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Convexification of Power Flow Problem over Arbitrary Networks

Ramtin Madani, Javad Lavaei and Ross Baldick

Abstract—Consider an arbitrary power network with PV and
PQ buses, where active powers and voltage magnitudes are
known at PV buses, and active and reactive powers are known
at PQ buses. The classical power flow (PF) problem aims to
find the unknown complex voltages at all buses. This problem
is usually solved approximately through linearization or in an
asymptotic sense using Newton’s method, given that the solution
belongs to a good regime containing voltage vectors with small
angles. The question arises as to whether the PF problem can
be cast as the solution of a convex optimization problem over
that regime. The objective of this paper is to show that the
answer to the above question is affirmative. More precisely,
we propose a class of convex optimization problems with the
property that they all solve the PF problem as long as angles
are small. Each convex problem proposed in this work is in the
form of a semidefinite program (SDP). Associated with each SDP,
we explicitly characterize the set of complex voltages that can
be recovered via that convex problem. Since there are infinitely
many SDP problems, each capable of recovering a potentially
different set of voltages, designing a good SDP problem is cast
as a convex problem.

I. INTRODUCTION

The flows in an electrical grid are described by nonlinear

AC power flow equations. This paper is concerned with the

problem of finding an unknown vector of complex voltages

V ∈ Cn for an n-bus power system to satisfy m quadratic

constraints associated with m known quantities measured or

specified in the network. This general power flow problem can

be formulated as

find V ∈ C
n

subject to 〈VV∗, Mi〉 = Xi, i = 1, . . . , m, (1)

where 〈·, ·〉 represents the Frobenius inner product of ma-

trices, M1, . . . ,Mm’s are certain n × n Hermitian matrices

obtained from the admittance matrix of the power network,

and X1, . . . , Xm represent specified physical quantities such

as the net active power, reactive power or squared voltage

magnitude at a bus or the flow over a line of the network.

Checking the existence of a solution to the quadratic feasibility

problem (1) is NP-hard for both transmission and distribution

networks due to their reduction to the subset sum problem [1],

[2].

Since problem (1) is central to the analysis and operation of

power systems, its high computational complexity motivates

obtaining a tractable formulation of the power flow equations.

Addressing this problem facilitates performing several key
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tasks related to economic dispatch and state estimation for

power networks.

A. Semidefinite Programming Relaxation

To tackle the non-convexity of the feasible set of the power

flow problem, the semidefinite programming (SDP) relaxation

technique could be deployed. By defining W , VV∗, the

quadratic equations in (1) can be linearly formulated in terms

of W. Motivated by this exact linearization, consider the

matrix feasibility problem

find W ∈ H
n
+

subject to 〈W, Mi〉 = Xi, i = 1, . . . , m, (2)

where Hn
+ is the set of n× n Hermitian positive semidefinite

matrices. Solving the non-convex power flow problem (1) is

tantamount to finding a rank-1 solution W for the above

linear matrix inequality (because W could then be decom-

posed as VV∗). The problem (2) is regarded as a convex

relaxation of (1) since it includes no restriction on the rank

of W. Although (1) normally has a finite number of solutions

whenever m ≥ 2n − 1, its SDP relaxation (2) is expected to

have infinitely many solutions because the matrix variable W

includes O(n2) scalar variables as opposed to O(n). However,

under some additional assumptions, it is known in some

applications, such as phase retrieval, that the relaxed problem

would have a unique solution if m ≥ 3n, and that the solution

has automatically rank-1 [3]. In the case where the relaxed

problem does not have a unique solution, the literature of

compressed sensing substantiates that minimizing trace{W}
over the feasible set of (2) may yield a rank-1 matrix W under

strong technical assumptions [4], [3], [5]. The main purpose

of this paper is to study what objective function should be

minimized (instead of trace{W}) to attain a rank-1 solution

for the power problem (2).

The potential of SDP relaxation for finding a global solution

of the optimal power flow problem has been manifested in [6],

with further studies conducted in [7], [8]. In addition, recent

advances in leveraging the sparsity of network graph have

made SDP problems computationally more tractable [9], [10],

[11], [12], [13], [14]. In the case where the SDP relaxation

fails to work, we have developed a graph-theoretic penalized

SDP problem in [15] and [14], which attempts to identify the

problematic lines of the network (sources of non-convexity)

through a graph analysis and then penalize the loss over those

lines in order to find a near-global solution for the optimal

power flow problem. The proposed approach was successful

in finding solutions with global optimality guarantees of at

least 99% for IEEE and Polish test systems.
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B. Classical Power Flow Problem

Let N denote the set of buses of the power network under

study, and let Pk and Qk represent the net active and reactive

power injections at every bus k ∈ N . The complex voltage

phasor at bus k is denoted by Vk , whose magnitude and phase

are shown as |Vk| and ]Vk , respectively. One special case

of (1) is the classical power flow (PF) problem, for which

the number of quadratic constraints (namely m) is equal to

2n − 1. To formulate the problem, three basic types of buses

are considered, depending on the parameters that are known

at each bus:

• PQ bus: Pk and Qk are specified.

• PV bus: Pk and |Vk| are specified.

• The slack bus: |Vk| is specified and ]Vk is set to zero to

serve as the reference for voltage angles.

Each PQ bus represents a load bus or possibly a generator bus,

whereas each PV bus represents a generator bus. Given the

specified parameters at every bus of the network, the classical

PF problem aims to solve the network equations in order to

find an operating point that fits the input values. This problem

has been studied extensively for years, without much success

in designing an advanced computational method that is able to

outperform Newton’s method in polar coordinates [16], [17],

[18].

C. Contributions

This paper is aligned with the recent body of work on

investigating the remarkable promises of SDP relaxations for

power optimization problems. The major strength of Newton’s

method and similar traditional techniques is their local con-

vergence property, meaning that the recovery of a feasible

solution is possible as long as the starting point is sufficiently

close to a solution. The main objective of this paper is to

develop a similar property for the SDP relaxation. We propose

a family of convex optimization problems of the form

minimize
W∈Hn

〈W, M〉 (3a)

subject to 〈W, Mi〉 = Xi, i = 1, . . . , m, (3b)

W � 0, (3c)

where the matrix M ∈ Hn
+ is to be designed. Unlike the

compressing sensing literature that assumes M = I, we aim

for systematically designing M such that the above problem

yields a unique rank-1 solution W from which a feasible

solution for the power flow problem (1) can be recovered.

Notice that the existence of such a rank-1 solution depends in

part on its input specifications (X1, X2, ..., Xm).

Definition 1. It is said that the SDP problem (3) solves

the nonlinear power flow problem (1) for the input

(X1, X2, ..., Xm) if (3) has a unique rank-1 solution. Given

M ∈ Hn, define MX(M) ⊆ Rm as the set of all specification

vectors (X1, ..., Xm) for which the SDP problem (3) solves the

nonlinear power flow problem (1).

Definition 2. Given M ∈ Hn, a voltage vector V is said be

recoverable if W = VV∗ is a solution of the SDP problem

(3) for some (X1, ..., Xm) in MX(M). Define MV (M) as

the set of all recoverable vectors V.

Note that the SDP problem (3) can be used to find a

solution of the nonlinear power flow problem (1) if and only

if the provided specification set (X1, X2, ..., Xm) belongs to

MX(M). In addition, the set MV (M) is indeed the collection

of all possible operating points V that can be found through (3)

associated with different values of (X1, X2, ..., Xm). It is

desirable to find out whether there exists a matrix M for which

the recoverable region MV (M) covers a large subset of Cn,

that is relative to the practical solutions of power flow problem.

Addressing this problem is central to this paper.

Our first contribution is related to the classical power flow

problem. We aim to prove that if the matrix M satisfies the

three properties

• M � 0,

• 0 is a simple eigenvalue of M,

• The all-ones vector 1n belongs to the null space of M,

then the region MV (M) contains the nominal point

(1, 1, ..., 1) and a ball around it. In other words, as long as

the specifications X1, . . . , X2n−1 correspond to a vector of

voltages with small angles, the exact recovery of the solution

is guaranteed through the proposed SDP problem, without

requiring any assumption on the network topology whatsoever.

This implies that although the DC model can be used to find

an approximate solution around the nominal point, the SDP

relaxation would find an exact solution.

It is desirable to find a matrix M for which the recoverable

set MV (M) is as large as possible with respect to some

meaningful measure. This design problem is cumbersome due

to the non-convexity of MV (M). However, we show that the

problem of designing a matrix M for which MV (M) contains

a pre-specified set of voltage vectors V’s can be cast as a

convex program.

Although we develop our results in the context of the

classical PF problem, they all hold in the case where m >
2n− 1, corresponding to redundant specifications. In fact, the

proposed approach is flexible in terms of the choice for the

types and number of equations, which makes is adoptable for

the specification problem. We will demonstrate in simulations

that whenever extra equations are available (i.e., m > 2n−1),

the search for a feasible vector of voltages for problem (1) is

more likely to be successful via the convex program (3).

D. Notations

The symbols R and C denote the sets of real and complex

numbers, respectively. Sn denotes the space of n × n real

symmetric matrices and Hn denotes the space of n × n
complex Hermitian matrices. Re{·}, Im{·}, rank{·}, trace{·},

and det{·} denote the real part, imaginary part, rank, trace,

and determinant of a given scalar/matrix. diag{·} denotes the

vector of diagonal entries of a matrix. ‖ · ‖F denotes the

Frobenius norm of a matrix. Matrices are shown by capital

and bold letters. The symbols (·)T and (·)∗ denote transpose

and conjugate transpose, respectively. Also, “i” is reserved

to denote the imaginary unit. The notation 〈A, B〉 represents

trace{A∗B}, which is the inner product of A and B. The
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notations ]x and |x| denote the angle and magnitude of a

complex number x. The notation W � 0 means that W is

a Hermitian and positive semidefinite matrix. Also W � 0
means that it is Hermitian and positive definite. The (i, j) entry

of W is denoted as Wij . 0n and 1n denote the n× 1 vectors

of zeros and ones, respectively. 0m×n denotes the m×n zero

matrix and In×n is the n×n identity matrix. The notation |X |
denotes the cardinality of a set X . For an m×n matrix W, the

notation W[X ,Y] denotes the submatrix of W whose rows

and columns are chosen form X and Y , respectively, for given

index sets X ⊆ {1, . . . , m} and Y ⊆ {1, . . . , n}. Similarly,

W[X ] denotes the submatrix of W induced by those rows of

W indexed by X . The interior of a set D ∈ Cn is denoted as

int{D}.

II. PRELIMINARIES

Define P = [P1 P2 · · · Pn]T and Q = [Q1 Q2 · · · Qn]T as

the vectors containing net injected active and reactive powers,

respectively. Define also P, Q and V as the sets of buses for

which active powers, reactive powers and voltage magnitudes

are known, respectively. Let O denote the set of all buses

except the slack bus. The admittance matrix of the network is

denoted as Y = G+Bi, where G and B are the conductance

and susceptance matrices, respectively. Although the results to

be developed in this paper hold for a general matrix Y, we

make a few assumptions to streamline the presentation:

• The network is a connected graph.

• Every line of the network consists of a series impedance

with nonnegative resistance and inductance.

• The shunt elements are ignored for simplicity in studying

the observability of the network, which ensures that

Y × 1n = 0n. (4)

The following lemma reveals an interesting property of the

matrix B, which will later be used in the paper.

Lemma 1. For every N ′ ⊆ N , we have

B[N ′,N ′] � 0 (5)

and B[N ′,N ′] is singular if and only if N ′ = N .

Proof. B is symmetric and according to (4), we have B1n =
0n and since every off-diagonal entry of B is nonnegative, we

have

−Bkk =
∑

k 6=l

Bkl ⇒ −Bkk ≥
∑

k 6=l

|Bkl| (6)

for every k ∈ {1, . . . , n}. Therefore −B is diagonally domi-

nant and positive semidefinite and (5) holds for every principal

submatrix of B.

Since the network is connected by assumption and every

entry of B corresponding to an existing line of the network is

positive, it follows from the Weighted Matrix-Tree Theorem

[19] that if |N ′| = n − 1, then det{B[N ′,N ′]} 6= 0 and

consequently B[N ′,N ′] ≺ 0. In addition, if |N ′| < n − 1,

there exists a set N ′′ ⊂ N such that N ′ ⊂ N ′′ and |N ′′| =
n − 1. According to the Cauchy Interlacing Theorem, every

eigenvalue of B[N ′,N ′] is less than or equal to the largest

eigenvalue of B[N ′′,N ′′], which implies that B[N ′,N ′] is

non-singular.

Recall that the power balance equations can be expressed as

P + iQ = diag{VV∗Y∗}. (7)

Hence, the SDP program (3) associated with the classical PF

problem can be written as

minimize
W∈Hn

〈W, M〉 (8a)

subject to 〈W, Ek〉 = |Vk|2, k ∈ V (8b)

〈W, YQ;k〉 = Qk, k ∈ Q (8c)

〈W, YP ;k〉 = Pk, k ∈ P (8d)

W � 0 (8e)

where

Ek , eke∗k

YQ;k ,
1

2i
(Y∗

keke∗k − eke∗kY)

YP ;k ,
1

2
(Y∗eke∗k + eke∗kY)

and e1, . . . , en denote the standard basis vectors in Rn. The

problem (8) is in the canonical form (3) after noticing that

• M1, M2, ...,Mm correspond to the m matrices E1, E2,
..., E|V|, YQ;1, YQ;2..., YQ;|Q| and YP ;1, YP ;2, ...,
YP ;|P| .

• The specifications X1, X2, ..., Xn correspond to |Vk|2’s,

Qk’s, and Pk’s.

Since the voltage angle at the slack bus is set to zero, the

operating point of the power system can be characterized in

terms of the real-valued vector

V ,
[
Re{V[N ]T} Im{V[O]T}

]T ∈ R
2n−1.

Definition 3. Define the function s(V) : R2n−1 → Rm as the

mapping from the state of the power network V to the vector

of specifications X. The i-th component of s(V) is given by

si(V) = 〈VV∗, Mi〉, i = 1, . . . , m.

Define also the sensitivity matrix Js(V) ∈ Rm×(2n−1) as the

Jacobian of s(V) at point V, which is equal to

Js(V) = 2
[
M1 V M2 V . . . Mm V

]

where

Mi ,

[
Re{Mi[N ,N ]} −Im{Mi[N ,O]}
Im{Mi[O,N ]} Re{Mi[O,O]}

]

for every i = 1, . . . , m.

III. MAIN RESULTS

With no loss of generality, we focus on the classical PF

problem in this section. Therefore, we assume that P is the

union of PQ and PV buses, Q is the set of PQ buses, and V
consists of all PV buses as well as the slack bus. Recall that

m is equal to 2n − 1 for the classical PF problem.
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A. Invertibility

The point V = 1n (associated with V = 1n) is often

regarded as a convenient state for linearization of the power

network. According to the inverse function theorem, the invert-

ibility of Js(1n) guarantees that the inverse of the function

s(V) exists in a neighborhood of the point 1n. Similarly,

it follows from Kantorovich Theorem that, under the same

invertibility assumption, the power flow problem (1) can be

solved using Newton’s method by starting from the initial point

1n, provided that there exists a solution sufficiently close to

this point. The invertibility of Js(1n) is beneficial not only for

Newton’s method but also for the SDP problem. This condition

will be explored below.

Lemma 2. The matrix Js(1n) is non-singular.

Proof. It is straightforward to verify that

Js(1n) =

[
2In×n[N ,V] B[N ,Q] G[N ,P]
0(n−1)×mV

−G[P,Q] B[P,P]

]
.

By Gaussian elimination, Js(1n) reduces to the matrix

S ,

[
B[Q,Q] G[Q,P]
−G[P,Q] B[P,P]

]
.

Hence, it suffices to prove that S is not singular. To this end,

one can write

det{S} = det{S1}det{S2},
where S1 , B[P,P] and S2 is the Schur complement of S1

in S, i.e.,

S2 , B[Q,Q] + G[Q,P]B[P,P]−1G[P,Q].

On the other hand, S1 and S2 are both symmetric, and in

addition Lemma 1 yields that S1 ≺ 0 and B[Q,Q] ≺ 0. This

implies that S2 ≺ 0 according to the above equation, which

leads to the relation det{S} 6= 0.

Remark 1. It is straightforward to verify that Lemma 2 is

true for arbitrary networks with shunt elements as long as the

matrix Y is generic. In other words, if Js(1n) is singular for

an arbitrary power network, an infinitesimal perturbation of

the susceptance values of the existing lines makes the resulting

Js(1n) non-singular.

Definition 4. Define J as the set of all voltage vectors V for

which Js(Vn) is non-singular.

B. Region of Recoverable Voltages

Given a matrix M, we intend to characterize MV (M), i.e.,

the set of all voltage vectors that can be recovered using the

convex problem (3). In what follows, we first explain the main

results of this work and then prove them in Subsection III-C.

Definition 5. For every vector V ∈ J , define

Λ(V, M) , −2Js(V)−1MV (9)

where

M =

[
Re{M[N ,N ]} −Im{M[N ,O]}
Im{M[O,N ]} Re{M[O,O]}

]
.

Define also

f(V, M) , M +

2n−1∑

i=1

Λi(V, M)Mi,

where Λi(V, M) denotes the ith entry of Λ(V, M).

Definition 6. For every ε ≥ 0, define Dε as the set of all

positive semidefinite Hermitian matrices whose sum of two

smallest eigenvalues is greater than ε. Also, denote D0 as D.

Since the sum of the two smallest eigenvalues of a Hermi-

tian matrix variable is a concave function of that matrix, the

set D is convex. The first result of this work will be provided

below.

Theorem 1. The interior of the set MV (M) can be charac-

terized as

int{MV (M)} ∩ J = {V ∈ J | f(V, M) ∈ D}. (10)

The above theorem offers a nonlinear matrix inequality

to characterize the interior of the set of recoverable voltage

vectors, except for a subset of measure zero of this interior

at which the Jacobian of s(V) loses rank. A question arises

as to whether this interior is non-empty. This problem will be

addressed next.

Assumption 1. The matrix M satisfies the following proper-

ties:

• M � 0
• 0 is a simple eigenvalue of M

• The vector 1n belongs to the null space of M.

Theorem 2. Consider an arbitrary matrix M satisfying the

Assumption 1. The region MV (M) has a non-empty interior

containing the point 1n.

Due to (4), if M is chosen as Y∗Y, it will satisfy the

Assumption 1. In that case, the objective of the convex

problem (3) corresponds to |I1|2+ |I2|2+ · · ·+ |In|2, where Ik

denotes the current at bus k. In that case, Theorem 2 states that

as long as the voltage angles are small enough, a solution of

the PF problem can be recovered exactly by means of an SDP

relaxation whose objective function reflects the minimization

of nodal currents.

There are infinitely many M’s satisfying the Assumption

1, each resulting in a potentially different recoverable set

MV (M). To find the best M , one can search for a set

MV (M) with the maximum volume or containing the largest

ball. However, these problems are indeed hard to solve due to

the non-convexity of MV (M). Another approach for seeking

a good M is to first choose a set of voltage vectors scattered

in Cn and then find a matrix M (if any) whose recoverable

set MV (M) contains all these points. It turns out that this

design problem is in fact convex.

Theorem 3. Given r arbitrary points V̂1, V̂2, . . . , V̂r ∈ J ,
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consider the problem

find M ∈ H
n (11a)

subject to f(V̂l , M) ∈ Dε, l = 1, 2, . . . , r (11b)

M ∈ Dε (11c)

M × 1n = 0n (11d)

where ε > 0 is an arbitrary constant. The following statements

hold:

i) The feasibility problem (11) is convex.

ii) There exists a matrix M satisfying the Assumption 1 such

that the associated recoverable set MV (M) contains

V̂1, V̂2, . . . , V̂r and a ball around each of these points

if and only if the convex problem (11) has a solution M.

C. Proofs

In this part, we will prove Theorems 1, 2 and 3. To this

end, it is useful to derive the dual of (3). This problem can be

stated as

minimize
L∈R2n−1

XTL (12a)

subject to M +

2n−1∑

i=1

LiMi � 0 (12b)

where the dual variable L is the vector of all Lagrange

multipliers L1, ..., L2n−1, and X = [X1 X2 · · · Xm]T . For

every L ∈ R2n−1, define

A(L) = M +

2n−1∑

i=1

LiMi. (13)

We need to develop three lemmas before proving Theo-

rem 1.

Lemma 3. Consider two arbitrary vectors V ∈ J and L ∈
R2n−1. The relation

A(L)V = 0 (14)

holds if and only if L = Λ(V, M).

Proof. Equation (14) can be rearranged as
[
M1 V M2 V . . . M2n−1 V

]
L = −MV. (15)

Hence, due to the invertiblity of Js(V) and Definition 5,

Λ(V, M) is the unique solution of (15).

The following Lemma studies the recoverability of a voltage

vector V via the convex problem (3).

Lemma 4. Assume that V is a feasible solution of the power

flow problem (1) such that Js(V) is invertible. Then, strong

duality holds between the primal problem (3) and the dual

problem (12). In addition, the following two statements are

equivalent:

i) VV∗ is an optimal solution for the primal problem (3).

ii) Λ(V, M) is a feasible point for the dual problem (12).

Proof. By assumption, the matrix VV∗ is a feasible point for

the problem (3). In order to show the strong duality, it suffices

to build a strictly feasible point L̃ for the dual problem. To this

end, we set the Lagrange multipliers corresponding to active

power, reactive power and voltage magnitude specifications

equal to 0, −1, and a constant c, respectively. Then, one can

write

A(L̃)[Q,Q] = −B[Q,Q] (16)

A(L̃)[V,V] = c I|V|×|V| (17)

(recall that A(L̃)[Q,Q] denotes a submatrix of A(L̃) induced

by the index set Q). Since V ∪Q = N and V has at least one

member (the slack bus), B[Q,Q] is negative definite according

to Lemma 1. Now, the strict positive definiteness of A(L̃) can

be ensured by choosing a sufficiently large c.

(i) ⇒ (ii): Due to strong duality, if VV∗ is primal optimal,

there exists a vector L′ ∈ R2n−1 that is dual feasible:

A(L′) � 0 (18)

and satisfies the complementary slackness:

〈VV∗, A(L′)〉 = 0. (19)

Hence,

〈VV∗, A(L′)〉 = trace {VV∗A(L′)} = V∗A(L′)V = 0.

It follows from this equation and (18) that A(L′)V = 0.

The, according to Lemma 3, we have L′ = Λ(V, M), which

implies that Λ(V, M) is dual feasible.

(ii) ⇒ (i): It is shown in Lemma 3 that A(Λ(V, M))V =
0. Therefore,

〈VV∗, A(Λ(V, M))〉 = 0.

As a result, Λ(V, M) acts as a dual certificate for the

optimality of VV∗.

Lemma 5. Suppose that zero and δ > 0 are the two smallest

eigenvalues of an m × m matrix A1 ∈ D. Then, for every

matrix A2 ∈ Hm with 0 as its eigenvalue, the relation A2 ∈ D
holds if ‖A1 −A2‖F <

√
δ.

Proof. Let Q∆Q∗ denote the eigenvalue decomposition of A1

such that ∆mm = 0. One can decompose ∆ and A2 as

∆ =

[
∆1 0

0 0

]
and Q∗A2Q =

[
∆2 u

u∗ u

]
, (20)

for some matrices ∆1, ∆2 ∈ Hm−1, u ∈ Cm−1 and u ∈ R.

Then, for every vector x ∈ Cm−1 of length 1, one can write

x∗∆2x = x∗∆1x − x∗(∆1 − ∆2)x (21)

≥ δ − ‖∆1 − ∆2‖2
F (22)

≥ δ − ‖A1 − A2‖2
F > 0 (23)

It can be concluded from the above equation that ∆2 � 0. On

the other hand, according to Schur complement, we have

0 = det{A2} = det{∆2} × det{u − u∗∆−1
2 u}, (24)

which implies that u−u∗∆−1
2 u = 0. Using Schur complement

once more, it can be concluded that A2 � 0. Moreover,

rank{A2} = rank{∆2} + rank{u − u∗∆−1
2 u} = n − 1,
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implying that A2 ∈ D.

Proof of Theorem 1: We first need to show that {V ∈
J | f(V, M) ∈ D} is an open set. Consider a vector V

such that f(V, M) ∈ D and let δ denote the second smallest

eigenvalue of f(V, M). Due to the continuity of det{Js(·)}
and f(·, M), there exists a neighborhood B ∈ Cn around V

such that for every V′ within this neighborhood, f(V′, M) is

well defined (i.e., V′ ∈ J ) and

‖f(V′, M) − f(V, M)‖F <
√

δ. (25)

Hence, according to Lemma 5, we have f(V′, M) ∈ D for

every V′ ∈ B. This proves that {V ∈ J | f(V, M) ∈ D} is

an open set.

Now, consider a vector V ∈ J such that f(V, M) ∈ D. The

objective is to show that V ∈ int{MV (M)}. Notice that since

f(V, M) is assumed to be in the set D, the vector Λ(V, M) is

a feasible point for the dual problem (12). Therefore, it follows

from Lemma 4 that the matrix VV∗ is an optimal solution for

the primal problem (3). In addition, every solution W must

satisfy

〈f(V, M), W〉 = 0. (26)

According to Lemma 3, V is an eigenvector of f(V, M) cor-

responding to the eigenvalue 0. Therefore, since f(V, M) � 0
and rank{f(V, M)} = n − 1, every positive semidefinite

matrix W satisfying (26) is equal to cVV∗ for a nonnegative

constant c. This concludes that VV∗ is the unique solution

to (3), and therefore V belongs to MV (M). Since {V ∈
J | f(V, M) ∈ D} is shown to be an open set, the above

result can be translated as

{V ∈ J | f(V, M) ∈ D} ⊆ int{MV (M)} ∩ J . (27)

In order to complete the proof, it is requited to show that

int{MV (M)} ∩ J is a subset of {V ∈ J | f(V, M) ∈ D}.

To this end, consider a vector V ∈ int{MV (M)} ∩ J . This

means that VV∗ is a solution to (3), and therefore f(V, M) �
0, due to Lemma 4. To prove the aforementioned inclusion by

contradiction, suppose that f(V, M) /∈ D, implying that 0 is

an eigenvalue of f(V, M) with multiplicity at least 2. Let U

denote a second eigenvector corresponding to the eigenvalue 0
such that V∗U = 0. Since Js(V) 6= 0, in light of the inverse

function theorem, there exists a constant ε0 > 0 with the

property that for every ε ∈ [0, ε0], there is a vector Tε ∈ Cn

satisfying the relation

s(Tε) = s(V) + εs(U) (28)

where the function s(·) is defined in Definition 3. This means

that the rank-2 matrix

W = VV∗ + εUU∗ (29)

is a solution to the problem (3) associated with the dual

certificate Λ(V, M), and therefore Tε /∈ MV (M). This

contradicts the previous assumption that V ∈ int{MV (M)}.

Therefore, we have f(V, M) ∈ D, which completes the

proof. �

Proof of Theorem 2: It can be inferred from Lemma 2 that

1n ∈ J . On the other hand, since M× 1n = 0, we have

Λ(1n, M) = 02n−1, (30)

which concludes that

f(1n , M) = M ∈ D. (31)

Therefore, it follows from Theorem 1 that 1n ∈
int{MV (M)}. �

Proof of Theorem 3: Part (i) is proved by noting that the

sum of the two smallest eigenvalues of a matrix is a concave

function and that f(V̂l , M) is a linear function with respect

to M.

Part (ii) follows immediately from Theorems 1 and 2. �

IV. ILLUSTRATIVE EXAMPLES

Example 1: Consider a 3-bus power network with the line

admittances
y12 = −2i,

y13 = −1i,

y23 = −3i.

(32)

Assume that the voltage magnitudes are all equal to 1, and that

the active powers P1, P2, P3 are all given. The PF problem

aims to find the complex voltage vector V. To this end, let V

be parameterized as

V =
[

1 e−θ2i e−θ3i
]∗

, (33)

where θ2, θ3 ∈ [−180◦, 180◦]. Consider the convex prob-

lem (3) with M equal to Y∗Y. This optimization solves the

PF problem exactly if and only if (θ2, θ3) belongs to the

region depicted in Figure 1(a). Alternatively, the above convex

optimization finds a solution of the PF problem if and only

if (P1, P2) is contained in the region provided in Figure 1(b).

On the other hand, the set of all feasible vectors (P1, P2) for

the power network specified by (32) is drawn in Figure 1(c).

By comparing Figures 1(b) and 1(c), it can be concluded

that the convex optimization (3) finds a solution of PF for

every feasible vector (P1, P2, P3) (note that P3 = −P1 −P2).

However, the reason why the angle region in Figure 1(a) is not

the entire box [−180, 180]×[−180, 180] is that some instances

of the PF problem have multiple solutions (multiple values for

the pair (θ2, θ3)) and the proposed convex optimization finds

just one of those solutions.

Example 2: This example is similar to Example 1 with

the only difference that y12 is changed to 2i. The outcomes

are plotted in Figure 2. It can be seen in Fig 2(a) that the

set of values for (θ2 , θ3) that can be successfully recovered

by the convex optimization (3) is connected but non-convex.

Although this non-convexity is observed here for a non-

realistic (negative) line impedance in a 3-bus network, the

same phenomenon occurs for larger networks with legitimate

positive inductances.

Example 3: This example is similar to Example 1 with the

only difference that y23 is changed to 4i. The outcomes are

plotted in Figure 3. It can be seen in Fig 3(a) that the set of
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(a) (b) (c)

Fig. 1: These plots show the outcome of the convex problem (3) for Example 1. (a): the angle region that can be recovered via

problem (3), (b): the power region that can be recovered via problem (3), (c): the entire feasible power region for the 3-bus

system.

(a) (b) (c)

Fig. 2: These plots show the outcome of the convex problem (3) for Example 2. (a): the angle region that can be recovered

via problem (3), (b): the power region for which problem (3), (c): the entire power region for the 3-bus system.

(a) (b) (c)

Fig. 3: These plots show the outcome of the convex problem (3) for Example 3. (a): the angle region that can be recovered via

problem (3), (b): the power region that can be recovered via problem (3), (c): the entire feasible power region for the 3-bus

system.

values for (θ2, θ3) that can be successfully recovered by the

convex optimization (3) is disconnected.

V. SIMULATION RESULTS

In order to evaluate the performance of the SDP relaxation

for the PF problem, we perform numerical simulations on the

IEEE 9-bus, New England 39-bus, and IEEE 57-bus systems

[20]. Three recovery methods are considered for each test case:

1) Newton’s method: We evaluate the probability of con-

vergence for Newton’s method in polar coordinates for

the classical PF problem with 2n − 1 specifications,

where the starting point is Vk = 1∠0◦ for every k ∈ N .

2) SDP relaxation: The probability of obtaining a rank-1

solution for the SDP relaxation (3) with M = Y∗Y

is evaluated, where the same set of specifications as in

Newton’s method is used.

3) SDP relaxation with extra specifications: The prob-

ability of obtaining a rank-1 solution for the SDP

relaxation (3) with M = Y∗Y is evaluated, under extra

specifications compared to the classical PF problem. It

is assumed that active powers are measured at PV and

PQ buses, reactive powers are measured at PQ buses,

and voltages magnitudes are measured at all buses (as

opposed to only PV and slack buses).

For different values of θ, we generated 500 specification sets

(X1, ..., Xm) by randomly choosing voltage vectors whose

magnitudes and phases are uniformly drawn from the intervals

[0.9, 1.1] and [−θ, θ], respectively. We then exploited each
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Fig. 4: These plots show the probability of success for Newton’s method, SDP relaxation, and SDP relaxation with extra

specifications for (a): IEEE 9-bus system, (b): New England 39-bus system, and (c): IEEE 57-bus system.

of the three above methods to find a feasible voltage vector

associated with each specification set. The results are depicted

in Figure 4.

VI. CONCLUSION

In this paper, the classical power flow (PF) problem is

studied by means of a semidefinite programming (SDP) relax-

ation. The proposed method is based on lifting the nonlinear

equations to a higher dimension, where the equations can be

cast linearly in terms of a positive semidefinite and rank-one

matrix variable. This leads to a family of convex optimization

problems, each in the form of a semidefinite program with a

linear objective function that captures the rank-one constraint

as a proxy. The proposed convex optimization problems are

guaranteed to solve the PF problem if the voltage angles are

small. The region of complex voltages that can be recovered

through each problem is characterized by a nonlinear matrix

inequality. Moreover, the problem of finding a convenient

objective function for SDP that can recover a given set of

voltage vectors and a neighborhood around each vector can

itself be cast as a convex problem. The simulation results show

the superiority of the proposed method over the traditional

Newton’s method.
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