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Abstract. The NP-hardness of the optimal decentralized control (ODC) problem is reflected4
in the properties of its feasible set. We study the complexity of the ODC problem through an5
analysis of the set of stabilizing static decentralized controllers, and show that there is no polynomial6
upper bound on its number of connected components. In particular, it is proved that this number7
is exponential in the order of the system for a class of problems. Since every point in each of these8
components is the unique solution of the ODC problem for some quadratic objective functional, the9
results of this work imply that, without prior knowledge for initialization, local search algorithms10
cannot solve the ODC problem to global optimality for all decentralized control structures. In an11
effort to understand the connection between the geometric properties of the feasible set of the ODC12
problem and the control structure, we further identify decentralized structures that admit tractable13
connectivity properties, using a combination of the Routh-Hurwitz criterion and Lyapunov stability14
theory.15
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1. Introduction. Classical state-space solutions to optimal centralized control19

problems do not scale well as the dimension increases [11]. Moreover, structural20

constraints such as locality and delay are ubiquitous in real-world controllers. The21

optimal decentralized control problem (ODC) has been proposed in the literature to22

bridge this gap. The model has found wide applications in electric power systems and23

robotics [28, 10, 35, 27]. On the one hand, ODC can have nonlinear optimal solutions24

even for linear systems and is NP-hard in the worst case [39, 6]. On the other hand,25

the existence of dynamic structured feedback laws is completely captured by the26

notion of fixed modes [33], and several works have discovered structural conditions27

on the system and/or the controller under which the ODC problem admits tractable28

solutions. The conditions include spatially invariance [2], partially nestedness [32],29

positiveness [31], and quadratic invariance [23]. More recently, the System Level30

Approach [36] has convexified structural constraints at the expense of working with a31

series of impulse response matrices. Promising approximation [13, 1, 26] and convex32

relaxation techniques [34, 8, 15, 9] also exist in the literature.33

A recent line of research, initiated in the machine learning community, suggests34

using nonlinear programming methods based on local search for the optimal control35

problems [14]. These methods have been applied to instances of ODC to obtain ap-36

proximate solutions [37] and to promote sparsity in controllers [24]. Local search37

methods are well-studied for convex problems, and they normally come with optimal-38

ity guarantees [8]. However, when the problem is non-convex, these methods may39

converge to a saddle point or to a local minimum [5]. Local search algorithms are40

effective: (i) when they are initialized at a point close enough to the optimal solution,41

or (ii) when there is no spurious local optimum and it is possible to escape saddle42

points [17, 21, 40, 20]. These conditions are not evidently verifiable for ODC and the43

∗A preliminary version of this paper has been submitted to 2019 American Control Conference,
Philadelphia, USA, July 10-12, 2019

Funding: This work is supported by grants from ONR, DARPA, AFOSR, and ARO.
†Department of Industrial Engineering and Operations Research, University of California, Berke-

ley, CA 94720 (han feng@berkeley.edu, lavaei@berkeley.edu).

1

This manuscript is for review purposes only.

mailto:han\protect _feng@berkeley.edu
mailto:lavaei@berkeley.edu


2 H. FENG AND J. LAVAEI

question whether local search is effective for ODC remains unanswered.44

This paper shows that the chances of success for the global convergence of local45

search methods applied to a general ODC problem are theoretically slim. Specifically,46

we prove that the feasible set of the ODC problem in the static case, which includes47

all structured static controllers that stabilize the system, can be not only non-convex48

but also disconnected where the number of connected components grows exponen-49

tially in the order of the system. Since any point in the feasible set is the unique50

globally optimal solution of ODC for some quadratic objective functional, this result51

implies that no reformulation of the problem with a smooth change of variables could52

convexify the problem. Moreover, if one seeks to solve a hard instance of the ODC53

problem through local search, the algorithm needs to be initialized an exponential54

number of times unless some prior information about the location of the solution is55

available in order to start in the correct connected component. This result contrasts56

with the recent findings in [14] and qualifies the applicability of local search methods57

in optimal control problems.58

Although the number of connected components is shown to be exponential in59

this work, we also demonstrate that favorably structured systems can have a single60

connected component. In particular, it is proved that the set of static stabilizing61

controllers is connected for damped systems no matter what the control structure is.62

Moreover, a bound on the number of connected components is provided in the scalar63

case. For block structured systems with a sufficient number of free elements, we64

develop a series of equivalence relations that describe the exact number of connected65

components of structured stable matrices.66

This work is related to several papers in the literature. The set of stabilizing67

controllers has been studied from many angles. The work [30] parametrizes the68

set of stable state-feedback controllers under no structural constraints. The paper69

[29] studies the connectivity of stable linear systems and concludes that single-input70

single-output systems of order n have at most n + 1 connected components, while71

stable multi-input multi-output systems have only one connected component. The72

work [3] investigates what types of sparse patterns can sustain stable dynamics using73

graph theory. For systems with a few parameters, the number of stability regions74

can be bounded by the number of root-invariant regions using the D-decomposition75

method [18, 19]. However, the connectivity of decentralized stabilizing controllers,76

especially for multi-input multi-output systems, lacks a systematic study.77

The remainder of this paper is organized as follows. Notations and problem78

formulations are given in Section 2. We derive elementary connectivity properties79

of the set of stabilizing controllers and bound the number of connected components80

for scalar controllers in Section 3. Section 4 examines a subclass of decentralized81

control problems for which the number of connected components is exponential, and82

discusses the implications of this result on the number of locally optimal solutions of83

ODC. Section 5 extends the result to a board class of controllers with a tri-diagonal-84

containing structure and shows that the set of stabilizing controllers with a bounded85

norm has an exponential number of connected components. Section 6 proves that86

highly damped systems admit a connected set of decentralized controllers. The section87

further discusses how this property could be used to approximate the solution of the88

ODC problem. Section 7 describes the connectivity properties of structured stable89

matrices with zero blocks. Concluding remarks are drawn in Section 8.90
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CONNECTIVITY PROPERTIES OF STATIC DECENTRALIZED CONTROLLERS 3

2. Problem Formulation. Consider the linear time-invariant system91

ẋ(t) = Ax(t) +Bu(t),92

y(t) = Cx(t),9394

where A ∈ Rn×n, B ∈ Rn×m and C ∈ Rp×n are real matrices of compatible sizes. The95

vector x(t) is the state of the system and y(t) is the output. We focus on the static96

case, where the control input u(t) is to be determined via a static output-feedback97

law u(t) = Ky(t) with the gain K ∈ Rm×p such that some measure of performance is98

optimized. Since the analysis to follow is on the feasible set, the initial state (being99

deterministic or stochastic) and the objective function (being quadratic or some other100

function of the system’s signals) are unimportant. With no loss of generality, we101

assume that the initial state x(0) = x0 is normally distributed with zero mean and102

unit variance. The quadratic performance measure is defined by103

Jλ(K) = E
∫ ∞

0

e−λt
[
x>(t)Qx(t) + 2x>(t)Du(t) + u>(t)Ru(t)

]
dt(2.1)104

105

where the matrix L =
[ Q D

D> R

]
is positive semi-definite and R is positive definite. We106

use the notations L � 0 and R � 0 to denote positive semi-definiteness and positive107

definiteness, respectively. The discount factor λ ≥ 0. The expectation is taken over108

x0. The closed-loop system is109

ẋ(t) = (A+BKC)x(t).110111

A matrix is stable, or equivalently Hurwitz, if all its eigenvalues lie in the open left112

half plane. K is said to stabilize the system if A + BKC is stable. All the matrices113

considered in this work are real-valued unless otherwise noted. The objective is to114

study the set of structured stabilizing controllers115

KS = {K : A+BKC is stable,K ∈ S},(2.2)116117

where S ⊆ Rm×p is a linear subspace of matrices, often specified by fixing certain118

entries of the matrix to zero. Decentralized and distributed controllers could be119

specified by the set S with a prescribed sparsity pattern. The set of sparse stable120

matrices121

AT = {A : A stable and A ∈ T }(2.3)122123

is a special case of (2.2), where T ⊆ Rn×n is a linear subspace of matrices. When T124

is a linear subspace of sparse matrices, we represent T with a sparsity pattern where125

∗ denotes the positions of entries that can be non-zero. As an example, the set of126

tri-diagonal matrices can be represented by the following sparsity pattern:127 

∗ ∗ 0 · · · · · · 0

∗ ∗ ∗
. . .

...

0 ∗ ∗
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . . ∗
0 · · · · · · 0 ∗ ∗


.128

129
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4 H. FENG AND J. LAVAEI

Let IT ∈ T denote the indicator of the sparsity pattern of T so that IT has an entry 1130

at all positions of T that can be nonzero and 0 otherwise. The connectivity properties131

of KS and AT will be studied under Euclidean topology. We use ∂KS to denote the132

boundary of the set KS . The notation diag(a1, . . . , an) denotes the n-by-n diagonal133

matrix with diagonal entries a1, . . . , an. We write tr(A) for the trace of the matrix A134

and ‖A‖2 for the 2-norm of A. The notation E[X|Y ] denotes the expectation of the135

random variable X conditioned on the random variable Y .136

Geometrically, the set of stable matrices is an open non-convex cone with the137

origin removed. The sets KS and AT are obtained by slicing this open cone of stable138

matrices along an affine subspace and a linear subspace, respectively. The slicing139

affects the number of connected components for each of these sets and thereby reflects140

the tractability of the optimal decentralized control problem.141

3. Connectivity Properties in Special Cases. In this section, we prove142

global geometric properties of the stabilizing set KS for certain choices of B,C and S143

using elementary arguments.144

The stability of matrices can be characterized in different ways. Lyapunov’s145

characterization [12, §4.1] states that a matrix M is stable if and only if there is a146

solution P � 0 to the equation MP +PM>+ I = 0. The Routh-Hurwitz criterion [4,147

§11.17] states that a matrix is stable if and only if the coefficients of its characteristic148

polynomial satisfy a set of polynomial inequalities. These basic techniques allow us149

to study the stabilizing set K when there are no structural constraints and full state150

measurements.151

Lemma 3.1. Assume that S = Rm×p and C = I. The set KS is connected, but152

generally non-convex.153

Proof. Observe that KS is the continuous image of the set154

H = {(R,P ) : AP +BR+ PA> +R>B> = −I, P � 0}155

through the map (R,P )→ RP−1. Moreover, H is connected since it is the intersection156

of a linear space and a convex cone. The map is well-defined as P is positive definite;157

it is also surjective from the Lyapunov’s characterization: whenever A+BK is stable,158

there is a matrix P � 0 such that (A + BK)P + P (A + BK)> = −I and the tuple159

(R,P ) can be mapped to the desired K under the formula KP = R.160

To show that KS is generally non-convex, consider the second-order system161

A =

[
0 1
−a0 −a1

]
, B =

[
0 b0
1 b1

]
,K =

[
k11 k12

k21 k22

]
162
163

where A and the first column of B are in the canonical form to ensure controllability.164

The closed-loop matrix is equal to165

A+BK =

[
b0k21 1 + b0k22

−a0 + k11 + b1k21 −a1 + k12 + b1k22

]
.166

167

To analyze the stability, we use the Routh-Hurwitz criterion and write168

KS = {K : tr(A+BK) < 0,det(A+BK) > 0}.169

Notice that KS is not convex in general since its intersection with the lower dimen-170

sional subspace k21 = 0 is given by171 {
K =

[
k11 k12

k21 k22

]
: −a1 + k12 + b1k22 < 0, (1 + b0k22)(−a0 + k11) < 0

}
,172

173
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which turns out to be the union of two disjoint polyhedrons if b0 6= 0 (due to the174

product in the second condition).175

An implication of Lemma 3.1 is that the feasible set of the linear-quadratic opti-176

mal centralized control problem is connected, which justifies the success of the local177

search algorithm proven in [14] for centralized controllers. Another insightful, but178

impractical, scenario is the case with B = C = I and a mostly arbitrary S. This is179

studied below.180

Lemma 3.2. Assume that B = C = I and that S contains −I. Then, the set KS181

is connected.182

Proof. Since S is a linear subspace, we have −λI ∈ S for every λ ∈ R. Given two183

arbitrary matrices K1,K2 ∈ KS , consider the following connected path from A+K1184

to A+K2:185

A+K1
increase λ→ A+K1 − λI186

K1→K2→ A+K2 − λI187

decrease λ→ A+K2,188189

where190

• λ ≥ 0 is first increased to a large value;191

• we move from A+K1 − λI to A+K2 − λI via an arbitrary continuous path192

between K1 and K2 in S;193

• λ is decreased eventually.194

The parameter λ can be made so large that all matrices on the path from A+K1−λI195

to A+K2 − λI could be regarded as a small (on the order of K2 −K1) perturbation196

of the large matrix A + K1 − λI. Such small perturbation preserves the stability197

condition of A+K1 − λI. The proof is completed by noting that the designed path,198

which connects K1 and K2, involves only controllers in S and passes through only199

stabilizing matrices continuously.200

If the measurement matrix C is not the identity matrix, the set could become201

disconnected even in the simplest case K = k ∈ R. This is demonstrated in the202

example below. To differentiate vectors from matrices, we rewrite B as b and C as203

c>, where b and c are column vectors in Rn.204

Example 1. Assume that (A, b) is controllable and c 6= 0, where A ∈ R3×3. Then,205

the set K can have at most two connected components. To prove this statement, with206

no loss of generality we write the system in the controllable canonical form, i.e.,207

A =

 0 1 0
0 0 1
−a0 −a1 −a2

 , b =

0
0
1

 , c> =
[
c0 c1 c2

]
.208

209

The Routh-Hurwitz criterion characterizes stability with the set of inequalities210

a0 − kc0 > 0,211

a1 − kc1 > 0,212

a2 − kc2 > 0,213

(a0 − kc0) < (a2 − kc2)(a1 − kc1).214215
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6 H. FENG AND J. LAVAEI

Consider the quadratic function f(k) = (a2 − kc2)(a1 − kc1), which can have at most216

two branches that lie above the line a0− kc0. The intersection of these branches with217

the interval defined by the first three linear inequalities leads to at most 2 connected218

components. An example with exactly two components can be produced by the219

parameters220

(a0, a1, a2) = (−5,−1, 1), (c0, c1, c2) = (0.85, 0.2, 0.2).221222

Figure 1 verifies the above result by plotting the maximum real part of the closed-loop223

eigenvalues versus k.

Fig. 1. As discussed in Example 1, the set of stabilizing controllers can have two connected
components for a third-order system. Observe that there are two intervals for k that produce eigen-
values in the left-half complex plane.

224

It can be inferred from Example 1 that the coordinates of the set of stabilizing225

controllers are “one-sided”. This is not surprising since when A + BKC is stable, it226

holds that tr(A+BKC) < 0. We elaborate on this result in Lemma 3.3.227

Lemma 3.3. Consider the case m = p = 1. Suppose that (A, b) is controllable228

and c 6= 0. Then, the scalar set KS cannot extend to infinity on both sides.229

Proof. As before, with no loss of generality consider the canonical form230

A =

[
0 I
−a0 · · · −an−1

]
, b =

[
0
1

]
, c> = [c0, . . . , cn−1].231

232

The matrix A+ bkc> has the characteristic polynomial233

(a0 − c0k) + (a1 − c1k)x+ . . . ,+(an−1 − cn−1k)xn−1 + xn = 0.234

It follows from the Routh-Hurwitz criterion that the coefficients of this polynomial235

must be positive. Since c 6= 0, there is some entry ci0 6= 0 and, as a result, k is236

prevented from extending to infinity on one side due to the inequality ai0 − ci0k > 0.237

In what follows, we will bound the number of connected components for scalar238

controllers. Compared with [19, Theorem 1], our bound is tighter under the assump-239

tion of controllability. We denote by dξe the smallest integer greater than or equal to240

the scalar ξ.241

Theorem 3.4. Consider the case m = p = 1. Suppose that (A, b) is controllable242

and c 6= 0. The scalar set KS can have at most dn2 e connected components.243
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Proof. If there is no stabilizing controller in S, then KS = ∅; otherwise one can244

first stabilize A with some controller k0 and then analyze the set of shifted controllers245

k − k0. As a result, without loss of generality one can assume that A is stable. We246

call a controller k critical when it is on the boundary of the set stabilizing controllers,247

implying the presence of a closed-loop eigenvalue on the imaginary axis. If necessary,248

we replace A with A−εI for a small ε > 0 so that the number of connected components249

remains the same and that the intervals of KS share no boundary points. Consider250

the solution to the equation251

0 = det(jwI −A− kbc>)252

= det(jwI −A) det(1− kc>(jwI −A)−1b)(3.1)253254

(the symbol j denotes the imaginary unit). Since A is stable, the first term in the255

second line of (3.1) is not zero and therefore the second term must be zero. Taking256

its real and imaginary part yields257

1− k × Re{c>(jwI −A)−1b} = 0,(3.2)258

Im{c>(jwI −A)−1b} = 0.(3.3)259260

Equation (3.3) is of the form Im
{
f(jw)
g(jw)

}
= 0 with g(jw) = det(jwI − A) 6= 0;261

equivalently, one can write Im{f(jw)g(jw)} = 0 where f(jw) is a polynomial of degree262

at most n−1, g(jw) = det(jwI−A) is a polynomial of degree n, and overline denotes263

the complex conjugate. Im{f(jw)g(jw)} is a polynomial of degree 2n − 1 in w with264

only odd degree terms; it can have at most 2n − 1 real roots that are symmetric265

around 0. Because Re{f(jw)g(jw)} has only even degree terms, at most n distinct266

pairs of the symmetric roots of (3.3) can be plugged into (3.2). This leads to at most267

n critical values for the scalar k and divides the real line into at most n+ 1 intervals268

of interlacing stable-unstable controller regions. At most dn+1
2 e of them are stable.269

Note that when n+1 is odd, Lemma 3.3 rules out one interval that extends to infinity.270

As a result, the upper bound can be sharpened to bn+1
2 c = dn2 e.271

Theorem 3.4 states that the number of connected components would grow with272

the dimension of the system even in the special case m = p = 1. Our bound is tight273

when n = 3 in light of Example 1.274

4. Exponential Subclass. One of the main results of this paper is stated below.275

Theorem 4.1. There is no polynomial function with respect to the order of the276

system that can serve as an upper-bound on the number of connected components of277

the set of decentralized stabilizing controllers.278

To prove the theorem, it suffices to show the existence of a subclass of decentral-279

ized control problems whose set of stabilizing controllers has an exponential number280

of connected components. Our proof requires a lemma that characterizes the sta-281

bility of tri-diagonal matrices whose diagonal elements are mostly purely imaginary282

complex numbers. Define the inertia In(G) of an n × n matrix G as the triplet283

In(G) = (α(G), β(G), γ(G)), where α(G), β(G) and γ(G) count the eigenvalues of G284

with positive, negative and zero real parts, respectively.285
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8 H. FENG AND J. LAVAEI

Lemma 4.2 (From [38]). Consider the tri-diagonal matrix286

G =



f1 + jg1 f2 0 · · · · · · 0

−h2 jg2 f3
. . .

...

0 −h3 jg3 f4
. . .

...
...

. . .
. . .

. . .
. . . 0

...
. . . −hn−1 jgn−1 fn

0 · · · · · · 0 −hn jgn


,287

288

where fi, gi and hi are real for i = 1, ..., n, f1 6= 0, and fihi 6= 0 for i = 2, . . . , n.289

Then,290

In(G) = In(D),291292

where293

D = diag(f1, f1f2h2, f1f2f3h2h3, . . . , f1 · · · fnh2 · · ·hn).294

A corollary of Lemma 4.2 for the stability of real tri-diagonal matrices is given295

below.296

Corollary 4.3. Given the tri-diagonal real matrix A of the form297

A =



f1 f2 0 · · · · · · 0

−h2 0 f3 0
...

0 −h3 0 f4
. . .

...
...

. . .
. . .

. . .
. . . 0

...
. . . −hn−1 0 fn

0 · · · · · · 0 −hn 0


,(4.1)298

299

it holds that300

• If f1 < 0 and fihi > 0 for all i ∈ {2, . . . , n}, then A is stable.301

• If fihi < 0 for some index i ∈ {2, . . . , n}, then A is unstable.302

Remark 4.4. Sparse stable matrices theory [3] states that the graph associated303

with the sparsity pattern of the matrix in (4.1) is a chain and has nested Hamiltonian304

sub-graphs. The graph is sufficient to sustain stable dynamics. Moreover, the sparse305

matrix subspace is minimally stable because: (i) if f1 is set to zero, then the trace of306

the matrix becomes zero and therefore at least one eigenvalue should be unstable, (ii)307

if any non-diagonal element is set to zero, then the matrix decomposes into a block308

triangular form where the lower diagonal block has a zero trace, leading to instability.309

Due to Remark 4.4, Corollary 4.3 gives necessary and sufficient conditions for310

the stability of a class of matrices, which can be used to analyze both connected311

components and separating hyper-surfaces. In what follows, we will first show the312

possibility of 2n−1 connected components in the case with a non-identify C and then313

develop a similar result for C = I.314
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Theorem 4.5. Let A ∈ Rn×n be in the form of (4.1), and set B ∈ Rn×(2n−2),315

C ∈ R(2n−2)×n and K ∈ R(2n−2)×(2n−2) to316

B =



0 · · · · · · 0 +1 0 · · · 0

−1
. . .

... 0
. . .

. . .
...

0
. . .

. . .
...

...
. . .

. . . 0
...

. . .
. . . 0

...
. . . +1

0 · · · 0 −1 0 · · · · · · 0


,317

C =



1 0 · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 0

0 · · · 0 1 0
0 1 0 · · · 0
...

. . .
. . .

. . .
...

...
. . .

. . . 0
0 · · · · · · 0 1


,318

K = diag(k2, . . . , kn, k2, . . . , kn).319320

Suppose that f1 < 0 and fi 6= hi for i = 2, . . . , n. Then, the set K has at least 2n−1321

connected components.322

Proof. The closed-loop matrix A+BKC can be expressed as323 

f1 f2 + k2 0 · · · · · · 0

−h2 − k2 0 f3 + k3
. . .

...

0 −h3 − k3
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

...
. . .

. . . 0 fn + kn
0 · · · · · · 0 −hn − kn 0


.324

325

It results from Corollary 4.3 and Remark 4.4 that the closed-loop stability is equivalent326

to the conditions (hi + ki)(fi + ki) > 0 for i = 2, . . . , n. Equivalently, either ki <327

min(−hi,−fi) or ki > max(−hi,−fi) holds for i = 2, . . . , n. Therefore, the region of328

stabilizing K, parametrized in (k2, . . . , kn) ∈ Rn−1, is separated by n− 1 hyperplanes329

ki = −(fi+hi)/2 for i = 2, . . . , n. Since there are stable regions on both sides of each330

of those hyperplanes, the overall number of connected components becomes at least331

2n−1.332

The result of Theorem 4.5 is demonstrated in the left plot of Figure 2 for n = 3.333

Note that the “one-sided” result of Lemma 3.3 does not hold here since K is not a334

scalar.335

Remark 4.6. Note that eigenvalues are continuous functions of the entries of a336

matrix and that the connected components studied in the proof of Theorem 4.5 are337

separated by a positive margin. Therefore, one may speculate that a small pertur-338

bation of A will not change the number of connected components. This is not the339
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10 H. FENG AND J. LAVAEI

(a) ε = 0 (b) ε = 0.2

Fig. 2. We randomly sample K and check the closed-loop stability for an instance of the system
in Theorem 4.5. The controller is parametrized in terms of (k2, k3) where n = 3, with fi = −1 and
hi = 2 for i = 1, 2, 3. The projection of the set K onto the 2-dimensional space corresponding to
(k2, k3) is shown in green. The left figure shows that there are 2n−1 = 4 connected components,
where each coordinate takes values in (−∞,−2) or (1,∞) to be stable. The right figure shows the
connected components when the number 0.2 is added to each diagonal entry of A.

case in general since the eigenvalues of A+BKC can become arbitrarily close to the340

imaginary axis when ‖K‖ is large, as illustrated in Figure 3. However, one part of341

every connected component is resistant to perturbations. For example, with ε > 0,342

the set {K : (A + εI) + BKC stable } is a subset of {K : A + BKC stable }, the343

former contains only those controllers that make the closed-loop eigenvalues at least344

ε away from the imaginary axis. The number ε can be set so small that at least345

one point from each component remains stable. In other words, a new matrix A ob-346

tained by adding ε to the diagonal of the matrix in (4.1) gives rise of an exponential347

number of connected components where the number cannot change with a very small348

perturbation of its elements. This is illustrated in the right plot of Figure 2.349

Fig. 3. If the diagonal of A are reduced by 0.2, then the set K becomes connected. The
projection of the set K onto the 2-dimensional space corresponding to (k2, k3) is shown in green.

The subclass of problems studied in Theorem 4.5 may be unsatisfactory as it350

requires that the free elements of K repeat themselves and that C 6= I. The next351

theorem addresses these issues.352
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Theorem 4.7. Let A be in the form353

A =



f1 + ε f2 0 · · · · · · 0

−h2 ε f3
. . .

...

0 −h3 ε f4
. . .

...
...

. . .
. . .

. . .
. . . 0

...
. . . −hn−1 ε fn

0 · · · · · · 0 −hn ε


,(4.2)354

355

where ε ≥ 0, f1 < 0, and (−1)i(fi − hi+1) > 0 for i = 2, . . . , n. Consider B ∈ Rn×n,356

C ∈ Rn×n and K ∈ Rn×n to be357

B =


0 1

−1
. . .

. . .

. . . 0 1
−1 0

 , C = I,358

K = diag(k1, k2, . . . , kn).359360

For a small enough ε, the set K has at least Fn connected components, where F0 =361

1, F1 = 1, Fi+2 = Fi+1 + Fi for i = 0, 1, ... is the Fibonacci sequence, which is on the362

order of
(

1+
√

5
2

)n
.363

Proof. First, assume that ε = 0 and consider the closed-loop matrix A+BKC:364 

f1 f2 + k2 0 · · · · · · 0

−h2 − k1 0 f3 + k3
. . .

...

0 −h3 − k2
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

...
. . .

. . . 0 fn + kn
0 · · · · · · 0 −hn − kn−1 0


.365

366

In light of Corollary 4.3 and Remark 4.4, the necessary and sufficient conditions for367

the closed-loop stability are (hi + ki−1)(fi + ki) > 0 for i = 2, ..., n. As a result, if368

h2 + k1 > 0, then f2 + k2 > 0. Now, because h3 < f2, the term h3 + k2 can be369

positive or negative. If it is positive, then f3 + k3 must be positive, and we can move370

on to study the sign of h4 + k3. As we proceed, note that not all sign assignments for371

hi+ki−1 and fi+ki are possible due to the assumptions on fi and hi. The enumeration372

procedure is illustrated in Figure 4. Any path from the root to the bottom level leaf373

passes through a set of linear inequalities that together enclose an open polyhedron374

of stable regions. These stable regions are separated by the hyperplanes hi+1 +ki = 0375

for i = 1, 2, . . . , n− 1 and fi + ki = 0 for i = 2, 3, . . . , n.376

Next, we count the number of branches. If hi+ki−1 > 0 (or equivalently fi+ki >377

0) appears mi times and hi + ki−1 < 0 (or equivalently fi + ki < 0) appears ni times,378

assuming mi ≥ ni, the next level will have at most (mi+ni)+max(mi, ni) = 2mi+ni379

branches. This number is achievable if fi < hi+1, which means keeping all the children380

of the inequalities fi + ki > 0 and pruning one child from each inequality fi + ki < 0.381

This manuscript is for review purposes only.



12 H. FENG AND J. LAVAEI

◦

h2 + k1 > 0

f2 + k2 > 0

h3 + k2 > 0

f3 + k3 > 0

h4 + k3 > 0

f4 + k4 > 0

h4 + k3 < 0 (∗)

h3 + k2 < 0

f3 + k3 < 0

h4 + k3 > 0

f4 + k4 > 0

h4 + k3 < 0

f4 + k4 < 0

h2 + k1 < 0

f2 + k2 < 0

h3 + k2 > 0 (∗) h3 + k2 < 0

f3 + k3 < 0

h4 + k3 > 0

f4 + k4 > 0

h4 + k3 < 0

f4 + k4 < 0

Fig. 4. This tree shows the enumerating signs of the closed-loop matrix entries for n = 4. The
branch marked with (∗) has contradictory inequalities.

Then, mi+1 = mi, ni+1 = mi + ni, and ni+1 ≥ mi+1, which reverses the order of mi382

and ni. It can be verified that the total number of connected regions mi +ni satisfies383

the iteration of the Fibonacci sequence.384

The connected regions are separated by the hyperplanes ki = −fi or ki = −hi+1385

with no margin. When ε > 0, the connected components are strictly separated.386

More precisely, whenever ki = −fi or ki = −hi+1, the matrix A+BKC decomposes387

into a block triangular form where the lower diagonal block has a positive trace,388

which means that the matrix cannot be stable. When ε is small enough, the original389

connected regions described by linear inequalities do not shrink abruptly — in fact,390

at least one point from every polyhedron remains stable. As a result, these stable391

regions are the true connected components of the stabilizing controller set.392

To illustrate Theorem 4.7, consider the matrix393

A =



−1 + ε 2 0
−2 ε 1 0
0 −1 ε 2 0

0 −2 ε 1 0
0 −1 ε 2 0

. . .
. . .

. . .
. . .

. . .


.(4.3)394

395

The corresponding set K obtained by sampling random matrices K and checking the396

closed-loop stability is provided in Figure 5 for n = 3.397

Our exponential examples are based on specific settings of the parameters fi and398

hi in the matrix A that maximize the number of connected components. We next show399

that even if the parameters fi and hi are considered random, the expected number of400

connected components is still exponential.401

Theorem 4.8. Consider the matrices A, B, C, and K defined in Theorem 4.7,402

and let fi and hj be independent random variables whose distribution are standard403

normal for i = 1, . . . , n and j = 2, . . . , n. If ε ≥ 0 is small enough, the expected404

number of connected component of KS is at least
(

3
2

)n−2
.405

Proof. With the assumed distribution, fi < hi+1 and fi > hi+1 occur equally406

likely, while fi = hi+1 happens with zero probability. Our enumeration tree is random,407
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(a) ε = 0 (b) ε = 0.02

Fig. 5. We randomly sample K and check the closed-loop stability for an instance of the
system in Theorem 4.7 with n = 3, the matrix A given in (4.3), and K = diag(k1, k2, k3). The
projection of the set K onto the 3-dimensional space corresponding to (k1, k2, k3) is shown in blue.

and we count the number of leaves as follows. If fi + ki > 0 appears mi times and408

fi + ki < 0 appears ni times for i ≥ 2, the next level has two possibilities:409

(i) fi < hi+1, which keeps all the children of the inequalities fi + ki > 0 and prunes410

one child from each inequality fi + ki < 0. Therefore, mi+1 = mi and411

ni+1 = mi + ni.412

(ii) fi > hi+1, which keeps all the children of the inequalities fi + ki < 0 and prunes413

one child from each inequality fi + ki > 0. Therefore, mi+1 = mi + ni and414

ni+1 = ni.415

Combining the two cases, we can calculate the expected number of children mi+1 +416

ni+1 conditioned on mi and ni in the previous level:417

E[mi+1 + ni+1|mi, ni] = E[mi+1 + ni+1|mi, ni, fi+1 < hi+2]P(fi+1 < hi+2)418

+E[mi+1 + ni+1|mi, ni, fi+1 > hi+2]P(fi+1 > hi+2)419

= (2mi + ni)
1

2
+ (2ni +mi)

1

2
=

3

2
(mi + ni).420

421

With the initial conditions E[m2 +n2|f1 > 0] = 0 and E[m2 +n2|f1 < 0] = 2, we have422

E[m2 + n2] = 1. Using induction, it can be concluded that E[mn + nn] =
(

3
2

)n−2
.423

By adopting a randomized setting, we are able to analyze the change of connected424

components when one element ki0 is fixed to zero for some index i0 ∈ {1, 2, . . . , n−1}.425

The proof is based on a careful counting of branches and is provided in the Appendix.426

Proposition 4.9. With the same setting as in Theorem 4.8, assume that K =427

diag(k1, . . . , kn) and ki0 is fixed to zero for some index i0 ∈ {1, . . . , n}. Then, the428

expected number of connected components of KS for a small enough ε is at least429 {
1
6 ( 3

2 )n−2, if 2 ≤ i0 ≤ n− 1.
1
2 ( 3

2 )n−2, if i0 = 1 or i0 = n.
430

431

The above results on connectivity reflect not only the computational complexity of432

the original ODC problem with the hard constraintK ∈ KS , but also the complexity of433

a modified ODC formulation with soft constraints. We explain this implication below.434

Consider an arbitrary continuous function h : Rm×p → R that satisfies h(K) = 0 for435

all K ∈ KS and h(K) > 0 for all K ∈ Rm×p \ KS . h(K) serves as a penalty function436
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14 H. FENG AND J. LAVAEI

that can be used to replace the hard constraints of ODC with soft constraints. The437

penalized form of ODC is given by438

(4.4) min
K

J0(K) + c · h(K)439

where J0(K) is defined in (2.1) and c is a large constant. The above optimization is440

unconstrained and can be solved using standard numerical algorithms for nonlinear441

optimization. Indeed, it is common in optimization to convert constrained problems442

to unconstrained ones via penalty or barrier functions since most efficient numerical443

algorithms for non-convex optimization are designed for unconstrained problems. The444

reason for such reformulation is that the constraints do not need to be satisfied in445

each iteration of a numerical algorithm, and their satisfaction is only required asymp-446

totically when many iterations are taken. In what follows, we study how numerical447

algorithms perform on the unconstrained formulation (4.4).448

Lemma 4.10. Suppose that C has full row rank and
[
Q D

D> R

]
is positive definite.449

There are instances of the ODC problem for which the penalized formulation (4.4) has450

an exponential number of local minima if c is sufficiently large.451

Proof. Consider any instance of the class of ODC problems provided in The-452

orem 4.7 for which the feasible set of the problem has an exponential number of453

connected components. Due to the coercive property proven in Lemma E.1 in the454

Appendix, each connected component in KS must have a local minimum for the un-455

penalized objective J0(K). Let O denote the set of all local minima in any arbitrary456

connected component of the feasible set of ODC, and O(ε) ⊆ Rm×p be the set of457

all points in the feasible set of (4.4) that are at most ε away from O, for any given458

ε > 0. If (4.4) is numerically solved using gradient descent with an initial point in459

O(ε), it follows from the proof in [25, §13.1] that the algorithm will converge to a460

local minimum that is in the interior of O(ε) and approaches O as c goes to infinity.461

This implies that (4.4) has at least one local minimum corresponding to the set O.462

Therefore, (4.4) has an exponential number of local minima.463

Lemma 4.10 implies that common first-order and second-order numerical algo-464

rithms that work on unconstrained formulations and are guaranteed to converge to a465

stationary point may end up producing an exponential number of different solutions466

depending on their initialization.467

5. Bounded Connectivity Number. The results of the preceding section were468

developed for systems with a very specific structure. We show in this section that for a469

large class of systems that contain a tri-diagonal structure, there exists a configuration470

of the matrices (A,B) such that the set of static stabilizing controllers with a bounded471

norm has an exponential number of connected components. The restriction to a472

bounded control gain is natural since very high gain controllers cannot be implemented473

in practice due to the sensitivity of the closed-loop system to noise and disturbance.474

Given a linear subspace of sparse matrices1 T , we say that T is tri-diagonal-475

containing if it contains all tri-diagonal matrices, i.e.,476

T ⊇ {A : Aij = 0 for all |i− j| ≥ 2}.477478

We say that (A,B) is compatible with T if both A and B’s sparsity patterns coincide479

with IT . Since T is a linear subspace, A + BK ∈ T for every diagonal matrix K.480

1Recall in Section 2 that a linear subspace of sparse matrices is specified by positions of nonzero
entries and IT is the indicator matrix of the non-zero positions.
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Given a set K, let #K denote the number of connected components of K. Given481

system matrices (A,B) and a radius r ≥ 0, we define the set of bounded stabilizing482

controllers Kr(A,B) as483

Kr(A,B) = {K : A+BK stable, K diagonal, ‖K‖ ≤ r},484485

where ‖·‖ denotes an arbitrary matrix norm. Note that K∞(A,B) coincides with the486

set KS defined in (2.2). We define the bounded connectivity number, which we denote487

by c(A,B), as follows:488

c(A,B) = sup
r≥0

#Kr(A,B).489

490

The bounded connectivity number quantifies the number of connected components of491

the set of stabilizing decentralized controllers with a bounded norm in the worst case.492

Theorem 5.1. Given any tri-diagonal-containing sparse matrix subspace T , there493

exist system matrices (A,B) compatible with T such that the bounded connectivity494

number c(A,B) is exponential in the order of the system.495

Proof. To prove that c(A,B) is exponential, it suffices to find a radius r and496

system matrices (A,B) such that Kr(A,B) has an exponential number of connected497

components and that (A,B) has the same sparsity pattern as T . We start with the498

matrices (A,B) given in Theorem 4.7 with an ε > 0, which may not be compatible499

with T . Since K∞(A,B) is exponential, by continuity there exists an r > 0 such500

that Kr(A,B) is exponential. Moreover, since ε > 0, the connected components of501

Kr(A,B) are strictly separated in the sense that every component of Kr(A,B) is502

contained in a component of Kr(A − ε
2I,B), and when K ∈ ∂Kr(A − ε

2I,B), the503

eigenvalues of the closed-loop matrix A+BK is at least ε
2 away from the imaginary504

axis. Since eigenvalues of a matrix are continuous functions of the entries of the505

matrix and K is bounded, we claim that for all small δ > 0, the set Kr(A+ δIT , B +506

δIT ) is also exponential, because (1) by continuity when δ > 0 is small, there exists507

a controller in each connected component of Kr(A,B) that remains stabilizing in508

Kr(A + δIT , B + δIT ) and (2) no two connected components of Kr(A,B) in this509

bounded region can merge. We elaborate on the second point below. Let N denote510

the number of connected components of Kr(A,B). We select one controller from each511

connected component of Kr(A,B) and denote them by K1, . . . ,KN . By continuity,512

when δ is small, they remain stabilizing for the system (A+ δIT , B + δIT ). Consider513

the quantity514

a(A,B) = min
1≤i,j≤N
i 6=j

min
pij∈Pij

max
K∈pij

spabs(A+BK)(5.1)515

516

where spabs(·) denotes the spectral abscissa (maximum real part of the eigenvalues).517

The set Pij contains all paths pij from Ki to Kj such that every controller K ∈ Pij518

satisfies ‖K‖ ≤ r. We use min instead of inf because the minimum is achievable2.519

We also have a(A,B) > ε
2 because all paths pij ∈ Pij with i 6= j must intersect520

with a controller K ∈ ∂Kr(A − ε
2I,B), at which point spabs(A + BK) > ε

2 . Since521

the continuous function spabs(·) is absolutely continuous in a compact region, for all522

2Even though the minimization of (5.1) is over an infinite set Pij , we can replace it with the
minimization over the bounded part of a lower level-set of spabs(A+BK), where the lower level-set
is large enough so that Ki and Kj are connected.
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16 H. FENG AND J. LAVAEI

small δ > 0, we have |spabs(A + BK) − spabs(A + δIT + (B + δIT )K)| < ε
4 for all523

K with ‖K‖ ≤ r. As a result, a(A + δIT , B + δIT ) > 0, i.e., K1, . . . ,KN belong to524

different connected components of Kr(A+ δIT , B + δIT ). The proof is concluded by525

noting that δ can be selected so that (A+δIT , B+δIT ) has the same sparsity pattern526

as T .527

To understand the implication of Theorem 5.1, consider a multi-agent system,528

where each agent has a single state. As long as each agent interacts with its previ-529

ous and next neighbors, no matter how many more interactions exist in the system,530

the ODC problem has an exponential number of local solutions for certain system531

parameters.532

6. Highly Damped Systems. All previous results suggest that the diagonal533

entries of A being positive contribute to the complexity of the feasible set K. Theo-534

rem 6.1 below shows that the diagonal of A being negative is a desirable structure in535

the sense that if A is highly dampened, the feasible set is connected independent of536

control structures.537

Theorem 6.1. Given arbitrary matrices A, B and C of compatible dimensions538

and a linear subspace of matrices S, the set539

KS,λ = {K : A− λI +BKC is stable ,K ∈ S}540541

is connected when λ > 0 is large enough.542

Proof. Consider a number µ and let λ be a parameter that increases from µ toward543

∞. Since λ ≥ µ, we have KS,λ ⊇ KS,µ, and therefore KS,λ contains all components544

of Kµ but could possibly connect them or add new components. The addition of new545

components with the increase of λ could occur only a finite number of times. Because546

the Routh-Hurwitz criterion describes KS,λ by polynomial inequalities in the entries547

of A − λI + BKC, the set KS,λ is semi-algebraic with a finite number of connected548

components given the order of the system [7]. To connect all those components, we549

first increase λ until no new connected component appears, then select a controller550

from each connected component, and cover all those controllers with a ball B ⊆ S.551

By making λ so large that all controllers in B become stabilizing, we glue all of the552

connected components.553

The interpretation of the result of Theorem 6.1 is that if the open-loop matrix of554

the system can be written as A − λI for a large λ, then the feasible set of ODC is555

connected. This corresponds to highly damped systems.556

Remark 6.2. It is noted in [22] that if we consider the discounted cost557

J2λ(K) = E
∫ ∞

0

e−2λt(x>Qx+ 2x>Du+ u>Ru)dt,558

or equivalently make a change of variables x̂(t) = e−λtx(t) and û(t) = e−λtu(t), then559

the closed-loop dynamics become equal to ˙̂x(t) = (A− λI +BKC)x̂(t). Therefore, it560

follows from Theorem 6.1 that the feasible set of the ODC problem is connected for561

discounted costs with a large discount factor.562

Remark 6.3. It is known in the context of inverse optimal control [22] that any563

static state-feedback gain K is the unique minimizer of some quadratic performance564
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measure (2.1) for all initial states. One such measure is565 ∫ ∞
0

(u(t)−Kx(t))
>
R (u(t)−Kx(t)) dt.566

567

where R is a positive definite matrix. As a result, every point in any connected568

component is an optimal solution to some ODC problem. Since there is an exponential569

number of connected components in certain cases, random initialization is unlikely to570

successfully locate the optimal component unless prior information is available or the571

system is favorably structured. Local search algorithms, therefore, fail for general572

ODC problems.573

A by-product of Theorem 6.1 is a new controller design strategy, which is based574

on approximating the ODC problem with another one whose feasible set is connected.575

This new problem is obtained by damping the system’s dynamics. Indeed, we have576

shown in the technical report [16] that minimizing Jλ(K) with a large λ is more577

tractable than solving the original ODC problem since the separate connected com-578

ponents will be glued together via damping (as proved in Theorem 6.1). In the579

following, we study the cost of this approximation by bounding the ratio of the two580

objectives.581

Lemma 6.4. Suppose that Ex0x
>
0 = I and C = I. Let K+ be the solution of582

ODC with the objective function Jλ(K) and assume that K+ stabilizes (A,B). Let583

W (K+) = (A+BK+) + (A+BK+)>. We have the following upper bound584

J0(K+)

Jλ(K+)
≤

{
νmin(W (K+))−λ
νmax(W (K+)) , if νmax(W (K+)) < 0
νmax(W (K+))−λ
νmin(W (K+)) , if νmin(W (K+)) > 0

585

586

and lower bound587

J0(K+)

Jλ(K+)
≥

{
νmax(W (K+))−λ
νmin(W (K+)) , if νmax(W (K+)) < λ

νmin(W (K+))−λ
νmax(W (K+)) , if νmin(W (K+)) > λ

,588

589

where νmin(·) and νmax(·) denote the smallest and largest eigenvalues of a matrix,590

respectively.591

The proof of Lemma 6.4 is provided in the appendix. We illustrate Lemma 6.4592

with a numerical simulation in Figure 6. The system matrices are of the form (4.3),593

which are specified below:594

A =

[
−1 0.5
−0.5 0

]
, B =

[
0 1
−1 0

]
, C = I,K = diag(k1, k2), Q = 5I,R = I,D = 0.595

596

Using extensive search, it can be shown that the system has two locally optimal597

controllers and their undamped costs J0(K) are as follows:598

K∗1 ≈ diag(0.7178, 0.6643), J0(K∗1 ) ≈ 12.88,599

K∗2 ≈ diag(−1.5384,−1.4369), J0(K∗2 ) ≈ 18.08.600601

Starting from the initial stabilizing controller K0 = diag(−2,−2), we run gradient602

descent twice to minimize the cost J0(K) and its approximate function J1(K). The603

step sizes are selected by the Amijo rule as in [16] so that stability is preserved for all604

iterations. The iterations are stopped when the norm of the gradient is less than 10−6.605
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When minimizing J0(K), the iterations converge to K∗2 . When minimizing J1(K),606

the iterations converge to K+ ≈ diag(0.4420, 0.3836). We calculate the damped cost607

J1(K+) ≈ 5.98 and the undamped cost J0(K+) ≈ 13.44. The local search solution to608

the approximate ODC is better than the solution to the original ODC. With609

W (K+) = (A+BK+) + (A+BK+)> ≈
[
−3.0000 −0.0584
−0.0584 −1.0000

]
,610

611

we calculate νmax(W (K+)) ≈ −1.00 and νmin(W (K+)) ≈ −3.00. The conclusion of612

Lemma 6.4 is verified:613

J0(K+)

J1(K+)
≈ 2.25 < 4.00 ≈ νmin(W (K+))− 1

νmax(W (K+))
,614

J0(K+)

J1(K+)
≈ 2.25 > 0.67 ≈ νmax(W (K+))− 1

νmin(W (K+))
.615

616

617

(a) minimize J0 (b) minimize J1

Fig. 6. Cost surface and trajectory of gradient descent in the undamped regime and the damped
regime. In the undamped regime, gradient descent is trapped in the initial component. In the damped
regime, it almost reaches the globally optimal stabilizing controller.

7. Stable Matrices with Block Patterns. In this section, we analyze the618

connectivity of the set of sparse stable matrices AT , defined in (2.3). It follows619

from Lemma 3.2 that only in matrices with constrained diagonal entries do nontrivial620

connectivity properties emerge, and we study sparse stable matrices with zero blocks621

in the diagonal.622
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7.1. Two-by-two block. Below is the main theorem.623

Theorem 7.1. Consider the matrix subspace624

T =

{[
A11 A12

A21 0(n−r)×(n−r)

] ∣∣∣∣∣A21 ∈ Z

}
,625

626

where Z is any subspace of matrices in R(n−r)×r. Then, the sets AT and627

{A21 : A21 has full row rank, A21 ∈ Z}628629

have the same number of connected components.630

Proof. For clarity the proof is first stated without the constraint A21 ∈ Z; this631

incurs no loss of generality. A is stable if and only if there is a matrix P =
[
P11 P12

P>12 P22

]
�632

0 partitioned accordingly that satisfies the Lyapunov equation633

(7.1)

[
A11 A12

A21 0

] [
P11 P12

P>12 P22

]
+

[
P11 P12

P>12 P22

] [
A>11 A>21

A>12 0

]
=

[
−I 0
0 −I

]
.634

Note that P is unique and depends continuously on A whenever A is stable [12, §4.1].635

We solve the partitioned equation636

A11P11 +A12P
>
12 + P11A

>
11 + P12A

>
12 = −I(7.2)637

A11P12 +A12P22 + P11A
>
21 = 0(7.3)638

A21P12 + P>12A
>
21 = −I.(7.4)639640

Since P22 � 0, (7.3) uniquely determines the unconstrained block641

A12 = −(A11P12 + P11A
>
21)P−1

22 .642

Substituting it back to (7.2) yields643

A11P11 + P11A
>
11 − (A11P12 + P11A

>
21)P−1

22 P
>
12 − P12P

−T
22 (A21P11 + P>12A

>
11) = −I,644645

or equivalently646

647

(7.5) A11(P11 − P12P
−1
22 P

>
12) + (P11 − P12P

−1
22 P

>
12)A>11 =648

− I + P11A
>
21P

−1
22 P

>
12 + P12P

−T
22 A21P11.649650

The equation above can be simplified using the Schur complement P̃11 = P11 −651

P12P
−1
22 P

>
12, which is an arbitrary positive definite matrix. One can write652

653

A11P̃11 + P̃11A
>
11 = −I + P̃11A

>
21P

−1
22 P

>
12 +P12P

−T
22 A21P̃11 +P12P

−1
22 P

>
12A

>
21P

−1
22 P

>
12654

+ P12P
−T
22 A21P12P

−1
22 P

>
12.655656

In light of (7.4), this is equivalent to657

A11P̃11 + P̃11A
>
11 = −I + P̃11A

>
21P

−1
22 P

>
12 + P12P

−T
22 A21P̃11 − P12P

−2
22 P

>
12.(7.6)658659

Given A21, P12, P̃11 � 0, and P22 � 0, the eigenvalues of P̃11 do not sum to zero.660

Therefore, (7.6) can be regarded as a Lyapunov equation where the unknown block661
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A11 has a unique symmetric solution A11 = A>11; all other solutions A11 lie in a linear662

subspace that contains this symmetric solution. The symmetric solution, moreover,663

depends continuously on P̃11 as long as P̃11 remains in the positive semi-definite cone,664

which is connected. As a result, not only are all A11 connected to a symmetric A11, all665

symmetric A11 given P̃11 are connected to the symmetric solution A11 given P̃11 = I,666

which we denote by φ(A12, P12, P22):667

φ(A12, P12, P22) =
1

2

(
−I +A>21P

−1
22 P

>
12 + P12P

−T
22 A21 − P12P

−2
22 P

>
12

)
.668

The above argument retracts the solutions of (7.2)-(7.4) while maintaining the topo-669

logical property of connectivity. Using ∼ to denote the equivalence of connected670

components, we state the retraction procedure671

AT ∼
{([

A11 A12

A21 0

]
,

[
P11 P12

P>12 P22

])
: (7.1),

[
P11 P12

P>12 P22

]
� 0

}
(7.7)672

∼ {(A11, A21, P11, P12, P22) : (7.4), (7.5), P11 � P12P
−1
22 P

>
12, P22 � 0}(7.8)673

∼ {
(
A11, A21, P̃11, P12, P22

)
: (7.4), (7.6), P̃11 � 0, P22 � 0}(7.9)674

∼ {(A11, A21, P12, P22) : (7.4), A11 = φ(A12, P12, P22), P22 � 0}(7.10)675

∼ {(A21, P12, P22) : (7.4), P22 � 0}(7.11)676

∼ {(A21, P12) : (7.4)}.(7.12)677678

The first equivalence (7.7) follows from the fact that for any stable matrix A, the679

formula680

P =

∫ ∞
0

eAτeA
>τdτ,681

682

gives the unique solution to the Lyapunov equation and the solution depends con-683

tinuously on the matrix A. (7.8) follows from the unique solution of A12 and the684

characterization of partitioned positive definite matrices with Schur complements:685 [
P11 P12

P>12 P22

]
� 0 ⇐⇒ P11 � P12P

−1
22 P

>
12 and P22 � 0.686

687

(7.9) follows from the simplification of Lyapunov equation, and the one-one corre-688

spondence between P̃11 and P11 given (P12, P22). (7.10) follows from the retraction689

of the solutions to (7.6); (7.11) follows from the continuity of function φ, and finally690

(7.12) throws away the free variable P22 because it does not appear in the relationship691

between A21 and P12.692

(7.12) can be further simplified. We first show that (7.4) has a solution if and only693

if A21 has full rank. If there is a vector x ∈ Rs such that x>A21 = 0, pre-multiply694

and post-multiply (7.4) by x yields695

0 = x>(A21P12 + P>12A
>
21)x = −x>x,696

or equivalently, x = 0. Therefore, A21 has full row rank and similarly, P12 has full697

column rank. On the other hand, given any full row rank matrix A21, (7.4) has a698

full rank solution P12 = −1/2A+
21, where A+

21 is the Moore-Penrose inverse. This699
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completes the proof for the first equivalence in700

{(A21, P12) : (7.4)} ∼ {(A21, P12) : (7.4), A21 has full row rank}701

∼ {
(
A21,−1/2A+

21

)
: A21 has full row rank}702

∼ {A21 : A21 has full row rank}.703704

The second equivalence follows from the fact that, given A21 has full row rank, a705

solution P12 = −1/2A+
21 to (7.4) always exists and all solutions lie in a subspace that706

can be retracted to that solution. The final equivalence comes from dropping the707

redundant second coordinate, since the Moore-Penrose inverse is continuous over full708

rank matrices.709

The above proof imposes no restriction on A21; it holds even if A21 is restricted710

to a subspace Z.711

In the special case where Z is the whole space and A21 has more columns than712

rows, the set is connected.713

Corollary 7.2. Assume that Z = R(n−r)×r, where 2r > n. Then, the set AT714

is connected.715

Proof. From Theorem 7.1, if suffices to show the connectivity of716 {
A21 ∈ R(n−r)×r : A21 has full row rank

}
.717

This set is the image of the continuous map (U,D, V ) → UDV from the connected718

set U × D × V, where719

U =
{
U ∈ R(n−r)×(n−r) : U is a orthogonal matrix with determinant 1

}
720

D =
{
D ∈ R(n−r)×r : Dii > 0 for i = 1, . . . , r and all other entries are 0

}
721

V =
{
V ∈ Rr×r : V is a orthogonal matrix with determinant 1

}
722723

U and V are connected because the set of orthogonal matrices with positive deter-724

minant is connected. The map is surjective, because every full rank matrix A21 has725

a singular value decomposition A21 = UDV , where Dii > 0 for i = 1, . . . , r. If726

det(U) = −1, we can flip the sign of the first column of U and the first row of V to727

ensure that det(U) = 1 while preserving the product. If det(V ) = −1, we can flip the728

sign of the last row of V , and since n− r < r, the last row does not affect the product729

UDV .730

Corollary 7.3. Suppose 2r ≥ n and Z = {A21 ∈ R(n−r)×r : Aij = 0 for j 6= i}.731

Then, the set AT has 2n−r connected components.732

Proof. We invoke Theorem 7.1. For a diagonal matrix to have full rank, all its733

diagonal entries must be nonzero, and therefore, every diagonal entry of A21 can be734

either positive or negative. Those (n− r) diagonal entries give rise to 2n−r connected735

components.736

7.2. More Complicated Block Patterns. We generalize the results in the737

previous section to the case where the space of matrices T has a block structure as in738

T =


 A11 A12 A13

A21 0r×r 0r×(n−2r)

0(n−2r)×r A32 0(n−2r)×(n−2r)

 ∣∣∣∣∣A21 ∈ Z1, A32 ∈ Z2

 ,(7.13)739

740

where Z1 ⊆ Rr×r and Z2 ⊆ R(n−2r)×r are arbitrary subsets of matrices.741
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Theorem 7.4. The set AT with T defined in (7.13) has the same number of742

connected components as the set743

{(A21, A32) : A21 ∈ Z1, A32 ∈ Z2, A21 and A32 have full row rank} .744745

We provide the proof in the Appendix. The result of Theorem 7.4 is verified for746

n = 3 in Figure 7, where 4 connected components are found. In order to strictly sepa-747

rate the components, we plot the samples of sparse stable matrices whose eigenvalues748

are away from the imaginary axis by a fixed margin.749

Fig. 7. Verifying the result of Theorem 7.4 in the case n = 3 and r = 1, we plot the projection
of A onto (A21, A32). The entries of the matrix A are sampled uniformly over [−2, 2]. The green
points marked those matrix A such that 0.2I +A is stable.

Remark 7.5. The result of Theorem 7.4 can be generalized to n-by-n block ma-750

trices if the blocks are square and the first row and the lower diagonal blocks of A are751

nonzero. The square block assumption on the sub-diagonals of A ensures that, for752

any full rank sub-diagonals, the first row of A and the upper-triangular entries of P753

can always be solved from the Lyapunov equation. Specially, in case of scalar blocks,754

the set of stable matrices with the following pattern has 2n−1 connected components:755



∗ ∗ · · · · · · ∗
∗ 0 · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . .

...
0 · · · 0 ∗ 0

756

757

This relaxes the condition 2r ≤ n of Corollary 7.3.758

The sparsity pattern discussed in Remark 7.5 seems to suggest that the sparsity759

of the matrix space directly contributes to the number of connected components. The760

connection between sparsity and connectivity is complicated in that the number of761

connected components may remain exponential even when half of the matrix entries762

are free (such matrices are often regarded as dense).763

Theorem 7.6. The set AT has 2n−1 connected components, where T is the subset764
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of matrices with the sparsity pattern:765 

∗ ∗ ∗ · · · · · · ∗
∗ 0 ∗ · · · · · · ∗

0 ∗ 0
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . . ∗
0 · · · · · · 0 ∗ 0


766

767

The theorem can be proved in a same manner as Theorem 7.4 with a different reduc-768

tion order. The proof is provided in the Appendix.769

8. Conclusion. In this paper, we studied the connectivity properties of the set770

of static stabilizing decentralized controllers. We demonstrated through a subclass of771

problems that the NP-hardness of optimal decentralized control could be attributed to772

a large number of connected components. In particular, we proved that the number of773

connected components for chain subsystems would follow a Fibonacci sequence. Even774

if the elements of the system matrix are random, the expected number of connected775

components is still exponential. A further implication of our study is that, for any tri-776

diagonal-containing structure, there exists a system with that structure and certain777

parameters for which the bounded connectivity number is exponential. The fact that778

the structure of the decentralized control problem can cause intractability leads to our779

study of specific system and controller properties that have connectivity guarantees.780

We bound the number of connected components for the scalar control case. We showed781

that connectivity would not be an issue for highly damped systems independent of782

the control structures. In case the system matrix has a certain block structure, we783

fully characterized the number of connected components. Our results qualified the784

applicability of local search algorithms to optimal decentralized control problems and785

emphasized structural considerations.786

One future research direction is the analysis of the connectivity properties of787

dynamic controllers. Dynamic controllers have more flexibility in the choice of pa-788

rameters and therefore we expect better connectivity properties to hold. On the789

constructive side, it is important to identify system or control structural properties790

that guarantee the connectivity of the feasible set. The connectivity result, combined791

with an analysis of the absence of saddle points, will shed light on the possibility of792

applying local search algorithms to decentralized control problems.793
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Appendix A. Proof of Proposition 4.9.907

Proof. We adopt the same notation of mi and ni in Theorem 4.8. Let m′i+1 and908

n′i+1 denote the number of appearances of hi+1+ki > 0 and hi+1+ki < 0, respectively.909

In Theorem 4.8, m′i+1 = mi+1 and n′i+1 = ni+1. The situation is different when some910

ki0 is set to zero. We first consider the case 2 ≤ i0 ≤ n− 1.911

The random variable mi +ni evolves from i = 1 to i = i0− 1 in the same manner912

as Theorem 4.8. Therefore, given mi0−1 copies of the inequality fi0−1 + ki0−1 > 0913

and ni0−1 copies of the inequality fi0−1 +ki0−1 < 0, conditioned on mi0−1 and ni0−1,914

we have915

(m′i0 , n
′
i0) =

{
(mi0−1,mi0−1 + ni0−1), with probability 1

2

(mi0−1 + ni0−1, ni0−1), with probability 1
2

.916

917

Since ki0 is fixed to zero, when fi0 > 0, all inequalities fi0 + ki0 < 0 are pruned, and918

when fi0 < 0, all inequalities fi0 + ki0 > 0 are pruned. Therefore, conditioned on m′i0919
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and n′i0 ,920

(mi0 , ni0) =

{
(m′i0 , 0), with probability 1

2

(0, n′i0), with probability 1
2

.921

922

Count similarly m′i0+1 and n′i0+1, we account for the loss of freedom in hi0+1 + ki0 :923

(m′i0+1, n
′
i0+1) =

{
(mi0 , 0), with probability 1

2

(0, ni0), with probability 1
2

.924

925

After this, the evolution of (mi, ni) from i to i + 1 is the same as Theorem 4.8. It926

holds that mi0+1 = m′i0+1 and ni0+1 = n′i0+1. In sum,927

E[mi0+1 + ni0+1|mi0−1, ni0−1] = E[m′i0+1 + n′i0+1|mi0−1, ni0−1]928

=
1

2
E[mi0 + ni0 |mi0−1, ni0−1]929

=
1

4
E[m′i0 + n′i0 |mi0−1, ni0−1]930

=
3

8
(mi0−1 + ni0−1).931

932

Hence, after fixing ki0 = 0, the number of children is smaller by a factor of 1
6 compared933

with Theorem 4.8.934

When i0 = 1, h2 + k1 appears only once in the tree, and the expected number is935

cut by one half, because after fixing k1 = 0, either h2 > 0 or h2 < 0 is kept. In the936

same vein, when i0 = n, only half of the leaves are kept.937

Appendix B. Proof of Theorem 7.4.938

Proof. Similar to Theorem 7.1, we first ignore the constraints A21 ∈ Z1 and939

A32 ∈ Z2. A is stable if and only if there is a matrix P � 0 partitioned accordingly940

that satisfies the Lyapunov equation941

942

(B.1)

A11 A12 A13

A21 0 0
0 A32 0

P11 P12 P13

P21 P22 P23

P31 P32 P33

 +

P11 P12 P13

P21 P22 P23

P31 P32 P33

A>11 A
>
21 0

A>12 0 A>32

A>13 0 0

 = −I.943

944

The solution P is unique whenever A is stable.945

We first show that946

(B.2) A21 and A32 have full row rank.947

Consider the (2, 2) and (3, 3) blocks of (B.1):948

A21P12 + P21A
>
21 = −I(B.3)949

A32P23 + P32A
>
32 = −I.(B.4)950951

If x>A32 = 0, conjugate (B.4) with x to obtain952

0 = x>(A32P23 + P32A
>
32)x = −x>x,953954

or equivalently, x = 0, which means that A32 has full row rank. Similarly, A21 has955

full row rank.956
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Next we consider the (1, 3) and (2, 3) blocks of (B.1):957

A11P13 +A12P23 +A13P33 + P12A
>
32 = 0(B.5)958

A21P13 + P22A
>
32 = 0.(B.6)959960

Because P33 is invertible, A13 can be uniquely determined from (B.5). Because A21 is961

full row rank and square, P13 can be uniquely determined from (B.6). The equation962

corresponding to the remaining blocks after eliminating A13 can be extracted by pre-963

multiply (B.1) by964

W =

[
I 0 −P13P

−1
33

0 I −P23P
−1
33

]
,965

and post-multiply (B.1) by W>, which yields966

967

(B.7)[
A11 A12 − P13P

−1
33 A32

A21 −P23P
−1
33 A32

] [
P̄11 P̄12

P̄21 P̄22

]
+

[
P̄11 P̄12

P̄21 P̄22

] [
A>11 A>21

A>12 −A>32P
−1
33 P32 −A>32P

−1
33 P32

]
968

=

[
−I − P13P

−2
33 P31 −P13P

−2
33 P32

−P23P
−2
33 P31 −I − P23P

−2
33 P32

]
.969

970

where the partitioned Schur complement P̄ij is equal to Pij−Pi3P−1
33 P3j for i, j = 1, 2.971

The (1, 2) and (2, 2) blocks of (B.7) are972

A11P̄12 + (A12 − P13P
−1
33 A32)P̄22 + P̄11A

>
21 − P̄12A

>
32P

−1
33 P32 = −P13P

−2
33 P32(B.8)973

A21P̄12 + P̄21A
>
21 = −I − P23P

−2
33 P32 + P23P

−1
33 A32P̄22 + P̄22A

>
32P

−1
33 P32.(B.9)974975

Since P̄22 is invertible, A12 can be uniquely determined from (B.8). (B.9) is the same976

as (B.3) given (B.4) and (B.6). Eliminate A12 similarly by conjugating (B.7) with977

[ I P̄12P̄
−1
22 ], which yields978

(A11 − P̄12P̄
−1
22 A21)P̃11 + P̃11(A>11 −A>21P̄

−1
22 P̄21) = ∗,(B.10)979980

where P̃11 = P̄11 − P̄12P̄
−1
22 P̄21, and the right hand side is a negative definite matrix981

determined by P . Since P̃11 is positive definite, its eigenvalue do not sum up to zero;982

therefore, the solution A11 always exists and can be shrunk to a symmetric solution983

that depends continuously on P , as explained in Theorem 7.1. Using ∼ to denote the984
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28 H. FENG AND J. LAVAEI

equivalence of connected components,985

AT ∼


A11 A12 A13

A21 0 0
0 A32 0

 ,
P11 P12 P13

P21 P22 P23

P31 P32 P33

 : (B.1),

P11 P12 P13

P21 P22 P23

P31 P32 P33

 � 0, (B.2)


(B.11)

986

∼
{([

A11 A12

A21 0

]
, A32, P23, P33,

[
P̄11 P̄12

P̄21 P̄22

])
: (B.4), (B.7), P33 � 0,[
P̄11 P̄12

P̄21 P̄22

]
� 0, (B.2)

}(B.12)987

∼
{(
A11, A21, A32, P23, P33, P̄12, P̄22, P̃11

)
: (B.4), (B.9), (B.10),

P33 � 0, P̄22 � 0, P̃11 � 0, (B.2)
}(B.13)988

∼
{(
A21, A32, P23, P33, P̄12, P̄22

)
: (B.4), (B.9), P33 � 0, P̄22 � 0, (B.2)

}
(B.14)989

∼
{(
A21, A32, P33, P̄22

)
: P33 � 0, P̄22 � 0, (B.2)

}
(B.15)990

∼ {(A21, A32) : (B.2)}.(B.16)991992

The first equivalence (B.11) is justified as in (7.7), with the additional condition that993

A21 and A32 must have full row rank. (B.12) follows from the unique continuous994

solution of A13 and P13 in (B.5)-(B.6). (B.13) follows from the unique solution of995

A12 in (B.8). (B.14) follows from the retraction of the solutions to (B.10). Since A32996

has full row rank, (B.4) is always solvable in P23, and the solution subspace can be997

retracted to the pseudo-inverse solution P23 = 1/2A+
32, which is a continuous function998

over the full-rank matrix A32. The same argument applies to (B.9), where the solution999

P̄12 always exists and can be continuously retracted to the pseudo-inverse solution.1000

This arrives at (B.15). (B.16) discards the redundant coordinates.1001

The proof above imposes no restriction on A21 and A32; it holds with any addi-1002

tional subspace constraint on them.1003

Appendix C. Proof of Theorem 7.6.1004

Proof. We show the proof for the case n = 3; the proof carries over to the general1005

case. The idea is the same as Theorem 7.4, with minor differences in the reduction1006

order and in the justification for full-rank blocks. Consider the solution pair (A,P )1007

to the Lyapunov equation1008

(C.1)a11 a12 a13

a21 0 a23

0 a32 0

p11 p12 p13

p21 p22 p23

p31 p32 p33

+

p11 p12 p13

p21 p22 p23

p31 p32 p33

a11 a21 0
a12 0 a32

a13 a23 0

 = −I.1009

where P � 0 is unique whenever A =
[ a11 a12 a13
a21 0 a23
0 a32 0

]
is stable. Consider the (1, 3), (2, 3)1010

and (3, 3) blocks of (C.1),1011

a11p13 + a12p23 + a13p33 + p12a32 = 0(C.2)1012

a21p13 + a23p33 + p22a32 = 0(C.3)1013

a32p23 + p32a32 = −1.(C.4)10141015

Since p33 is invertible, a13 and a23 are uniquely determined from (C.2) and (C.3).1016

The equation in the remaining blocks after eliminating a13 and a23 can be extracted1017
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by pre-multiply (C.1) by1018

W =

[
1 0 −p13p

−1
33

0 1 −p23p
−1
33

]
1019

and post-multiply (C.1) by W>:1020

1021

(C.5)[
a11 a12 − p13p

−1
33 a32

a21 −p23p
−1
33 a32

] [
p̄11 p̄12

p̄21 p̄22

]
+

[
p̄11 p̄12

p̄21 p̄22

] [
a11 a21

a12 − a32p
−1
33 p32 −a32p

−1
33 p32

]
1022

=

[
−1− p13p

−2
33 p31 −p13p

−2
33 p32

−p23p
−2
33 p31 −1− p23p

−2
33 p32

]
,1023

1024

where the partitioned Schur complement p̄ij is equal to pij − pi3p−1
33 p3j for i, j = 1, 2.1025

The (1, 2) and (2, 2) blocks of (C.5) are1026

a11p̄12 + (a12 − p13p
−1
33 a32)p̄22 + p̄11a21 − p̄12a32p

−1
33 p32 = −p13p

−2
33 p32(C.6)1027

a21p̄12 + p̄21a21 = −1− p23p
−2
33 p32 + p23p

−1
33 a32p̄22 + p̄22a32p

−1
33 p32.(C.7)10281029

Similarly, since p̄22 is invertible, a12 can uniquely solved from (C.6). Eliminating a121030

similarly by conjugating (C.5) with [ 1 p̄12p̄
−1
22 ] gives1031

(a11 − p̄12p̄
−1
22 a21)p̃11 + p̃11(a11 − a21p̄

−1
22 p̄21) = ∗(C.8)10321033

where p̃11 = p̄11 − p̄12p̄
−1
22 p̄21 and the right hand side is a negative definite matrix1034

determined by P . Because p̃11 is positive definite, its eigenvalues do not sum up to1035

zero. As a result, the solution a11 always exists and can be shrunk to a symmetric1036

solution that depends continuously on P . We retract the solution set, where ∼ denotes1037

the equivalence of connected components:1038

AT ∼


a11 a12 a13

a21 0 a23

0 a32 0

 ,
p11 p12 p13

p21 p22 p23

p31 p32 p33

 : (C.1),

p11 p12 p13

p21 p22 p23

p31 p32 p33

 � 0

1039

∼
{([

a11 a12

a21 0

]
, a32, p13, p23, p33,

[
p̄11 p̄12

p̄21 p̄22

])
: (C.4), (C.5), p33 � 0,

[
p̄11 p̄12

p̄21 p̄22

]
� 0

}
1040

∼ {(a11, a21, a32, p13, p23, p33, p̄12, p̄22, p̃11) : (C.4), (C.7), (C.8),

p33 � 0, p̄22 � 0, p̃11 � 0}
1041

∼ {(a21, a32, p13, p23, p33, p̄12, p̄22) : (C.4), (C.7), p33 � 0, p̄22 � 0} .10421043

The equivalence is justified similarly. We first add an additional the Lyapunov matrix1044

P and then repeatedly discard the upper-triangular entires of A, which are uniquely1045

solved, while transforming the representation of P with the Schur complement until1046

we reach (C.8), which is always solvable in a11. This discarding procedure produces1047

a series of equations in the form of (C.7) and (C.4). Since scalar multiplication1048

commutes, we substitute (C.4) to (C.7) and find that the right hand side of (C.7) is1049

strictly less than zero, hence a21 6= 0. In the same vein, (C.4) implies a32 6= 0. We1050

have proved that all lower sub-diagonal entries of A cannot be zero. With nonzero1051

a21 and a32, the remaining equations uniquely determine the sub-diagonal entries1052
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(p̄12, p23), we arrive at the final series equivalences:1053

AT ∼ {(a21, a32, p13, p23, p33, p̄12, p̄22) : (C.4), (C.7), p33 > 0, p̄22 > 0, a32 6= 0, a21 6= 0}1054

∼ {(a21, a32, p13, p33, p̄22) : p33 > 0, p̄22 > 0, a32 6= 0, a21 6= 0}1055

∼ {(a21, a32) : a32 6= 0, a21 6= 0} .10561057

After discarding the redundant coordinates, we are left with n− 1 nonzero conditions1058

on the sub-diagonals of A, which give rise to 2n−1 connected components.1059

Appendix D. Proof of Lemma 6.4. The proof follows directly from the lemma1060

below.1061

Lemma D.1. Suppose that Ex0x
>
0 = I, C = I and K stabilizes both (A− µI,B)1062

and (A − λI,B). Define W (K) = (A + BK) + (A + BK)>. We have the following1063

bound1064

J2µ(K)

J2λ(K)
≤

{
2λ−νmin(W (K))
2µ−νmax(W (K)) , if 2µ > νmax(W (K))
2λ−νmax(W (K))
2µ−νmin(W (K)) , if 2µ < νmin(W (K))

.1065

1066

Proof. The quadratic costs J2λ(K) and J2µ(K) can be written as tr(Pλ(K)) and1067

tr(Pµ(K)), where1068

(A−λI+BK)>Pλ(K) + Pλ(K)(A−λI+BK) +K>RK +Q+DK +K>D> = 0

(D.1a)

1069

(A−µI+BK)>Pµ(K) + Pµ(K)(A−µI+BK) +K>RK +Q+DK +K>D> = 0.

(D.1b)

10701071

Taking the difference of (D.1a) and (D.1b) yields1072

(A+BK)>(Pλ(K)−Pµ(K)) + (Pλ(K)−Pµ(K))(A+BK) = 2λPλ(K)− 2µPµ(K).

(D.2)

10731074

Taking the trace of (D.2), we obtain1075

2λ tr(Pλ(K))− 2µ tr(Pµ(K))1076

= tr
(
((A+BK) + (A+BK)>)Pλ(K)

)
− tr

(
((A+BK) + (A+BK)>)Pµ(K)

)
1077

≥ νmin(W (K)) tr(Pλ(K))− νmax(W (K)) tr(Pµ(K)),10781079

where the last step follows from the positive-semidefinite property of Pλ(K) and1080

Pµ(K). In the same vein,1081

2λ tr(Pλ(K))− 2µ tr(Pµ(K)) ≤ νmax(W (K)) tr(Pλ(K))− νmin(W (K)) tr(Pµ(K)).10821083

Hence, if 2µ > νmax(W (K)), we have1084

tr(Pµ(K)) ≤ 2λ− νmin(W (K))

2µ− νmax(W (K))
tr(Pλ(K));1085

1086

and if 2µ < νmin(W (K)), we have1087

tr(Pµ(K)) ≤ 2λ− νmax(W (K))

2µ− νmin(W (K))
tr(Pλ(K)).1088

1089
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Appendix E. Proof of Coerciveness. We show that the ODC problem has a1090

certain structure that disallows the locally optimal stabilizing K to have arbitrarily1091

large magnitude.1092

Lemma E.1. Consider the ODC problem with cost (2.1). Suppose that C has1093

full row rank, L =
[ Q D

D> R

]
is positive definite, D0 = Ex0x

>
0 is positive definite, and1094

K ∈ S is stabilizing. Then, J0(K)→∞ whenever ‖K‖2 →∞ or when K approaches1095

the boundary of the set of stabilizing controllers.1096

Proof. We write1097

P (K) =

∫ ∞
0

et(A+BKC)>R̂(K)et(A+BKC)dt,1098
1099

where1100

R̂(K) = Q+DKC + C>K>D> + C>K>RKC.1101

When K is stabilizing, P (K) is well-defined. As K approaches a finite K† on the1102

boundary of the set of stabilizing controllers, we show that ‖P (K)‖2 → ∞. By1103

assumption, the symmetric matrix R̂(K) in the integral is positive definite, because1104

it can be written as1105

R̂(K†) =
[
I C>K>†

]
L

[
I

K†C
>

]
.1106

1107

Therefore, its minimum eigenvalue νmin(R̂(K†)) > 0, and when K is close to K†,1108

R̂(K) � 1
2νmin(R̂(K†))I. We make the estimate1109

tr(P (K))≥1

2
νmin(R̂(K†))

∫ ∞
0

tr
(
et(A+BKC)>et(A+BKC)

)
dt1110

≥ 1

2
νmin(R̂(K†))

∫ ∞
0

‖et(A+BKC)‖22dt1111

=
1

2
νmin(R̂(K†))

∫ ∞
0

e2t·spabs(A+BKC)dt,1112
1113

where spabs(·) denotes the spectral abscissa (maximum real part of the eigenvalues).1114

The estimate above shows that tr(P (K)) → ∞ as K approaches K† from the stabi-1115

lizing set. Since J0(K) = tr(P (K)D0) ≥ tr(P (K))νmin(D0), J0(K) also approaches1116

infinity.1117

In case ‖K‖2 → ∞ from the stabilizing set, we use the fact that P (K) is the1118

unique solution to the equation1119

(A+BKC)>P + P (A+BKC) + R̂(K) = 0.11201121

Let σmin(C) denote the smallest singular value of C, which is positive by assumption.1122

From the triangle inequality,1123

νmin(R)σmin(C)2‖K‖22 ≤ ‖C>K>RKC‖21124

≤ 2‖A+BKC‖2‖P (K)‖2 + ‖Q‖2 + 2‖D‖2‖K‖2‖C‖21125

≤ 2(‖A‖2 + ‖B‖2‖K‖2‖C‖2)‖P (K)‖2+1126

‖Q‖2 + 2‖D‖2‖K‖2‖C‖2,11271128
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Therefore,1129

‖P (K)‖2 ≥
νmin(R)σmin(C)2‖K‖22 − ‖Q‖2 − 2‖D‖2‖K‖2‖C‖2

2(‖A‖2 + ‖B‖2‖K‖2‖C‖2)
.1130

1131

Hence, ‖P (K)‖2 → ∞ as ‖K‖2 → ∞ inside the stabilizing set. Similarly J(K) =1132

tr(P (K)D0) ≥ ‖P (K)‖2νmin(D) also approaches infinity.1133
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