−2 log[4Tmax/δ]. For the sub-problem, Hoeffding bound

gives that simulating

18σ2

c2
log

(
4Tmax
δ

)
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times for each point are enough to ensure that the confidence width is at most c/3. Since there

are at most 3 points in the sub-problem, the simulation cost for the sub-problem is at most

54σ2c−2 log[4Tmax/δ]. �

Using Lemma EC.4, we can estimate the total simulation cost of Algorithm 7.

Lemma EC.5. Suppose Assumptions 1-4 hold. The expected simulation cost of Algorithm 7 is

bounded by

459σ2

c2
log

(
4Tmax
δ

)
=O

[
1

c2
log

(
1

δ

)]
,

where Tmax := log1.5(N) + 2.

Proof. We denote the upper and the lower bound at the beginning of the k-th iteration as

Uk and Lk, respectively. By Lemma EC.4, the simulation cost for the k-th iteration is at most

100σ2c−2(Nk
2/3−Nk

1/3)
−2 log[4Tmax/δ], where Nk

1/3 and Nk
2/3 are the 3-quantiles for the k-th itera-

tion. By the definition of 3-quantiles, it follows that Nk
2/3−Nk

1/3 ≥ (Uk−Lk)/3 and therefore

100σ2

(Nk
2/3−Nk

1/3)
2c2

log

(
4Tmax
δ

)
≤ 900σ2

(Uk−Lk)2c2
log

(
4Tmax
δ

)
. (EC.4)

Hence, we only need to bound the sum
∑T

k=1(Uk −Lk)−2, where T is the number of iterations of

Algorithm 7. By inequality (EC.1), we know

Uk−Lk ≥
3

2
(Uk+1−Lk+1)− 1 ∀k ∈ {1,2, . . . , T − 1}.

We can rewrite the above inequality as Uk −Lk − 2≥ 3/2 · (Uk+1 −Lk+1 − 2). Since T is the last

iteration, it holds that UT −LT ≥ 4 and therefore

Uk−Lk− 2≥
(

3

2

)T−k
(UT −LT − 2)≥ 2 ·

(
3

2

)T−k
.

Summing over k= 1,2, . . . , T , we get the bound

T∑
k=1

(Uk−Lk)−2 ≤
T∑
k=1

(
2 ·
(

3

2

)T−k
+ 2

)−2
≤

T∑
k=1

1

4
·
(

3

2

)−2(T−k)
=

9

20

[
1−

(
4

9

)T]
≤ 9

20
.

Combining with inequality (EC.4), the simulation cost for T iterations is at most

900σ2

c2
log

(
4Tmax
δ

)
·
T∑
k=1

(Uk−Lk)−2 ≤
405σ2

c2
log

(
4Tmax
δ

)
.
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Considering the simulation cost of the sub-problem, the total simulation cost of Algorithm 7 is at

most

405σ2

c2
log

(
4Tmax
δ

)
+

54σ2

c2
log

(
4Tmax
δ

)
=

459σ2

c2
log

(
4Tmax
δ

)
.

�

Finally, we verify the correctness of Algorithm 7 and get an upper bound on T0(δ,MCc).

Proof of Theorem 2. Similar to the proof of Theorem 1, we use the induction method to prove

that Event-I happens for the k-th iteration with probability at least 1− (k − 1)δ/Tmax. For the

first iteration, the solution to problem (1) is in X = {1,2, . . . ,N} with probability 1. We assume

the claim is true for the first k − 1 iterations and consider the k-th iteration. If one of the first

two conditions in line 8 holds when the sampling process terminates, then, by the same analysis as

the proof of Theorem 1, we know Event-I happens for the k-th iteration with probability at least

1− (k − 1)δ/Tmax. Hence, we only need consider the case when only the last condition in line 8

holds when the sampling process terminates. Since the first two conditions in line 8 do not hold,

we know ∣∣∣F̂n(N1/3)− F̂n(N2/3)
∣∣∣≤ (N2/3−N1/3) · c/5. (EC.5)

In addition, it holds∣∣∣f(N1/3)− F̂n(N1/3)
∣∣∣≤ (N2/3−N1/3) · c/5,

∣∣∣f(N2/3)− F̂n(N2/3)
∣∣∣≤ (N2/3−N1/3) · c/5

with probability at least 1− δ/Tmax. Combining with inequality (EC.5), we know that

∣∣f(N1/3)− f(N2/3)
∣∣≤ (N2/3−N1/3) · 4c/5< (N2/3−N1/3) · c (EC.6)

holds with probability at least 1− δ/Tmax. We assume the above event and Event-I for the (k−1)-

th iteration both hold, which has joint probability at least 1− δ/Tmax− (k− 2)δ/Tmax = 1− (k−

1)δ/Tmax. If the solution to problem (1) is not in {N1/3, . . . ,N2/3}, then function f(x) is monotone

in {N1/3, . . . ,N2/3} and

∣∣f(N1/3)− f(N2/3)
∣∣= N2/3−1∑

x=N1/3

|f(x)− f(x+ 1)| .
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Since the indifference zone parameter is c and the function f(x) is convex, we know the function

value difference between any two neighbouring points is at least c, which implies that

N2/3−1∑
x=N1/3

|f(x)− f(x+ 1)| ≥ (N2/3)−N1/3) · c.

However, the above inequality contradicts with inequality (EC.6) and thus we know the solution to

problem (1) is in {N1/3, . . . ,N2/3}. Hence, Event-I happens for the k-th iteration with probability

at least 1− (k− 1)δ/Tmax.

Suppose there are T iterations in Algorithm 7. Since the updating rule of intervals is not changed,

Lemma EC.1 gives T ≤ Tmax − 1. By the induction method, the solution to problem (1) is in

{LT+1, . . . ,Uk+1} with probability at least 1−T · δ/Tmax ≥ 1− δ+ δ/Tmax. Using the same analysis

as Theorem 1, the point returned by the sub-problem is at most 2c/3 larger than the optimal value

with probability at least 1− δ. By the assumption that the indifference zone parameter is c, all

feasible points have function values at least c larger than the optimal value. This implies that the

solution returned by Algorithm 7 is optimal with probability at least 1−δ+δ/Tmax−δ/Tmax ≥ 1−δ

and Algorithm 7 is a [(c, δ)-PCS-IZ,MCc]-algorithm. �

EC.2.3. Proof of Theorem 3

We first estimate the simulation cost of Algorithm 2.

Lemma EC.6. Suppose Assumptions 1-4 hold. The expected simulation cost for Algorithm 2 is at

most

25600σ2

ε2
log

[
4N

δ

]
=O

[
1

ε2
log

(
1

δ

)]
.

Proof. Denote Tmax :=N . Suppose there are T iterations in Algorithm 2. We denote Sk as the

active set at the beginning of the k-th iteration. Since each iteration reduces the size of Sk by at

least 1, it follows that

|Sk| ≥ |ST+1|+T + 1− k ∀k ∈ [T + 1].

By the same analysis as Lemma EC.2, we know that for the k-th iteration, simulating

n(|Sk|) :=
12800σ2

|Sk|2ε2
log

(
4Tmax
δ

)
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times is sufficient to achieve 1− δ/(2Tmax) confidence width |Sk|/80 · ε. Considering the condition

on line 8, each point discarded during the k-th iteration is simulated at most n(|Sk|) times. Hence,

the total number of simulations on points discarded during the k-th iteration is at most

(|Sk| − |Sk+1|) ·n(|Sk|) =
|Sk| − |Sk+1|
|Sk|2

· 12800σ2

ε2
log

(
4Tmax
δ

)
≤
(

1

|Sk+1|
− 1

|Sk|

)
· 12800σ2

ε2
log

(
4Tmax
δ

)
,

where the inequality is because of |Sk| ≥ |Sk+1|. Summing over k = 1,2, . . . , T , we get the number

of simulations on all discarded points during iterations is at most

T∑
k=1

(
1

|Sk+1|
− 1

|Sk|

)
· 12800σ2

ε2
log

(
4Tmax
δ

)
=

(
1

|ST+1|
− 1

|S1|

)
· 12800σ2

ε2
log

(
4Tmax
δ

)
≤
(

1− 1

N

)
· 12800σ2

ε2
log

(
4Tmax
δ

)
≤ 12800σ2

ε2
log

(
4Tmax
δ

)
.

For points in the last active set ST+1, the number of simulations is bounded by

|ST+1| ·n(|ST+1|) =
12800σ2

|ST+1|ε2
log

(
4Tmax
δ

)
≤ 12800σ2

ε2
log

(
4Tmax
δ

)
.

Considering two parts, we know that the simulation cost of Algorithm 2 is at most

25600σ2

ε2
log

(
4Tmax
δ

)
.

�

Then, we prove the correctness of Algorithm 2. The following lemma plays a critical role in verifying

the correctness of Type-II Operations.

Lemma EC.7. Suppose function h(x) is convex on [1,M + a], where integer M ≥ 3 and constant

a ∈ [0,1]. Then, the restriction of function h(x) to [M ], which we denote as h̃(x), is also convex.

Furthermore, given a constant ε > 0, if it holds that

max
x∈[M ]

h̃(x)− min
x∈[M ]

h̃(x)≤M/20 · ε, (EC.7)

then we know

min
y∈[M ′]

h̃(2y− 1)− min
x∈[1,M+a]

h(x)≤ ε/2.

where we define M ′ := dM/2e.
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Proof. Since the midpoint convexity of h(x) implies the discrete midpoint convexity of h̃, we

know h̃(x) is also convex. We prove the second claim in three steps.

Step 1. We first prove that

min
x∈[1,M ]

h(x)− min
x∈[1,M+a]

h(x)≤ ε/10. (EC.8)

Suppose x∗ is a minimizer of h(x) on [1,M+a]. If x∗ ∈ [1,M ], then inequality (EC.8) holds trivially.

We assume that x∗ ∈ (M,M + a]. By the convexity of h(x), we have

h(M)−h(x∗)≤ x∗−M
M − 1

· [h(M)−h(1)]≤ 1

M − 1
· [h(M)−h(1)]≤ M/20 · ε

M/2
= ε/10.

Hence, we know

min
x∈[1,M ]

h(x)− min
x∈[1,M+a]

h(x) = min
x∈[1,M ]

h(x)−h(x∗)≤ h(M)−h(x∗)≤ ε/10.

Step 2. Next, we prove that

min
x∈[M ]

h̃(x)− min
x∈[1,M ]

h(x)≤ ε/5. (EC.9)

Let x∗ be a minimizer of h̃(x) on [M ]. By inequality (EC.7), we know

max
x∈[M ]

h̃(x) = max{h̃(1), h̃(M)} ≤ h̃(x∗) +M/20 · ε.

By the convexity of h(x), there exists a minimizer x∗∗ ∈ [1,M ] of h(x) in (x∗ − 1, x∗ + 1). If

x∗∗ = x∗, then min h̃(x) = minh(x) and inequality (EC.9) holds. Hence, we assume that x∗∗ 6= x∗

and, without loss of generality, x∗∗ ∈ (x∗, x∗+ 1). Since (M − x∗− 1) + (x∗− 1) =M − 2, we know

max{M −x∗− 1, x∗− 1} ≥ d(M − 2)/2e. We first consider the case when

M −x∗− 1≥ d(M − 2)/2e.

By the convexity of h(x), we have

h(x∗+ 1)−h(x∗∗)≤ x∗+ 1−x∗∗

M −x∗− 1
· [h(M)−h(x∗+ 1)]

≤ 1

d(M − 2)/2e
· [h(M)−h(x∗)]≤ M/20 · ε

d(M − 2)/2e
.
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By simple calculations, we get M/4≤ d(M − 2)/2e for all M ≥ 3 and therefore

h(x∗)−h(x∗∗)≤ h(x∗+ 1)−h(x∗∗)≤ ε/5,

which means inequality (EC.9) holds. Now we consider the case when

x∗− 1≥ d(M − 2)/2e.

Similarly, by the convexity of h(x), we have

h(x∗)−h(x∗∗)≤ x∗∗−x∗

x∗− 1
· [h(x∗)−h(1)]≤ 1

d(M − 2)/2e
· [h(x∗)−h(1)]≤ M/20 · ε

d(M − 2)/2e
≤ ε/5.

Combining the two cases, we know inequality (EC.9) holds.

Step 3. Finally, we prove that

min
y∈[M ′]

h̃(2y− 1)− min
x∈[M ]

h̃(x)≤ ε/5. (EC.10)

Let x∗ be a minimizer of h̃(x). If x∗ is an odd number, then miny∈[M ′] h̃(2y−1) = minx∈[M ] h̃(x) and

inequality (EC.10) holds. Otherwise, we assume x∗ = 2y∗ is an even number. Then, by the convexity

of h̃(x), there exists a minimizer of h̃(2y−1) in {y∗, y∗+ 1}. Without loss of generality, we assume

y∗+1 is a minimizer of h̃(2y−1). Since (M−x∗)+(x∗−1) =M−1, we have max{M−x∗, x∗−1} ≥

d(M − 1)/2e. We first consider the case when

M −x∗ ≥ d(M − 1)/2e.

By the convexity of h̃(x), we have

h̃(2y∗+ 1)− h̃(2y∗)≤ 1

M − 2y∗
·
[
h̃(M)− h̃(2y∗)

]
≤ M/20 · ε
d(M − 1)/2e

.

We can verify that M/4≤ d(M − 1)/2e for all M ≥ 3. Hence, it holds that

h̃(2y∗+ 1)− h̃(2y∗)≤ ε/5.

Then, we consider the case when

x∗− 1≥ d(M − 1)/2e.
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Similarly, using the convexity of h̃(x), we have

h̃(2y∗− 1)− h̃(2y∗)≤ 1

2y∗− 1
·
[
h̃(2y∗)− h̃(1)

]
≤ M/20 · ε
d(M − 1)/2e

≤ ε/5,

which implies that

h̃(2y∗+ 1)− h̃(2y∗)≤ h̃(2y∗− 1)− h̃(2y∗)≤ ε/5.

Combining the two cases, we know inequality (EC.10) holds.

By inequalities (EC.8), (EC.9) and (EC.10), we have

min
y∈[M ′]

h̃(2y− 1)− min
x∈[1,M ]

h(x)≤ ε/10 + ε/5 + ε/5 = ε/2.

�

We denote Sk and dk as the active set and the step size at the beginning of the k-th iteration,

respectively. We define the upper bound and the lower bound for the k-th iteration as

L1 := 1, Lk+1 :=


y+ dk if the second case of Type-I Operation happens

Lk otherwise,

U1 :=N, Uk+1 :=


y− dk if the first case of Type-I Operation happens

Uk otherwise.

Although not explicitly defined in the algorithm, the interval {Lk, . . . ,Uk} plays a similar role as

in the adaptive sampling algorithm and characterizes the set of possible solutions. In the following

lemma, we prove that the active set Sk is a good approximation to the interval {Lk, . . . ,Uk}. We

note that the following lemma is deterministic.

Lemma EC.8. For any iteration k, we have

Lk = min Sk and Uk ≤max Sk + dk. (EC.11)

Proof. We use the induction method to prove the result. When k = 1, we know L1 = 1,U1 =

N,S = [N ] and d1 = 1. Hence, the relations in (EC.11) hold. We assume these relations hold for

the first k− 1 iterations. We discuss by two different cases.
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Case I. Type-I Operation is implemented during the (k − 1)-th iteration. If the first case of

Type-I Operation happens, then we know Lk =Lk−1 and Uk = y− dk−1. By the updating rule, the

step size dk−1 is not changed and all points in Sk−1 that are at least y are discarded from Sk−1.

Hence, it follows that max Sk = Uk and the inequality Uk ≤max Sk + dk holds. Moreover, since

both Lk and min Sk−1 are not changed, the equality Lk = min Sk still holds.

Otherwise if the second case of Type-I Operation happens, then we know Lk = y+dk−1 and Uk =

Uk−1. Similarly, we can prove that Lk = min Sk. Moreover, since dk = dk−1 and max Sk−1 +dk−1 =

max Sk, it holds

Uk =Uk−1 ≤max Sk−1 + dk−1 = max Sk + dk.

Case II. Type-II Operation is implemented during the (k− 1)-th iteration. In this case, bounds

Lk−1 and Uk−1 are not changed. By the update rule, we know the step size dk = 2dk−1 and

min Sk = min Sk−1, max Sk ∈ {max Sk−1− dk−1,max Sk−1}. (EC.12)

Thus, the equality Lk = min Sk still holds. By the induction assumption, we know that

Uk =Uk−1 ≤max Sk−1 + dk−1.

Combining with the latter relation in (EC.12), we get

Uk ≤max Sk−1 + dk−1 ≤max Sk + 2dk−1 = max Sk + dk.

Combining the two cases, we know the relations in (EC.11) hold for the k-th iteration. By the

induction method, the relations hold for all iterations. �

Finally, utilizing Lemmas EC.7 and EC.8, we can prove the correctness of Algorithm 2 and get a

better upper bound on T0(ε, δ,MC).

Proof of Theorem 3. Denote Tmax :=N . We use the induction method to prove that, for any

iteration k, the two events

• minx∈Sk f(x)≤minx∈X f(x) + ε/2.

• minx∈{Lk,Lk+1,...,Uk} f(x) = minx∈X f(x).
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happen jointly with probability at least 1 − (k − 1)δ/Tmax. When k = 1, we know S1 = X and

L1 = 1,U1 =N . Hence, the two events happen with probability 1. Suppose the claim is true for the

first k− 1 iterations. We assume the two events happen for the (k− 1)-th iteration and consider

conditional probabilities in the following proof. We discuss by two different cases.

Case I. Type-I Operation is implemented in the (k− 1)-th iteration. In this case, there exists

x, y ∈ Sk−1 such that F̂nx(x) +hx ≤ F̂ny(y)−hy. By the definition of confidence intervals, we know

f(x) ≤ f(y) holds with probability at least 1 − δ/Tmax. We assume event f(x) ≤ f(y) happens

jointly with the claim for the (k−1)-th iteration, which has probability at least 1− (k−2)δ/Tmax−

δ/Tmax = 1− (k− 1)δ/Tmax. If x< y, then using the convexity of f(x), we know

f(z)≥ f(y)≥ f(x) ∀z ∈ [N ] s.t. z ≥ y,

which means all discarded points have function values at least f(x). Hence, the minimums in the

claim are not changed, i.e., we have

min
x∈Sk

f(x) = min
x∈Sk−1

f(x)≤min
x∈X

f(x) + ε/2

and

min
x∈{Lk,Lk+1,...,Uk}

f(x) = min
x∈{Lk−1,Lk−1+1,...,Uk−1}

f(x) = min
x∈X

f(x).

The two events happen with probability at least 1− (k− 1)δ/Tmax. If y < x, the proof is the same

and therefore the claim holds for the k-th iteration.

Case II. Type-II Operation is implemented in the (k− 1)-th iteration. Since Lk−1 and Uk−1 are

not changed, the first event happens for the k-th iteration. Hence, we only need to verify that the

second event happens with high probability. Let x∗ and x∗∗ be a minimizer and a maximizer of

f(x) on Sk−1, respectively. By the condition of Type-II Operations, we know

|F̂n (x∗)− F̂n(x∗∗)| ≤ hx∗ +hx∗∗

and

hx ≤ |Sk−1|/80 · ε ∀x∈ Sk−1.
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By the definition of confidence intervals, it holds

|f(x∗)− F̂n (x∗)| ≤ hx∗ , |f(x∗∗)− F̂n (x∗∗)| ≤ hx∗∗

with probability at least 1− δ/Tmax. Under the above event, we have

|f(x∗)− f(x∗∗)| ≤ |f(x∗)− F̂n (x∗)|+ |F̂n (x∗)− F̂n(x∗∗)|+ |f(x∗∗)− F̂n (x∗∗)| (EC.13)

≤ 2(hx∗) +hx∗∗ ≤M/20 · ε.

We assume the above event happens jointly with with the claim for the (k−1) -th iteration, which

has probability at least 1− (k− 1)δ/Tmax. By the induction assumption, the original problem (1)

is equivalent to

min
x∈{Lk−1,Lk−1+1,...,Uk−1}

f(x).

Moreover, if we denote f̃ as the linear interpolation of f(x) defined in (2), then the above problem

is equivalent to

min
x∈{Lk−1,Lk−1+1,...,Uk−1}

f(x) = min
x∈[Lk−1,Uk−1]

f̃(x). (EC.14)

We define the constant M̃ := (Uk−1−Lk−1)/dk−1 + 1 and the linear transformation

T (x) :=Lk−1 + dk−1(x− 1) ∀x∈ [1, M̃ ].

The inverse image T−1 ([Lk−1,Uk−1]) is [1, M̃ ]. Defining the composite function

g̃(x) := f̃(T (x)) ∀x∈ [1, M̃ ],

we know that the problem (EC.14) is equivalent to

min
x∈[1,M̃ ]

g̃(x). (EC.15)

The inverse image T−1(Sk−1) is [M ], where M := |Sk−1| is the number of points in Sk−1. Lemma

EC.8 implies that a := M̃ −M ∈ [0,1]. Recalling inequality (EC.13), we get

max
x∈[M ]

g̃(x)− min
x∈[M ]

g̃(x)≤M/20 · ε.



e-companion to Zhang, Zheng, and Lavaei: Localization Methods for Discrete Convex Simulation Optimization ec19

Now we can apply Lemma EC.7 to get

min
y∈[M ′]

g̃(2y− 1)− min
x∈[1,M+a]

g̃(x) = min
y∈[M ′]

g̃(2y− 1)− min
x∈[1,M̃ ]

g̃(x)≤ ε/2,

where M ′ := dM/2e. Since problem (EC.15) is equivalent to problem (EC.14) and further equivalent

to problem (1), it holds that

min
y∈[M ′]

g̃(2y− 1)− min
x∈[1,M̃ ]

g̃(x) = min
y∈[M ′]

g̃(2y− 1)−min
x∈X

f(x)≤ ε/2.

By the definition of Sk, we know T (2[M ′]− 1) is Sk and therefore

min
y∈[M ′]

g̃(2y− 1)−min
x∈X

f(x) = min
x∈Sk

f(x)−min
x∈X

f(x)≤ ε/2,

which implies that the second case happens for the k-th iteration with probability at least 1− (k−

1)δ/Tmax.

Combining the above two cases, we know the claim holds for all iterations. Suppose there are T

iterations in Algorithm 2. Since each iteration will decrease the active set S by at least 1, we get

T ≤N − 1. Then after the T iterations, we have

min
x∈ST+1

f(x)≤min
x∈X

f(x) + ε/2 (EC.16)

holds with probability at least 1−T ·δ/Tmax ≥ 1−δ+δ/Tmax. For the sub-problem, using the same

analysis as Theorem 1, the point returned by Algorithm 2 satisfies the (ε/2, δ/Tmax)-PGS guarantee.

Combining with the relation (EC.16), we know the algorithm returns a solution satisfying the

(ε, δ)-PGS guarantee. �

EC.2.4. Proof of Theorem 4

Proof of Theorem 4. We construct the two models M1,M2 ∈MC as

ν1,x :=N
[
cx,σ2

]
, ν2,x :=N

[
c (|x− 2|+ 2) , σ2

]
∀x∈X .

Given a [(c, δ)-PCS-IZ,MCc]-algorithm, the algorithm returns point 1 with probability at least

1− δ when applied to model M1, and returns point 2 with probability at least 1− δ when applied
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to model M2. We choose E as the event that the algorithm returns point 1 as the solution. Then,

we know

PM1
(E)≥ 1− δ, PM2

(E)≤ δ.

Using the monotonicity of function d(x, y), we get

d(PM1
(E),PM2

(E))≥ d(1− δ, δ)≥ log(1/2.4δ). (EC.17)

Since the distributions ν1,x and ν2,x are Gaussian with variance σ2, the KL divergence can be

calculated as

KL(ν1,x, ν2,x) =
[cx− c (|x− 2|+ 2)]

2

2σ2
=


2c2σ−2 if x= 1

0 otherwise.

Hence, the summation can be calculated as

∑
x∈X

EM1
[Nx(τ)]KL(ν1,x, ν2,x) =

2c2

σ2
·EM1

[N1(τ)] . (EC.18)

Substituting (EC.17) and (EC.18) into inequality (3), we know

2c2

σ2
·EM1

[N1(τ)]≥ log(1/2.4δ),

which implies that

EM1
[τ ]≥EM1

[N1(τ)]≥ σ2

2c2
· log(

1

2.4δ
) =O

[
1

c2
log

(
1

δ

)]
.

�

EC.3. Proofs in Section 4

EC.3.1. Proof of Lemma 4

Proof of Lemma 4. By the assumption that F (x, ξx)−f(x) is sub-Gaussian with parameter σ2

for any x, we know that ĝαx(i) − gαx(i) is the difference of two independent sub-Gaussian random

variables and therefore

ĝαx(i)− gαx(i) ∼ subGaussian
(
2σ2
)
∀i∈ [d],
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where g is the subgradient of f(x) defined in (5). Then, using the properties of sub-Gaussian

random variables, it holds that

ĝnαx(i)− gαx(i) ∼ subGaussian

(
2σ2

n

)
∀i∈ [d].

Recalling that components of ĝn are mutually independent, we know

〈ĝn− g, y−x〉=
∑
i

(ĝnαx(i)− gαx(i)) · (y−x)αx(i) ∼ subGaussian

(
2σ2

n
· ‖y−x‖22

)
.

Since ‖y−x‖22 ≤ dN 2, we know

〈ĝn− g, y−x〉 ∼ subGaussian

(
2dN 2σ2

n

)
.

By the Hoeffding bound, it holds

|〈ĝn− g, y−x〉| ≤

√
4dN 2σ2

n
log

(
2

δ

)
with probability at least 1− δ. If we choose

n=

⌈
4dN 2σ2

ε2
log

(
2

δ

)⌉
≤ 4dN 2σ2

ε2
log

(
2

δ

)
+ 1,

it follows that

|〈ĝn− g, y−x〉| ≤ ε. (EC.19)

Since f(x) is a convex function and g is a subgradient at point x, we have f(y)≥ f(x) + 〈g, y−x〉

for all y ∈ [1,N ]d. Combining with inequality (EC.19) gives

f(y)≥ f(x) + 〈ĝn, y−x〉+ 〈g− ĝn, y−x〉 ≥ f(x) + 〈ĝn, y−x〉− ε ∀y ∈ [1,N ]d

holds with probability at least 1− δ. Then, considering the half space H = {y : 〈ĝn, y− x〉 ≤ 0}, it

holds

f(y)≥ f(x) + 〈ĝn, y−x〉− ε≥ f(x)− ε ∀y ∈ [1,N ]d ∩Hc

with the same probability. Taking the minimum over [1,N ]d ∩Hc, it follows that the averaged

stochastic subgradient provides an (ε, δ)-SO oracle. Finally, the expected simulation cost of each

oracle evaluation is at most

d ·n≤ 4d2N 2σ2

ε2
log

(
2

δ

)
+ d= Õ

[
d2N 2σ2

ε2
log

(
1

δ

)]
.

�
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EC.3.2. Proof of Theorem 7

Proof of Theorem 7. We first prove the correctness of Algorithm 4. If ĝ= 0 for some iteration,

the half space H =Rd and the definition of (ε/8, δ/4)-SO implies that

f(y)≥ f(z)− ε/8 ∀y ∈ [1,N ]d

holds with probability at least 1− δ/4, where z is the point that the separation oracle is called.

Hence, we know z is an (ε/8, δ/4)-PGS solution and obviously satisfies the (ε/2, δ/2)-PGS guaran-

tee. Then, by Theorem 6, the integral solution after the round process is an (ε, δ)-PGS solution.

In the following of the proof, we assume ĝ 6= 0 for all iterations. Let x∗ ∈ X be a minimizer of

problem (1). We consider the set

Q :=

(
x∗+

[
− ε

8L
,
ε

8L

]d)
∩ [1,N ]d.

We can verify that set Q is not empty and has volume at least (ε/8L)d. Also, for any x ∈ Q, it

holds

f(x)≤ f(x∗) +L‖x−x∗‖∞ ≤ f(x∗) +
ε

8
.

By the analysis in Vaidya (1996), the volume of the polytope P is smaller than (ε/8L)d after

Tmax :=O

[
d log

(
8dLN

ε

)]

iterations. Hence, after Tmax iterations, the volume of P is smaller than the volume of Q and it

must hold Q\P 6= ∅. Since Q⊂ [1,N ]d, the constraint 1≤ xi ≤N is not violated for all i∈ [d]. Thus,

if we choose x∈Q\P , there exists a cutting plane −ĝTy≥ β in P such that

−ĝTx< β ≤−ĝT z,

where z is the point that the (ε/8, δ/4)-SO oracle ĝ is evaluated and β is the value chosen by

Vaidya’s method. This implies that x is not in the half space

H := {y : ĝTy≤ ĝT z}.
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Then, by the definition of (ε/8, δ/4)-SO oracle and the claim that x∈ [1,N ]d ∩Hc, we know

f(x)≥ f(z)− ε/8

holds with probability at least 1− δ/4. On the other hand, the condition x∈ P leads to

f(x)≤ f(x∗) + ε/8.

Combining the last two inequalities gives that

min
y∈S

f(y)≤ f(z)≤ f(x∗) + ε/4

holds with probability at least 1−δ/4. Hence, the (ε/4, δ/4)-PGS solution x̂ of problem miny∈S f(y)

satisfies

f(x̂)≤ f(x∗) + ε/2

with probability at least 1− δ/2. Equivalently, the solution x̂ is an (ε/2, δ/2)-PGS solution. Using

Theorem 6, the integral solution returned by Algorithm 4 is an (ε, δ)-PGS solution.

Now, we estimate the expected simulation cost of Algorithm 4. By Lemma 4, the simulation cost

of each (ε/8, δ/4)-SO oracle is at most

O

[
d2N 2

ε2
log(

1

δ
) + d

]
.

Since at most one separation oracle is evaluated in each iteration, the total simulation cost of Tmax

iterations is at most

O

[(
d2N 2

ε2
log(

1

δ
) + d

)
· d log

(
8dLN

ε

)]
= Õ

[
d3N 2

ε2
log(

dLN

ε
) log(

1

δ
)

]
.

By the property of Vaidya’s method, there are O(d) cutting planes in the polytope P . Then,

using the same analysis as Zhang and Zheng (2020), the expected simulation cost of finding an

(ε/4, δ/4)-PGS solution of the sub-problem miny∈S f(y) is at most

Õ

[
d2

ε2
log(

1

δ
)

]
.
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We note that the evaluation of (ε/8, δ/4)-SO oracles at points in S provides enough simulations

for the sub-problem and therefore the simulation cost of this part can be avoided. Finally, the

expected simulation cost of the rounding process is bounded by

Õ

[
d

ε2
log(

1

δ
)

]
.

Combining the three parts, the total expected simulation cost of Algorithm 4 is at most

Õ

[
d3N 2

ε2
log(

dLN

ε
) log(

1

δ
)

]
.

�

EC.3.3. Proof of Theorem 9

Proof of Theorem 9. We first verify the correctness of Algorithm 5. If the optimal solution has

been removed during the dimension reduction process, we claim that the optimal solutions are

removed from the search set by some cutting plane. This is because the dimension reduction steps

will not remove integral points from the current search set (Jiang 2020). Then, by the same proof

as Theorem 7, it holds

min
x∈S

f(x)≤min
x∈X

f(x) + ε/4 (EC.20)

with probability at least 1− δ/4. Otherwise if the optimal solution has not been removed from the

search set throughout the dimension reduction process, we know the last one-dimensional problem

contains the optimal solution. Hence, the (ε/4, δ/4)-PGS solution to the one-dimensional problem

is also an (ε/4, δ/4)-PGS solution to the original problem. Since the PGS solution is also added

to the set S, we also have relation (EC.20) holds with probability at least 1 − δ/4. Then, the

(ε/4, δ/4)-PGS solution x̄ to problem minx∈S f(x) satisfies

f(x̄)≤min
x∈X

f(x) + ε/2

with probability at least 1− δ/2, or equivalently x̄ is an (ε/2, δ/2)-PGS solution to problem (1).

Using the results of Theorem 6, the solution returned by Algorithm 5 is an (ε, δ)-PGS solution.
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Next, we estimate the expected simulation cost of Algorithm 5. By the results in Jiang (2020),

(ε/4, δ/4)-SO oracles are called at most O[d(d+ log(N))] times. Hence, the size of S is at most

O[d(d+log(N))]. By the estimates in Lemma 4, the total simulation cost of the dimension reduction

process is at most

O

[
d3N 2(d+ log(N))

ε2
log(

1

δ
) + d2(d+ log(N))

]
= Õ

[
d3N 2(d+ log(N))

ε2
log(

1

δ
)

]
.

Also, the one-dimensional convex problem has at most N feasible points and Theorem 3 implies

that the expected simulation cost for this problem is at most

Õ

[
1

ε2
log(

1

δ
)

]
.

Since the size of S is at most O[d(d+ log(N))], the sub-problem for the set S takes at most

O

[
d2(d+ log(N))

ε2
log(

1

δ
) + d2(d+ log(N))

]
= Õ

[
d2(d+ log(N))

ε2
log(

1

δ
)

]

simulation runs. Finally, Theorem 6 shows that the expected simulation cost of the rounding process

is at most

Õ

[
d

ε2
log(

1

δ
)

]
.

In summary, the total expected simulation cost of Algorithm 5 is at most

Õ

[
d3N 2(d+ log(N))

ε2
log(

1

δ
)

]
.

�

EC.3.4. Proof of Lemma 5

Proof of Lemma 5. Let k ∈ {2,3, . . . ,N − 1}. By the definition of fd−1(x), there exists vectors

yk−1, yk+1 ∈ [N ]d−1 such that

fd−1(k− 1) = f(yk−1, k− 1), fd−1(k+ 1) = f(yk+1, k+ 1).
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By the L\-convexity of f(x), we have

fd−1(k− 1) + fd−1(k+ 1) = f(yk−1, k− 1) + f(yk+1, k+ 1)

≥ f
(⌈

yk−1 + yk+1

2

⌉
, k

)
+ f

(⌊
yk−1 + yk+1

2

⌋
, k

)
≥ 2 min

y∈[N ]d−1
f(y, k) = 2fd−1(k),

which means the discrete midpoint convexity holds at point k. Since we can choose k arbitrarily,

we know function fd−1(x) is convex on [N ]. �

EC.3.5. Proof of Theorem 11

Proof of Theorem 11. We first verify the correctness of Algorithm 6. The algorithm is the same

as Algorithm 2 except the condition for implementing Type-II Operations. Hence, if we can prove

that, when Type-II Operations are implemented, it holds

h≤ |S| · ε/80, (EC.21)

then the proof of Theorem 3 can be directly applied to this case. If the confidence interval is

updated at the beginning of current iteration, then we have

h= |S| · ε/160< |S| · ε/80.

Otherwise, if the confidence interval is not updated in the current iteration. Then, we have |S|>

Ncur/2 and therefore

h=Ncur · ε/160< 2|S| · ε/160 = |S| · ε/80.

Combining the two cases, we have inequality (EC.21) and the correctness of Algorithm 6.

Next, we estimate the simulation cost of Algorithm 6. Denote the active sets when we update the

confidence interval as S1, . . . ,Sm, where m≥ 1 is the number of times when the confidence interval

is updated. Then, we know |S1|=N and |Sm| ≥ 3. By the condition for updating the confidence

interval, it holds

|Sk+1| ≤ |Sk| ∀k ∈ [m− 1],
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which implies

|Sk| ≥ 2m−k|Sm| ≥ 3 · 2m−k ∀k ∈ [m].

Since the algorithm A is sub-Gaussian with parameter C, for each x ∈ Sk, the simulation cost for

generating f̂d−1(x) is at most

2C

h2
log(

2Tmax
δ

) =
2C

160−2|Sk|2ε2
log(

2Tmax
δ

) = |Sk|−2 ·
51200C

ε2
log(

2Tmax
δ

).

Hence, the total simulation cost for the k-th update of confidence intervals is at most

|Sk| · |Sk|−2 ·
51200C

ε2
log(

2Tmax
δ

) = |Sk|−1 ·
51200C

ε2
log(

2Tmax
δ

)≤ 2k−m/3 · 51200C

ε2
log(

2Tmax
δ

).

Summing over all iterations, we have the simulation cost of all iterations of Algorithm 6 is at most

m∑
k=1

2k−m/3 · 51200C

ε2
log(

2Tmax
δ

) =
(
2− 21−m) · 51200C

3ε2
log(

2Tmax
δ

)<
102400C

3ε2
log(

2Tmax
δ

).

Now we consider the simulation cost of the last subproblem. Since the algorithm 6 is sub-Gaussian

with parameter C, the simulation cost of the subproblem is at most

2 · 2C

(ε/4)2
log(

2Tmax
δ

) =
64C

ε2
log(

2Tmax
δ

).

Hence, the total simulation cost of Algorithm 6 is at most

102400C

3ε2
log(

2Tmax
δ

) +
64C

ε2
log(

2Tmax
δ

)< 17099 · 2C
ε2

log(
2Tmax
δ

).

When δ is small enough, we can choose M = 17100 and the asymptotic simulation of Algorithm 6

is at most

2MC

ε2
log(

2Tmax
δ

),

which implies that Algorithm 6 is sub-Gaussian with dimension d and parameter MC. �


