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Empirical Study of Robust State Estimation for Power Systems
Reza Mohammadi-Ghazi and Javad Lavaei

Abstract—This paper provides insights into the existence of
spurious local optima for the nonlinear `1-norm state estimator
in power system applications. The linear least-absolute-value
(LAV) estimator has attracted considerable attentions over the
past few years, especially in the machine learning community,
mainly due to its convexity and robustness with respect to sparse
noise. Due to these properties, recent studies have attempted to
apply the nonlinear version of the LAV to problems such as
topological error detection in power systems. However, there has
been no study so far that provides theoretical guarantees for
finding the global solution of the nonlinear least-absolute-value
(NLAV) estimator. In this study, we analyze the performance of
NLAV on different real-world scenarios and compare it with the
nonlinear least-squares (NLS), which is the common practice in
power industry. In our study, we consider various factors, such
as the number of measurements, available prior information, and
the presence of bad data, on the performance of these estimators
by performing more than 260000 simulations on several IEEE
benchmark systems. Additionally, we use a recent result on robust
principal component analysis and low-rank matrix completion to
justify our observations and provide recommendations for real-
world applications of these estimators.

Index Terms—Robust state estimation, power systems, conver-
gence, RIP, matrix completion

I. INTRODUCTION

Supplying economical energy is the lifeblood of modern
civilization, and is highly related to the reliability and ef-
ficiency of energy infrastructures, such as power systems
that provide clean and convenient energy for industrial and
individual uses. An important challenge in operating these
infrastructures is their protection against progressive failures
of stressed components, which may lead to blackouts [1], [2].
To prevent such events, the power system condition should
be continuously monitored so that, if needed, required actions
can be taken. This condition monitoring is performed through
real-time state estimation that aims to recover the underlying
voltage phasors of the system, given supervisory control and
data acquisition (SCADA) measurements and a model that
encompasses the system topology and specifications [3], [4].
Noting that bad data, sparse noise, and topological errors
significantly affect the accuracy of state estimation, addressing
these problems has received considerable attentions in the past
few years.

A. State estimation problem for power systems

Given an N -bus power system and its associated vector of
voltage phasors, denoted by v ∈ CN , the state estimation
problem is to recover v using a set of real-valued SCADA
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measurements {b1, . . . , bm}, where m is the number of mea-
surements. The i-th measurement, denoted by bi, is

bi = fi(v) + εi (1)

where fi(·) is a nonlinear measurement function whose details
will be explained in the preceding sections, and εi is an
unknown measurement noise.

Given the above settings, recovering the true state of the
systems can be formulated as different optimization problems
[5]. In what follows, we will briefly review major state
estimation techniques for power systems.

B. Nonlinear least-square state estimator
One of the most common approaches for solving the afore-

mentioned state estimation problem is to employ the nonlinear-
least-squares (NLS) technique that was first proposed in [6],
[7]. In this approach, the error parameters εi are consid-
ered to be independent and identically distributed samples
of a Gaussian distribution with zero mean and variances
1/w1, . . . , 1/wm. Then, the maximum likelihood estimation
of v turns out to be the least-square problem:

minimize
u∈CN

1

2

m∑
i=1

wi[fi(u)− bi]2. (2)

This simple, but nonlinear, optimization problem benefits from
the property that it can be solved using basic numerical meth-
ods, such as Gauss-Newton, with a guaranteed convergence if
the initial guess for the solution is of high quality [7], [8].

C. Nonlinear least-absolute-value (NLAV) state estimator
Due to its differentiability, the NLS state estimator has nice

features from both theoretical and computational perspectives.
However, these elegant properties are at the expense of this
estimator’s lack of robustness with respect to outliers and
sparse noise. To elaborate on this issue, consider a state
estimation problem in presence of topological errors, which
is an important example of such sparse noise in the power
system model and has been studied extensively [9]–[13].
Recall that the measurement functions fi(·) depend on the
system’s specifications. The challenge of solving the problem
in presence of topological errors is that some of these functions
do not match the actual model of the system because the
operator does not have the full knowledge of the topology
of the grid (namely, the ON/OFF status of the line breakers).
In other words, the ground truth measurement function fi(·)
is not known for some indices i and, therefore, the operator
uses a possibly different function f̃i(·). In this case, the system
operator would solve the following optimization problem:

minimize
u∈CN

1

2

m∑
i=1

wi[f̃i(u)− bi]2



2

It is known that even if a small subset of the available
measurement functions f̃i(·) differ from the true measurement
functions fi(·), the state estimation error would still propagate
and affect the voltage estimation of many nodes that are far
away from the lines involved in the topological errors. For
more information about using the NLS for power systems in
presence of topological errors, the reader is referred to [13].
The lack of robustness of the NLS with respect to outliers has
been well studied in other fields such as statistical learning
and inference (see [14] and references therein).

One solution for dealing with the sparse noise is to deploy
the synchronized point-on-wave measurements provided by
phasor measurement units (PMU), which makes the state esti-
mation problem linear and enables the use of a least-absolute-
value (LAV) estimator that is robust to bad measurements [11],
[12], [15]–[17]. The caveat of this approach is the reliance on
PMU measurements, which are not widely available. Hence,
the LAV framework is inapplicable to the highly non-convex
state estimation problem based on nonlinear power flow mea-
surements or when combined with PMU measurements.

Another approach to addressing the above challenges is to
consider the nonlinear least-absolute-value (NLAV) estimator,
which aims to solve the following minimization problem:

minimize
u∈CN

m∑
i=1

|f̃i(u)− bi|. (3)

By the virtue of global functions in [18] and under the
assumption that the initial guess for the solution, i.e. u0, is
close enough to the true solution, it is shown in [13] that (3)
can be solved via local search algorithms to simultaneously
detect sparse topological errors and recover the underlying
state of the system.

D. Solving the state estimation problem

As it will be shown in the next section, the measurements
functions fi(·) are quadratic due to laws of physics and hence,
the objective functions of (2) and (3) are highly nonlinear and
non-convex. Therefore, even in the absence of measurement
noise and outliers, local search algorithms may become stuck
in spurious local solutions, i.e. non-global local solutions that
do not correspond to the true state of the system. It is essential
to find global minima of these optimization problems, but
this cannot always be carried out efficiently due to their NP-
hardness [8], [19].

One method for solving the above-mentioned nonlinear
optimization problems is to convexify their objective func-
tions through lifting techniques, which relax or reformulate a
nonlinear polynomial optimization into a convex semi-definite
program (SDP) [20]. However, the resulting SDP problems
are high-dimensional matrix optimization, which cannot be
solved fast, especially in cases where (quasi) real-time state
estimation is needed. Therefore, solving the problem using
local search algorithms is still the common practice in the
power industry (in addition to heuristic techniques that lin-
earize the problem at the expense of making the formulation
less accurate). Nevertheless, there is no strong theoretical
guarantee for the convergence of local search methods to

the global optima of the estimator. Thus, providing such
guarantees remains an open problem with a major impact.

In a recent study on the existence of spurious local solutions
for state estimation in power systems, Zhang et al. have shown
in [8], [19] that increasing the number of (seemingly redun-
dant) measurements improves the convexity of the problem
in the sense that non-global local solutions would disappear.
Having a large number of measurements enables local search
algorithms to find the global solution even with a random,
but plausible, initialization. However, these studies have not
provided any guarantees in presence of outliers where the NLS
shows lack of robustness.

Due to its robustness with respect to outliers, the NLAV has
gained a lot of attention in the past few years, but the related
theoretical developments are far more limited than NLS due to
the non-differentiability of NLAV’s objective function. Some
recent studies [18], [21], [22] have provided guarantees for
finding the global optima of the NLAV estimator using local
search algorithms in spacial cases for low-rank matrix com-
pletion problems, but the results have not yet been extended to
power system applications. A thorough review of these studies
will be presented in Section III. The objective of this paper is
to analyze nonlinear estimators for power systems.

E. Contributions

Due to many theoretical results and empirical studies on the
superiority of the convex `1-norm estimators, it is commonly
believed that the non-convex NLAV estimator would also
outperform the NLS due to the robustness induced by its `1-
norm term to reject outliers. This has been recently verified in
[18] for tensor completion problems, which is similar to state
estimation, and used in [13] for topological error detection
in power systems. However, the related results highly rely on
the availability of some prior knowledge about the system,
e.g., the closeness of the initial guess to the true solution,
which may not be always possible in practice. In this study,
we perform extensive empirical analyses on IEEE benchmark
systems to determine the effect of the prior knowledge, the
number of measurements, and the existence of sparse noise
on the performance of NLS and NLAV estimators. We also
use a mathematical equivalence between the rank-1 matrix
completion problem and power state estimation to extend the
theoretical guarantees for finding the global solutions of the
former problem to the latter, and to justify our observations.
The experimental simulations also include a sensitivity anal-
ysis on the effect of deviations from the above-mentioned
conditions on the likelihood of finding the global minimizer
of NLAV state estimator.

This work is organized as follows. First, we provide prelim-
inaries on the power system state estimation problem followed
by the problem formulation in Section II. The conversion of
this problem to a matrix completion problem along with a
review of the existing theoretical guarantees for recovering the
exact solution of matrix completion is described in Section III.
Section IV presents the empirical analysis results that support
the theoretical discussions in Section 3. Finally, we conclude
the paper with a summary of our findings.
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F. Notations

Throughout this paper, boldface lower (resp. upper) case
letters represent column vectors (resp. matrices), and calli-
graphic letters stand for sets, graphs, or operators. The symbols
R and C denote the sets of real and complex numbers,
respectively. Rd and Cd denote the spaces of d-dimensional
real and complex vectors, respectively. The symbols (·)T
and (·)∗ indicate the transpose and conjugate transpose of a
vector/matrix. The imaginary unit is denoted by i =

√
−1,

and Re(·), Im(·) denote the real part and imaginary part of a
given scalar or matrix. The notations ‖x‖1, ‖x‖2, and ‖X‖F
show the `1-norm and `2-norm of vector x respectively, and
the Frobenius norm of matrix X. The relation X � 0 means
that the matrix X is Hermitian positive semidefinite. The trace
and the (i, j) entry of X are respectively denoted by tr(X)
and Xi,j . The notation X[S1,S2] denotes the submatrix of X
whose rows and columns are chosen from the given index sets
S1 and S2, respectively. {XΩ} denotes the set of those entries
of the matrix X that are in the index set Ω.

II. PRELIMINARIES

A. SCADA measurements

Consider an electric power network represented by a graph
G(V, E), where V := {1, . . . , N} and E := {1, . . . , L} denote
the sets of buses and branches, respectively. Let vk ∈ C denote
the nodal complex voltage at bus k ∈ V , whose magnitude and
phase are shown as |vk| and ]vk. Then, the current flowing
from the k-th bus to the l-th bus can be written as

ck→l = Yk,l(vk − vl) = [Yk,l(ei − el)]
Tv, (4)

where Yk,l ∈ C is the directional admittance of the
line/transformer connecting the two buses, {e1, . . . , eN} are
the canonical bases of RN , and v = [v1, . . . , vN ]T . The total
current injection to the k-th bus is

ck =

[
Ykek +

∑
l∈Nk

Yk,l(ek − el)

]T
v, (5)

where Yk is the shunt admittance at bus k and Nk is the set of
neighboring buses of the k-th bus. Given that complex power is
the product of voltage and conjugate current, and that current
is a linear function of voltage, the power can be written as a
quadratic function of v. For instance, the complex power that
is sent from the k-th bus to the l-th bus is

pk→l + qk→li = (v∗Pk→lv) + (v∗Qk→lv)i (6)

where Pk→l = 1
2 (Sk→l + S∗k→l) and Qk→l = 1

2i (Sk→l −
S∗k→l) are the Hermitian splitting for

Sk→l = Y ∗k,l(ek − el)el
T .

Similarly, the net complex power that is injected into or
consumed at the k-th bus is

pk + qki = c∗kvk = (v∗Pkv) + (v∗Qkv)i (7)

where pk and qk are the active and reactive injected/consumed
powers, respectively; Pk = 1

2 (Sk+S∗k) and Qk = 1
2i (Sk−S∗k)

are the Hermitian splitting for

Sk = Y ∗k ekek
T +

∑
l∈Nk

Y ∗k,l(ek − el)ek
T .

Based on the above equations, the power at each bus is the
summation of two quadratic functions v∗Pkv and v∗Qkv,
which are used in (1). The nonlinearity of these functions is the
reason for the non-convexity of the state estimation problems
in (2) and (3).

B. Real-valued parameterization
As it was shown in the previous section, both the power and

measurement matrices are in the complex domain. For the sake
of convenience, we can map all these vectors and matrices into
the real domain. In doing so, we define Vr = V \{slack bus},
i.e., the set of all buses except the slack/reference bus. We
introduce the following real-valued symmetrization operators
for complex voltage vectors and measurement matrices:

RSm(X) =

[
Re{X[V,V]} −Im{X[V,Vr]}
Im{X[Vr,V]} Re{X[Vr,Vr]}

]
, (8a)

RSv(x) =
[
Re{x[V]}T Im{x[Vr]}T

]T
. (8b)

Basically, this operator maps a n × n Hermitian matrix into
a (2n − 1) × (2n − 1) real-valued symmetric matrix, and a
complex vector of length n into a real-valued vector of length
2n− 1 (by assuming that the slack bus serves as a reference
for phases with its phase equal to zero). Considering these
operators, we define:

Mi , RSm(M̃i), (9a)

z , RSv(v) (9b)

x , RSv(u) (9c)

where i ∈ {1, . . . ,m} is the index for the SCADA mea-
surement, and M̃i can be any of the following measurement
matrices: (i) Pk or Qk for nodal measurements at bus k,
(ii) Pk→l or Qk→l for line measurements between buses k
and l ∈ Nk, (iii) eke

T
k corresponding to the squared voltage

magnitude at bus k. Note that v and u are the same as those
defined in (1), (2), and (3).

Using the definitions in (9) along with the SCADA measure-
ment equations (6) and (7), it is straightforward to observe that
each classical measurement function can be written as

fi(u) = xTMix (10)

and hence, the norm minimization problems (2) and (3)
correspond to

minimize
x∈R2N−1

m∑
i=1

(
xTMix− bi

)2
, (11a)

minimize
x∈R2N−1

m∑
i=1

|xTMix− bi|. (11b)

Note that we ignore the PMU measurements in this study,
but they can be easily incorporated in the above estimators
using convex functions (namely, square or absolute value of
linear terms).
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III. REFORMULATION AS MATRIX SENSING

This section explains the reformulation of power systems’
state estimation as a matrix completion problem, which helps
us derive some theoretical guarantees to justify the empirical
results we will present in Section IV.

A. Power system state estimation as a matrix completion

The task of filling the missing entries of a partially observed
matrix is called matrix sensing, that is ubiquitous in machine
learning, signal processing, and computer vision. This problem
has been well studied in the past few years, especially for re-
covering low-rank matrices [18], [22]–[26]. The computational
task in this problem is to recover a (usually low-rank) matrix
X ∈ Rn1×n2 from partial linear measurements of the form

y = A(X) (12)

where A(·) is a linear operator [27]. It is easy to show that
the state estimation problem can be cast into this framework.
To show this equivalence, notice that

fi(u) = xTMix = tr(Mixx
T ) = tr(MiW) (13)

where W = xxT is a rank-1 symmetric matrix. The mea-
surement matrices Mi are highly sparse in power systems
and fi(u) is a linear combination of the entries of W. Thus,
once W is recovered via matrix sensing techniques, it can be
factorized to obtain x.

A special form of the matrix sensing problem is called
matrix completion where the measurement matrices are in the
form of eieTj . This has the elegance of simplicity in terms of
the linear operator, and the power system state estimation may
be mapped into a matrix completion after solving a system of
linear equations. Due to the above-mentioned equivalence, a
brief review of the relevant results on the matrix completion
is provided in the next section.

B. Matrix completion: Related work

An extensive amount of studies on the low-rank matrix
recovery from partially observed entries rely on convex re-
laxations that achieve strong theoretical guarantees, but they
suffer from extensive computational costs which make these
techniques impractical for large problems (see [28], [29] and
the references therein). Therefore, there has been growing
interest in using the nonlinear optimization techniques for this
problem in recent years. To introduce the non-convex matrix
recovery problem, assume that X ∈ Rd×d is the target matrix,
rank(X) = 1, and Ω = {(i, j) : Xi,j is observed } is the
set of indices for the observed entries of X. The assumption
of X being a rank-1 squared matrix is solely for simplicity
and its similarity to the state estimation problem. Given the
above information, most non-convex recovery methods apply
nonlinear optimization algorithms to solve

minimize
y∈Rd

‖PΩ

(
X− yyT

)
‖2F , (14)

where PΩ(X) is a projection onto the set of matrices with their
supports in the measurement set Ω. This projection returns
Xi,j if (i, j) ∈ Ω, and 0 otherwise [26].

In a seminal work by Ge et al. [26], it has been shown
that if a sufficiently large number of random observations are
available, the objective function of (14) (after adding some
regularization) does not have any spurious local minima, and
therefore, all local minima are global. Thus, local search
algorithms can efficiently find the global solution of the
problem without requiring prior knowledge about the solution
and concerns about initialization.

Although the objective function of (14) enjoys strong the-
oretical guarantees for convergence to global solution due to
smoothness and differentiability, it is not robust with respect to
outliers. Thus, methods like stochastic gradient descent (SGD)
would fail to recover X in presence of large but sparse noise.
Therefore, another line of research has recently focused on
studying robust low-rank matrix recovery, which is to solve
the following problem:

minimize
y∈Rd

‖PΩ

(
X− yyT

)
‖1, (15)

To analyze the above objective function, Josz et al. defined
the notion of global functions, which are functions that may
have multiple local minima, but all of them are global [18].
A simple and yet nontrivial such function is f(x) = |x2 − 1|
that is shown in Figure 1. This function has two local minima
at x = ±1, both of which are global. No matter how a
local search solver is initialized, it can find a global solution
efficiently. Then, in their study, they have proved that the
objective function of the robust matrix completion (15) is a
(weakly) global function if the number of measurements is
sufficiently large and the projection operator is lossless in the
sense that PΩ(X) = X.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0
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Figure 1: Simple example of a global function |x2 − 1|

Li et al. in [22] have analyzed the geometry of the rank-r
matrix completion problem using an approach similar to [26],
and shown that the robust rank-r matrix completion does not
have spurious local solution under the following conditions:
(1) X is symmetric positive semidefinite, (2) the projection
operator is a Gaussian measurement operator, (3) the number
of observations is larger than a specified lower bound, (4) the
fraction of outliers is less than a half (see Theorem 1 in [22]).

Despite the connection between the matrix completion for-
mulation and power system state estimation described before,
none of the above-mentioned results for the matrix completion
problem is directly applicable to the robust state estimation
for power system, because the measurement matrices are
deterministic and highly sparse in power systems (i.e., far from
being random). Moreover, nonlinear power measurements do
not directly measure the entries of W, except the diagonal
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ones. Therefore, the guarantees provided in [18] are also not
applicable to power system state estimation. To the best of
our knowledge, the only study that has addressed deterministic
projection operators for `1-norm estimators is the recent work
by Fattahi and Sojoudi [21], where the authors proved that
under some technical conditions, (15) does not have spurious
local solutions and all local solutions are global. More specif-
ically, consider the optimization problem

minimize
y∈Rd

+

‖PΩ

(
X− yyT

)
‖1, (16)

where X = y∗y∗
T + S is the partial noisy observation of

y∗y∗
T that is the rank-1 ground truth with y∗ to be the

true solution, S the additive noise matrix, and R+ is the set
of positive real numbers. Define the set of bad and good
measurements as B = {(i, j) : (i, j) ∈ Ω and Si,j 6= 0}
and G = {(i, j) : (i, j) ∈ Ω and Si,j = 0}, respectively. Also,
define the sparsity graph induced by a set Ω, denoted by G(Ω),
as a graph with the vertex set V = {1, . . . , d} that includes
the edge (i, j) if (i, j) ∈ Ω. Then, the following theorem is
given in [21].

Theorem 1. Assuming y∗ > 0 and under appropriate reg-
ularization, (16) has no spurious local solution and has a
unique local minimum, provided that G(G) has no bipartite
component and

κ(y∗)
4∆(G(B)) = O (δ(G(G))) (17)

where
• κ(y∗) is the ratio of the largest to the smallest entry of
y∗.

• G(G) and G(B) are the sparsity graphs induced by the
sets G and B (i.e., the good and bad measurements),
respectively.

• ∆(G) and δ(G) denote the maximum and minimum
degrees of the graph G.

It is easy to observe the connection between the state
estimation problem and (16) by substituting X with W,
except that the main assumption of Theorem 1 —the strict
positivity of x— is not satisfied in power systems due to the
presence of complex conjugate of complex voltage vectors in
(6) and (7); unless the voltage angles are all zero. Fortunately,
these angles are usually small in practice, and in this study,
we aim to empirically determine the likelihood of failure in
finding the global solution of state estimation for various
levels of violation from the main assumption of the above
theorem. Note that the projection PΩ is slightly different in
power systems; however, this is not an issue since the power
measurements are linear combination of different entries of
W as it was shown in (6) and (7); thus, the associated entries
of W with the available measurements can, in theory, be
deterministically determined/estimated by solving a system of
linear equations. We will elaborate more on this in the next
section.

IV. EMPIRICAL ANALYSIS

In this section, we develop empirical approaches to inves-
tigate the existence of spurious local solutions for nonlinear

estimators. To this end, three case studies are conducted. The
first study compares the performance of the NLS and NLAV
estimators on different IEEE benchmark power systems. The
second study quantifies the likelihood of finding the correct
state by solving the NLAV via local search in presence of
large, but sparse noise. Finally, the third study aims to propose
necessary conditions for preventing the NLAV estimator to
become stuck in spurious local solutions. We also perform a
sensitivity analysis to quantify the effect of deviations from
those conditions on the likelihood of recovering the true state
via NLAV, and to assess the reliability of employing this
estimator in real-world scenarios.

A. Comparison of the NLAV and NLS

1) Noiseless measurements: The first study aims to com-
pare the performances of the NLAV and NLS state estimators
in a noiseless scenario and to quantify the likelihood associated
with each of these optimization problems to have a spurious
local solution. The reason for disregarding the noise in this
section is that the existence of spurious solutions is due to
the nonlinearity of the problem rather than the measurement
errors.

We conduct this empirical analysis using randomization,
which is to perform an extensive number of simulations such
that each one attempts to recover the system’s state using
both NLS and NLAV with random initializations and various
numbers of measurements. By performing a large number of
such simulations, we aim to achieve three main objectives.
The first objective is to determine, through a Monte Carlo
type of analysis, whether or not each of the above estimators
has spurious local solutions. Secondly, we intend to assess the
effect of prior knowledge, e.g. closeness of initial guess to the
true solution, on recovering the true state. Finally, the third
objective is to quantify the likelihood of true state recovery
using these estimators.

This empirical study is designed as follows:
1) For an N -bus power system, we consider 20 different

levels of measurement redundancy in the interval of
[3N, 3N + 4L], where L is the number of branches.
Note that we consider all nodal measurements, i.e. voltage
magnitude and nodal power injections, as the minimum
number of measurements being used. Then, we increase
the measurement redundancy by randomly selecting the
line measurements and adding them to the set of mea-
surements.

2) We consider the distance between the initial guess and
the global solution, i.e. ‖x0 − z‖∞ with x0 to be the
initial guess for z, as the second parameter that may
affect the performance of the estimators. We change this
distance from 0.1 to 1 with 0.1 steps in our simulations,
i.e. ‖x0−z‖∞ ∈ {0.1, 0.2, . . . , 1}. Note that this distance
represents the prior information about the global solution.

3) For each combination of the redundant measurement
and the ‖x0 − z‖∞, we perform 50 simulations. In
each simulation, the magnitude and angle of each entry
of the true solution v are randomly sampled from the
intervals [0.9, 1.1] and [−30◦, 30◦], respectively; then,
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z is obtained using (9). The initial guess x0 for each
simulation is also randomly generated and normalized so
that its distance to z matches the desired ‖x0 − z‖∞.
Therefore, for each simulation, the direction along which
we start approaching the global solution is totally random
and the initial distance ‖x0− z‖∞ is set ot be consistent
with that scenario.

For the NLS estimator, we solve the optimization problem
in (11a) using MATLAB’s lsqnonlin function along with the
Levenberg-Marquardt algorithm. However, this technique can-
not be used for the NLAV estimator that is to solve (11b). For
numerically solving the non-smooth `1-norm minimization, we
use the famous technique discussed in [30] for convex opti-
mization to reformulate the problem (11b) as a smooth non-
convex quadratically-constrained quadratic program (QCQP).
The reformulated problem is

minimize
t∈Rm

m∑
i=1

ti

subject to xTMix− bi ≤ ti, i = 1, ...,m

xTMix− bi ≥ −ti, i = 1, ...,m

(18)

Nonlinear problems of this form can be efficiently solved via
different numerical algorithms, and some recent studies have
provided theoretical guarantees for the convergence of such
methods to a stationary point [31]. To obtain such a point, we
use MATLAB’s fmincon function along with the interior point
method.

The above-mentioned procedure is based on 10000 simula-
tions for each system, which are performed on the Amazon
EC2 cluster with 60 CPUs and 225 gigabytes of RAM. The
results of the simulations on the IEEE 14, 39, 57, 300, and
1354-bus systems are shown in Figure 2. m and n in these
plots are, respectively, the number of measurements used
and the degree of freedom, i.e. m ∈ [3N, 3N + 4L] and
n = 2N−1. Note that by using the real-valued symmetrization
operator (8a), the real and imaginary parts of the voltage
at each bus is considered as an unknown, which gives 2N
degrees of freedom in total. However, in order to have a
unique solution, a reference needs to be defined for phase
angles. This is accomplished by fixing the voltage angle at
one of the buses (slack bus) and hence, the effective degree of
freedom becomes 2N − 1. Figures 2(a) to 2(e) illustrate the
performance of the NLAV estimator for the above-mentioned
IEEE systems, and Figures 2(f) to 2(j) are associated with the
NLS. The average success rate of finding the global solution
for all combinations of m/n and ‖x0 − z‖∞ is color coded
in these plots. For instance, the success rate of the NLAV
in finding the global solution for the 39-bus system with the
minimum number of measurements, i.e. m/n = 1.5, and
‖x0−z‖∞ = 1 is 0% and is shown with the black color at the
top right corner block of Figure 2(b), while this success rate
is 100% when full measurement set comprised of all voltage
magnitude measurements and all line flow measurements is
used, i.e. m/n = 3.9, and ‖x0 − z‖∞ = 0.1. This scenario
corresponds to the white block at the bottom left corner of the
same plot in Figure 2(b).

The results confirm that the success rate of recovering the
true state is improved when more measurements are used and
the initial guess is closer to the actual state. An important
observation is that the NLS significantly outperforms the
NLAV in these simulations by providing a considerably higher
success rate when a large number of redundant measurements
is used; however, the NLAV performs better on average for
a small number of measurements. Also, there is always a
specific level of measurement redundancy m/n after which
the NLS can perfectly recover the state of the system. This
threshold depends on the size and geometry of the system,
e.g., it is around 2.7 for the 14-bus system (Figure 2(f)),
which corresponds to using about one third of all possible
line measurements, while we need m/n ' 4.4 for both
the 300 and 1354-bus system to obtain perfect recovery by
using the NLS (Figure 2(i) and Figure 2(j)). Unlike the NLS,
such a threshold does not exist for the NLAV estimator.
Moreover, there are scenarios with full measurement set and
relatively close initial guess to the global solution that the
NLAV is unable to recover their true states. To verify that the
undesirable recovered solutions are truly spurious minima and
are not due to numerical instability, we perturb those solutions
and use them as initial guesses, and re-solve the problem. We
have repeated this for several cases and observed that all of
them converged to the same local solutions. We have also
checked the value of the objective function at 1e7 number
of points that are randomly selected within a sphere with 0.1
radius around the recovered solution to ensure that it has the
smallest value.

Notice that in Figures 2(e) and 2(j), the number m/n starts
from 2.8 for the 1354-bus system. Due to the tremendous
computational burden of performing all simulations for this
system (more than 42 hours on Amazon cluster for each of
these figures), we perform the analyses for m/n ≥ 2.8 that
is comprised of 5500 simulations. Additionally, we use the
quasi-Newton Hessian approximation for the interior point
method and restrict the number of solver iterations to 3000
for consistency to real-world scenarios. The outcome of the
analysis on the 1354-bus system is similar to the other systems,
except that the likelihood of recovering the true states is lower
compared to the smaller systems if the initial guess is far
from the global solution. This could be due to the limitation
enforced on the maximum number of iterations. Due to the
similarity of the results for the 1354 and 300-bus systems,
we will focus on the 14, 39, 57, and 300-bus systems in the
remainder of this study.

To further investigate the properties of the spurious local
solutions of the NLAV estimator, we visualize a few cases
with a large number of measurements, i.e. m/n > 3.2
and unsuccessful state recovery via the NLAV. The blocks
associated with these measurements are shown with arrows in
Figures 2(b) and 2(b). The positions of the above-mentioned
cases on these plots show their associated m/n and ‖x0−z‖∞.
Note that there could be more than one unsuccessful case
within one block, but we randomly select only one such case.
Figures 3 and 4 visualize these cases for the 39 and 57-bus
systems, respectively. The buses with inaccurate state recovery
are shown with red color. The black-colored buses are those
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for which the complex voltage is accurately recovered. An
interesting observation about the spurious local solution in
all cases with a large number of measurements is that the
buses with an inaccurate state recovery are connected. Also,
the inaccurate recovery usually occurs only at a small number
of buses; however, there are a few cases where the NLAV fails
to estimate the complex voltage at all buses.

2) Noisy measurements: The empirical analyses of the
previous section show that the NLS outperforms the NLAV
in the absence of (large) noise; however, the main purpose
of using the NLAV is its robustness with respect to outliers
as it was previously discussed. To compare the performance
of these estimators in presence of bad data, we run some
analyses similarly to the ones presented in previous section
on the 57-bus system, but this time we corrupt 9 randomly
selected measurements (equivalently 2% of the total number
of possible measurements) with large noise. Figure 5 shows
the result of this analysis. Comparing Figures 2(c) and 5(a)
shows that the average success rate of the NLAV is reduced
in presence of sparse noise and bad data, but this estimator
can still recover the true states with overwhelming probability
if the initial guess is relatively close to the true solution and
the number of measurements is relatively large. However, the
NLS estimator completely fails to recover the true solution in
all cases. This shows the robustness of the NLAV with respect
to outliers despite its lower performance compared to the NLS
in noiseless scenario.

B. Effect of voltage angles in recovering the states in presence
of bad data

The empirical analysis of this section aims to simultane-
ously study the following: (i) the effect of bad date in the
likelihood of recovering the true state, (ii) the conditions that
needs to be satisfied for perfect state recovery via NLAV.

For an N -bus power system we design this analysis as
follows:

1) We consider 20 levels of measurement redundancy in the
interval of [3N, 3N + 4L] similar to what explained in
Section IV-A1.

2) The number of bad data is the second parameter that we
vary in this analysis. For a given level of measurement
redundancy, i.e. m/n, we increase the percentage of bad
data from 0% to 10% of the total number of possible
measurements with 1% step. Because the voltage magni-
tude sensors are highly accurate and well protected from
attacks in practice, we assume that voltage magnitudes are
exact and the bad data can affect the other measurements.

3) For each combination of measurement redundancy and
bad data percentage we run 50 simulations, which leads
to 11000 simulations in total for each system.

4) he ground truth voltage for each case is generated by
randomly sampling the voltage magnitudes and angles
from [0.9, 1.1] and [−θ, θ], respectively, where θ is the
maximum voltage angle. A complete set of 11000 sim-
ulations are performed for θ ∈ {0◦, 1◦, 3◦, 5◦, 7◦, 10◦}.
The initial guess x0 is completely random with all entries
in the interval [0,1].

5) In each simulation we solve (18).
Notice that for θ 6= 0 the strict positivity of z is not satisfied

due to the complex conjugate of voltage vectors in (6) and
(7). Therefore, the entries of W, which was defined in (13),
are not strictly positive if we look at this problem from the
matrix completion perspective. The existence of spurious local
solution when z is not strictly positive has been proven in [21]
by proposing a counterexample in which one diagonal element
of matrix X is zero (see (16) and Theorem 1). Due to the
assumption of exactness of voltage magnitudes, the diaginal
entries of W are always non-zero in our problem. Therefore,
we run this analysis for different values of θ to study the effect
of deviations from the main condition in Theorem 1 on the
average success rate in practice.

The results of the simulations on the IEEE 57-bus system
are shown in Figure 6. The success rate of the NLAV in
recovering the true solution is color coded in these plots.
Similar to Figure 2, the y-axis is m/n where n = 2N−1, but
the x-axis shows the number of bad data. It follows from these
figures that the general pattern does not change for different
values of θ, and the tiny differences between the plots are
most likely related to different initializations. We do not show
the results associated with θ = 0◦ in this figure given the
voltage magnitude measurements, the real parts of the states
are trivially known. The results in this figure confirm that if
the entries of z are not strictly positive, no matter how large
their magnitudes are, the problem may have spurious local
solution. However, the likelihood of finding the true solution
is still significantly high (usually more than 90% except in a
few cases with roughly 80% success rate) if the number of
redundant measurements is large and number of bad data is
less than 10%.

C. Analyzing the existence of spurious local solutions of NLAV
via matrix completion

Based on previous sections, the state estimation can be
reformulated as a matrix sensing problem that has been well
studied under various conditions. In this section, we design our
third empirical analysis within the framework of robust matrix
completion to analyze the existence of spurious local solutions
for the NLAV estimator and the possibility of avoiding such
undesirable solutions in practice. We only focus on the NLAV
and robust matrix completion due to the lack of robustness of
the NLS in presence of bad data.

In the previous section, we observed that the non-positivity
of the entries of z, which corresponds to non-zero voltage
angles, is one of the main reasons for the existence of spurious
solutions. Basically, non-zero voltage angles is equivalent to
violating the main assumptions of Theorem 1. This violation
cannot be avoided in practice for AC power state estimation
with power measurements, because the relative angles are
non-zero. However, these angles are often small and hence,
approximating each voltage magnitude with its real part may
be acceptable. The objective of this section is to use robust
matrix completion in order to recover the real parts of voltages
when their angles are small. In doing so, we consider the exact
same scenarios that were discussed in Section IV-B, but instead
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Figure 2: Comparing the performance of the NLAV and NLS in noiseless scenario. The results of the NLAV are shown in (a),
(b), (c), (d), and (e), which are respectively for the IEEE 14, 39, 57, 300, and 1354-bus systems. The results associated with
the NLS estimator are shown in (f) to (j) respectively for the same aforementioned systems.

of solving (18), we solve the following optimization problem in this section:

minimize
x̃∈Rd

+

‖PΩ

(
W̃ − x̃x̃T

)
‖1, (19)
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Figure 3: Voltage mismatches for the cases shown in Figure 2(b). The red colored buses are those where the underlying states
are not accurately estimated via the NLAV. (a) Case 1-1, (b) Case 1-2, (c) Case 1-3, (d) Case 1-4.
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Figure 4: Voltage mismatches for the cases shown in Figure 2(c). The red colored buses are those where the underlying states
are not accurately estimated via the NLAV. (a) Case 2-1, (b) Case 2-2, (c) Case 2-3, (d) Case 2-4.
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Figure 5: Comparing the performance of the NLAV and NLS in recovering the true state of the 57-bus system when 2% of
the measurements are corrupted with large, sparse noise. The plots show the average success rate of recovering the states for
(a) NLAV, (b) NLS.

where x̃ = Re(x) and W̃ = Re(z)Re(zT ). Basically, we
first ignore the imaginary part of x and then estimate those
entries of W̃ that can be observed from the given set of
power measurements via solving a linear system of equations.
Note that this is different from DC approximation, because
the real part of the voltage vector is not unity and ignoring
the imaginary part acts as adding a noise to the estimation of
the observed entries of W. Then, we solve (19) to recover
the real part of the voltage vector. Note that corrupted power

measurements affect both diagonal and off-diagonal entries of
{W̃Ω}. To satisfy the assumption we made about the exactness
of voltage magnitude measurements, which corresponds to the
exactness of the diagonal entries of W̃, we corrupt the off-
diagonal entries of {W̃Ω} that are associated with the bad
noisy measurements.

Recall that the second condition in Theorem 1 for perfect
recovery is that the sparsity graph of good data should not be
bipartite. We also assumed that the diagonal entries of W̃ are
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Figure 6: Results of the NLAV state estimator for different values of the maximum voltage angle. (a) θ = 1◦, (b) θ = 3◦, (c)
θ = 5◦, (d) θ = 7◦, (e) θ = 10◦.

known exactly. These entries correspond to self loops in the
sparsity graph of good measurements from W̃. Knowing that
a graph is not bipartite if all nodes have a self loop, the above
condition will be automatically satisfied.

Figure 7 shows the results of this set of analyses on the
IEEE 57-bus system for different values of θ. m is the same
as what defined before, but n = N in these plots, because
only the real part of the voltage vector is being recovered and
hence, the degrees of freedom equals the number of buses.
The success rate of the 50 simulations for each combination
of m/n and various number of bad data is color coded in these
plots. Note that the voltage vector cannot be exactly recovered
when the angles are nonzero. In these simulations, we consider
a successful recovery as the one that the voltage recovery error
is less than or equal to 1e−6. It follows from Figure 7 that
increasing the number of bad data decreases the likelihood
of finding the global solution of (19). Furthermore, we have
perfect recovery for θ ≤ 3◦ when there is no bad data. Even
in presence of a moderate amount of bad data, there is a high
likelihood of accurately recovering the real parts of the com-
plex voltages when the number of redundant measurements
is sufficiently large. However, for θ ≥ 5◦, the success rate
drops to less than 60% even with full measurements and no
bad data. Note that we do not show the results associate with
θ = 0◦ in this figure because, given the voltage magnitude
measurements, the real parts of the states are trivially known
in that case.

D. Larger system

To study a larger system, we perform similar analyses on the
IEEE 300-bus system, but only for θ = 3◦. Figure 8 illustrate
the results that are similar to the 57-bus system and confirms
that the NLAV state estimator may become stuck at spurious
local solutions when it is applied to the complex state recovery
problem. The existence of such spurious local solution is not
related to the location of the non-positive entries of W nor the
amount of redundant measurements. However, increasing the
number of redundant measurements improves the likelihood
of recovering the true solution.

V. SUMMARY AND DISCUSSION

The ease of numerically solving the NLS problem with
smooth and differentiable objective function as well as the
existence of some theoretical guarantees for the high per-
formance of this technique in noiseless scenario have made
the NLS as the common practice in power industry. On the
other hand, the NLAV is not widely used in this application
due to the lack of theoretical guarantees for finding the
global minimizer of its objective function. In the previous
section, we presented the results of a comprehensive empirical
analysis on the performance of the NLAV state estimator
and its comparison with the NLS estimator in the power
systems application. We have also shown, by working on the
theoretical results of the robust matrix completion problems,
that the NLAV suffers from the existence of spurious local
solutions when applied to power system state estimation.
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Figure 7: Results of using the matrix completion approach to recover voltage magnitudes for different values of voltage angle.
(a) θ = 1◦, (b) θ = 3◦, (c) θ = 5◦, (d) θ = 7◦.
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Figure 8: Empirical analyses on the 300-bus system with θ = 3◦. (a) state estimation results through the approach that was
described in section IV-B, (b) recovering the real part of the states via matrix completion formulation as described in section
IV-C.

However, the empirical analysis shows that the likelihood of
becoming stuck in such undesirable solutions is very low if
the number of measurements is relatively high and the initial
point for the local search solver is somewhat close to the
true state of the system. Note that the closeness of the initial
guess is often satisfied under a normal condition if the flat
starting point, i.e. all per unit voltage magnitudes are one and
the angles are zero, is considered. Furthermore, the NLAV
is capable of recovering the true state of the system with
an overwhelming probability in presence of outliers, while
the NLS completely fails to recover the true state in this

scenario. This is particularly important for power system state
estimation, because one main goal of this task is to monitor the
system, which involves detecting topological errors, erroneous
lines, etc. All these events manifest themselves in the form of
outliers in the measurements that can completely corrupt the
results of the NLS. Therefore, the findings of this study can
be used to improve the commonly used methods of control
and monitoring the power grids.
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VI. CONCLUSION

It is known that the LAV estimator outperforms the least-
squares estimator for linear systems in presence of sparse
measurement errors of arbitrary magnitudes. However, the
properties of the NLAV estimator in the nonlinear case are
not known due to the high nonlinearity of the problem and the
non-smoothness of this estimator. In this work, we compare the
performances of the NLAV and NLS for real-world scenarios
by estimating the success rate of these estimators with and
without sparse noise, and by investigating the effect of prior
information and number of measurements on the success rate
of each estimator. We also follow a robust matrix completion
approach to provide necessary conditions for successful re-
covery of NLAV and investigate the effect of deviating from
those conditions.

Our results show that in the absence of noise, if the
number of measurements is above a threshold, the NLS always
recovers the true state of the system. However, such a threshold
does not exist for the NLAV, and this estimator could always
have spurious local solutions even if the full set of power
measurements (all voltage magnitudes and line power flow
measurements) is used. In contrast, the NLS completely fails
to recover the true state when there is sparse noise in the
measurements, while the NLAV recovers the underlying state
with overwhelming probability in both noisy and noiseless
scenarios. It is also showed that to avoid the NLAV estimator
to become stuck in spurious local solutions, the voltage angles
should be small at all buses; otherwise, the landscape of this
estimator has local solutions that are different from the global
solution, regardless of the magnitude of the voltage angles.
However, the probability of recovering the true solution via the
NLAV is significantly large if the measurement redundancy is
large and the initial guess for the solver is relatively close to
the true state.
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