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Abstract

In this paper, we study a general low-rank matrix recovery problem with linear
measurements corrupted by some noise. The objective is to understand under what
conditions on the restricted isometry property (RIP) of the problem local search
methods can find the ground truth with a small error. By analyzing the landscape
of the non-convex problem, we first propose a global guarantee on the maximum
distance between an arbitrary local minimizer and the ground truth under the
assumption that the RIP constant is smaller than 1/2. We show that this distance
shrinks to zero as the intensity of the noise reduces. Our new guarantee is sharp
in terms of the RIP constant and is much stronger than the existing results. We
then present a local guarantee for problems with an arbitrary RIP constant, which
states that any local minimizer is either considerably close to the ground truth or
far away from it. Next, we prove the strict saddle property, which guarantees the
global convergence of the perturbed gradient descent method in polynomial time.
The developed results demonstrate how the noise intensity and the RIP constant of
the problem affect the landscape of the problem.

1 Introduction

Low-rank matrix recovery problems arise in various applications, such as matrix completion [1, 2],
phase synchronization/retrieval [3–5], robust PCA [6], and several others [7, 8]. In this paper, we
study a class of low-rank matrix recovery problems, where the goal is to recover a symmetric and
positive semidefinite ground truth matrix M∗ with rank(M∗) = r from certain linear measurements
corrupted by noise. This problem can be formulated as the following optimization problem:

min
M∈Rn×n

1

2
‖A(M)− b+ w‖2

s. t. rank(M) ≤ r, M � 0.

(1)

Here, A : Rn×n → Rm is a linear operator whose action on a matrix M is given by

A(M) = [〈A1,M〉, . . . , 〈Am,M〉]T ,
where A1, . . . , Am ∈ Rn×n are called sensing matrices. In addition, b = A(M∗) represents the
perfect measurement on the ground truth M∗ and w comes from an arbitrary probability distribution.

Although it may be possible to solve the problem (1) based on convex relaxations [1, 2, 9], the
computational complexity associated with solving a semidefinite program presents a major challenge
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for large-scale problems. A more scalable approach is to use the Burer–Monteiro factorization [10]
by expressing M as XXT with X ∈ Rn×r, which leads to the following equivalent formulation of
the original problem (1):

min
X∈Rn×r

f(X) =
1

2
‖A(XXT )− b+ w‖2. (2)

The unconstrained problem (2) is often solved by local search methods such as gradient descent.
Since the objective function f(X) in (2) is non-convex, local search algorithms may converge to a
local minimizer, leading to a suboptimal or plainly wrong solution. Hence, it is desirable to provide
guarantees on the maximum distance between these local minimizers and the ground truth M∗. This
problem will be addressed in this paper.

1.1 Related Works

The special noiseless case of the problem (2) can be obtained by setting w = 0. In this case, any
solution Z with ZZT = M∗ is a global minimizer of the problem (2). Many previous researches
such as [6, 11–20] focused on proving that the problem has no spurious (non-global) local minimizers
under the assumption of restricted isometry property (RIP). Moreover, as demonstrated in previous
works such as [6], the developed techniques under the RIP condition can be adopted to show that
other low-rank matrix recovery problems, such as matrix completion under incoherence condition and
robust PCA problem, also have benign landscape. The RIP condition is equivalent to the restricted
strongly convex and smooth property used in [21, 22, 19], and its formal definition is given below.
Definition 1. The linear operator A(·) : Rn×n → Rm is said to satisfy the δ-RIP2r property for
some constant δ ∈ [0, 1) if the inequality

(1− δ)‖M‖2F ≤ ‖A(M)‖2 ≤ (1 + δ)‖M‖2F
holds for all M ∈ Rn×n with rank(M) ≤ 2r.

In the recent paper by [20], the author developed a sharp bound on the absence of spurious local
minima for the noiseless case of problem (2), which says that the problem has no spurious local
minima if the measurement operator A satisfies the δ-RIP2r property with δ < 1/2. This result is
tight since there is a known counterexample [23] having spurious local minima under δ = 1/2.

For the noisy problem, the relation X∗X∗T = M∗ is unlikely to be satisfied, where X∗ denotes a
global minimizer of problem (2). However, in this situation, X∗X∗T should be close to the ground
truth M∗ if the noise w is small. As a generalization of the above-mentioned results for the noiseless
problem, it is natural to study whether all local minimizers, including the global minimizers, are close
to the ground truth M∗ under the RIP assumption. One such result is presented in [11] and given
below.
Theorem 1 (Theorem 3.1 in [11]). Suppose thatw ∼ N (0, σ2

wIm) andA(·) has the δ-RIP4r property
with δ < 1/10. Then, with probability at least 1 − 10/n2, any local minimizer X̂ of problem (2)
satisfies the inequality

‖X̂X̂T −M∗‖F ≤ 20

√
log(n)

m
σw.

Theorem 31 in [6] further improves the above result by replacing the δ-RIP4r property with the
δ-RIP2r property. [24] studies a similar noisy low-rank matrix recovery problem with l1 norm.

As compared above, there is an evident gap between the state-of-the-art results for the noiseless and
noisy problems. The result for the noiseless problem only requires the RIP constant δ < 1/2, but
the one for the noisy problem requires δ < 1/10 no matter how small the noise is. This gap will
be addressed in this paper by showing that a major generalization of Theorem 1 holds for the noisy
problem under the same RIP assumption as in the sharp bound for the noiseless problem.

1.2 Notations

In this paper, In refers to the identity matrix of size n × n. The notation M � 0 means that M is
a symmetric and positive semidefinite matrix. σi(M) denotes the i-th largest singular value of a
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matrix M , and λi(M) denotes the i-th largest eigenvalue of M . ‖v‖ denotes the Euclidean norm
of a vector v, while ‖M‖F and ‖M‖2 denote the Frobenius norm and induced l2 norm of a matrix
M , respectively. 〈A,B〉 is defined to be tr(ATB) for two matrices A and B of the same size.
The Kronecker product between A and B is denoted as A ⊗ B. For a matrix M , vec(M) is the
usual vectorization operation by stacking the columns of the matrix M into a vector. For a vector
v ∈ Rn2

, mat(v) converts v to a square matrix and matS(v) converts v to a symmetric matrix, i.e.,
mat(v) = M and matS(v) = (M +MT )/2, where M ∈ Rn×n is the unique matrix satisfying
v = vec(M). Finally, N (µ,Σ) refers to the multivariate Gaussian distribution with mean µ and
covariance Σ.

2 Main Results

We first present the global guarantee on the local minimizers of the problem (2). To simplify the
notation, we use a matrix representation of the measurement operator A as follows:

A = [vec(A1), vec(A2), . . . , vec(Am)]T ∈ Rm×n
2

.

Then, A vec(M) = A(M) for every matrix M ∈ Rn×n.

Theorem 2. Assume that the linear operator A satisfies the δ-RIP2r property with δ < 1/2. For
every ε > 0, with probability at least P(‖ATw‖ ≤ ε), either of the following two inequalities

(1− δ)‖X̂X̂T −M∗‖2F ≤ ε‖X̂X̂T −M∗‖F + (1 + 3
√
r)ε‖M∗‖F , (3a)

2(1− 2δ)

3(1 + δ)
‖X̂X̂T −M∗‖F ≤ 2ε

√
r + 2

√
2ε(1 + δ)(‖X̂X̂T −M∗‖1/2F + ‖M∗‖1/2F ) (3b)

holds for every arbitrary local minimizer X̂ ∈ Rn×r of problem (2).

Note that two upper bounds on the distance ‖X̂X̂T −M∗‖F can be obtained for any local minimizer
X̂ by solving the two quadratic-like inequalities (3a) and (3b), and the larger bound needs to be
used because only one of the two inequalities is guaranteed to hold. The reason for the existence of
two inequalities in Theorem 2 is the split of its proof into two cases. The first case is when the r-th
smallest singular value of X̂ is small, and the second case is the opposite, which are respectively
handled by Lemma 2 and Lemma 3.

Theorem 2 is a major extension of the existing sharp result stating that the noiseless problem has
no spurious local minima under the same assumption of the δ-RIP2r property with δ < 1/2. The
reason is that in the case when the noise w is equal to zero, one can choose an arbitrarily small
ε in Theorem 2 to conclude from the inequalities (3a) and (3b) that X̂X̂T = M∗ for every local
minimizer X̂ . Moreover, when the RIP constant δ further decreases from 1/2, the upper bound
on ‖X̂X̂T −M∗‖F will also decrease, which means that a local minimizer found by local search
methods will be closer to the ground truth M∗. This suggests that the RIP condition is able to not
only guarantee the absence of spurious local minima as shown in the previous literature but also
mitigate the influence of the noise in the measurements.

Compared with the existing results such as Theorem 1, our new result has two advantages. First,
by improving the RIP constant from 1/10 to 1/2, one can apply the results on the location of
spurious local minima to a much broader class of problems, which can often help reduce the
number of measurements. For example, in the case when the measurements are given by random
Gaussian matrices, it is proven in [1] that to achieve the δ-RIP2r property the minimum number of
measurements needed is in the order of O(1/δ2). By improving the RIP constant in the bound, we
can significantly reduce the number of measurements while still keeping the benign landscape. In
applications such as learning for energy networks, there is a fundamental limit on the number of
measurements that can be collected due to the physics of the problem [25]. Finding a better bound on
RIP helps with addressing the issues with the number of measurements needed to reliably solve the
problem. Second, Theorem 1 is just about the probability of having all spurious solutions in a fixed
ball around the ground truth of radius O(σw) instead of balls of arbitrary radii, and this fixed ball
could be a large one depending on whether the noise level σw is fixed or scales with the problem. On
the other hand, in Theorem 2, we consider the probability P(‖ATw‖ ≤ ε) for any arbitrary value of

3



ε. By having a flexible ε, our work not only improves the RIP constant but also allows computing the
probability of having all spurious solutions in any given ball.

In the special case of rank r = 1, the conditions (3a) and (3b) in Theorem 2 can be substituted with a
simpler condition as shown below. Its proof is highly similar to that of Lemma 3, and obviated in this
paper for succinctness.

Theorem 3. Consider the case r = 1 and assume that the linear operator A satisfies the δ-RIP2

property with δ < 1/2. For every ε > 0, with probability at least P(‖ATw‖ ≤ ε), every arbitrary
local minimizer X̂ ∈ Rn×r of problem (2) satisfies

‖X̂X̂T −M∗‖F ≤
3(1 +

√
2)ε(1 + δ)

1− 2δ
. (4)

In the case when the RIP constant δ is not less than 1/2, it is not possible to achieve a global guarantee
similar to Theorem 2 or Theorem 3 since it is known that the problem may have a spurious solution
even in the noiseless case. Instead, we turn to local guarantees by showing that every arbitrary local
minimizer X̂ of problem (2) is either close to the ground truth M∗ or far away from it in terms of the
distance ‖X̂X̂T −M∗‖F .

Theorem 4. Assume that the linear operator A satisfies the δ-RIP2r property for some δ ∈ [0, 1).
Consider arbitrary constants ε > 0 and τ ∈ (0, 2(

√
2− 1)) such that

δ <

√
1− 3 + 2

√
2

4
τ2.

Every arbitrary local minimizer X̂ ∈ Rn×r of problem (2) satisfying

‖X̂X̂T −M∗‖F ≤ τλr(M∗) (5)

will also satisfy

‖X̂X̂T −M∗‖F ≤
ε(1 + δ)C(τ,M∗)√
1− 3+2

√
2

4 τ2 − δ
(6)

with probability at least P(‖ATw‖ ≤ ε), where

C(τ,M∗) =

√
2(λ1(M∗) + τλr(M∗))

(1− τ)λr(M∗)
.

The upper bounds in (5) and (6) define an outer ball and an inner ball centered at the ground truth M∗.
Theorem 4 states that there is no local minimizer in the ring between the two balls. As ε approaches
zero, the inner ball shrinks to the ground truth. This theorem shows that bad local minimizers are
located outside the outer ball. Note that the problem could be highly non-convex when δ is close to 1,
while this theorem shows a benign landscape in a local neighborhood of the solution. Furthermore,
all the theorems in this section are applicable to arbitrary noise models since they make no explicit
use of the probability distribution of the noise. The only required information is the probability
P(‖ATw‖ ≤ ε), which can be computed or bounded when the probability distribution of the noise is
given as illustrated in Section 4.

The results presented above are all about the location of the local minimizers. They do not directly
lead to the global convergence of local search methods with a fast convergence rate. To provide
performance guarantees for local search methods, the next theorem establishes a stronger property
for the landscape of the noisy problem that is usually called the strict saddle property in the literature,
which essentially says that all approximate second-order critical points are close to the ground truth.

Theorem 5. Assume that the linear operator A satisfies the δ-RIP2r property with δ < 1/2. For
every ε > 0 and κ ≥ 0, with probability at least P(‖ATw‖ ≤ ε), either of the following two
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inequalities

(1− δ)‖X̂X̂T −M∗‖2F ≤ε‖X̂X̂T −M∗‖F +
κ

2
‖X̂X̂T −M∗‖1/2F + (1 + 3

√
r)ε‖M∗‖F

+
5
√
rκ

2
‖M∗‖F +

κ

2
‖M∗‖1/2F ,

(7a)

2(1− 2δ)

3(1 + δ)
‖X̂X̂T −M∗‖F ≤ (2ε+ κ)

√
r +

√
2κ(1 + δ)

+ 2
√

2ε(1 + δ)(‖X̂X̂T −M∗‖1/2F + ‖M∗‖1/2F )

(7b)

holds for every matrix X̂ ∈ Rn×r satisfying

‖∇f(X̂)‖ ≤ κ, ∇2f(X̂) � −κInr.

Note that this property is not proven in the literature for δ < 1/2 even in the noiseless case, and
thus our result generalizes the existing ones even in this scenario. On the other hand, it is proven by
[26] that the perturbed gradient descent method with an arbitrary initialization will find a solution
X̂ satisfying the requirements in Theorem 5 with a high probability in O(poly(1/κ)) number of
iterations. By Theorem 5, X̂X̂T will be close to the ground truth if ε and κ are chosen to be relatively
small.

3 Proofs of Main Results

Before presenting the proofs, we first compute the gradient and the Hessian of the objective function
f(X̂) of the problem (2):

∇f(X̂) = X̂TAT (Ae + w),

∇2f(X̂) = 2Ir ⊗matS(A
T (Ae + w)) + X̂TATAX̂,

where
e = vec(X̂X̂T −M∗),

and X̂ ∈ Rn2×nr is the matrix satisfying

X̂ vec(U) = vec(X̂UT + UX̂T ), ∀U ∈ Rn×r.

The first step in the proofs is to derive necessary conditions for a matrix X̂ ∈ Rn×r to be an
approximate second-order critical point, which depend on the linear operator A, the noise w ∈ Rm,
the solution X̂ , and the parameter κ characterizing how close X̂ is to a true second-order critical
point.

Lemma 1. Given κ ≥ 0, assume that X̂ ∈ Rn×r satisfies

‖∇f(X̂)‖ ≤ κ, ∇2f(X̂) � −κInr.

Then, it must satisfy the following inequalities:

‖X̂THe‖ ≤ 2‖X̂‖2‖ATw‖+ κ, (8a)

2Ir ⊗matS(He) + X̂THX̂ � −(2‖ATw‖+ κ)Inr, (8b)

where H = ATA.

Proof. To obtain condition (8a), notice that ‖∇f(X̂)‖ ≤ κ implies that

‖X̂THe‖ ≤ ‖X̂TATw‖+ κ ≤ ‖X̂‖2‖ATw‖+ κ ≤ 2‖X̂‖2‖ATw‖+ κ,

in which the last inequality is due to

‖X̂ vec(U)‖ = ‖X̂UT + UX̂T ‖F ≤ 2‖X̂‖2‖U‖F ,
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for every U ∈ Rn×r. Similarly, ∇2f(X̂) � −κInr implies that

2Ir ⊗matS(He) + X̂THX̂ � −2Ir ⊗matS(A
Tw)− κInr.

On the other hand, the eigenvalues of Ir ⊗matS(A
Tw) are the same as those of matS(A

Tw), and
each eigenvalue λi(matS(A

Tw)) of the latter matrix further satisfies

|λi(matS(A
Tw))| ≤ ‖matS(A

Tw)‖F ≤ ‖ATw‖,
which proves condition (8b).

If X̂ is a local minimizer of the problem (2), Lemma 1 shows that X̂ satisfies the inequalities (8a)
and (8b) with κ = 0. Similarly, Theorem 2 can also be regarded as a special case of Theorem 5 with
κ = 0. The proofs of these two theorems consist of inspecting two cases. The following lemma deals
with the first case in which X̂ is an approximate second-order critical point with σr(X̂) being close
to zero.
Lemma 2. Given X̂ ∈ Rn×r and arbitrary constants ε > 0 and κ ≥ 0, the inequalities

σr(X̂) ≤
√
ε+ κ

1 + δ
, ‖∇f(X̂)‖ ≤ κ, ∇2f(X̂) � −κInr

and ‖ATw‖ ≤ ε will together imply the inequality (7a).

Proof. Let G = matS(He) and u ∈ Rn be a unit eigenvector of G corresponding to its minimum
eigenvalue, i.e.,

‖u‖ = 1, Gu = λmin(G)u.

In addition, let v ∈ Rr be a singular vector of X̂ such that

‖v‖ = 1, ‖X̂v‖ = σr(X̂).

Let U = vec(uvT ). Then, ‖U‖ ≤ 1 and (8b) implies that

−2ε− κ ≤ 2UT (Ir ⊗matS(He))U + UT X̂THX̂U

≤ 2 tr(vuTGuvT ) + (1 + δ)‖X̂vuT + uvT X̂T ‖2F
≤ 2λmin(G) + 4(1 + δ)σr(X̂)2

≤ 2λmin(G) + 4ε+ 4κ. (9)

On the other hand,

(1− δ)‖X̂X̂T −M∗‖2F ≤ eTHe = vec(X̂X̂T )THe− vec(M∗)THe

=
1

2
vec(X̂)T X̂THe− 〈M∗,matS(He)〉

≤ 1

2
‖X̂‖2‖X̂THe‖+

(
3ε+

5κ

2

)
tr(M∗)

≤ ε‖X̂‖22 +
κ

2
‖X̂‖2 +

(
3ε+

5κ

2

)
tr(M∗),

in which the second last inequality is due to (9) and the last inequality is due to (8a). Furthermore,
the right-hand side of the above inequality can be relaxed as

ε‖X̂‖22 +
κ

2
‖X̂‖2 +

(
3ε+

5κ

2

)
tr(M∗)

≤ ε‖X̂X̂T ‖F +
κ

2
‖X̂X̂T ‖1/2F +

(
3ε+

5κ

2

)√
r‖M∗‖F

≤ ε‖X̂X̂T −M∗‖F +
κ

2
‖X̂X̂T −M∗‖1/2F

+ (1 + 3
√
r)ε‖M∗‖F +

5
√
rκ

2
‖M∗‖F +

κ

2
‖M∗‖1/2F ,

which leads to the inequality (7a).
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The remaining case with

σr(X̂) >

√
ε+ κ

1 + δ

will be handled in the following lemma using a different method.

Lemma 3. Assume that the linear operator A satisfies the δ-RIP2r property with δ < 1/2. Given
X̂ ∈ Rn×r and arbitrary constants ε > 0 and κ ≥ 0, the inequalities

σr(X̂) >

√
ε+ κ

1 + δ
, ‖∇f(X̂)‖ ≤ κ, ∇2f(X̂) � −κInr

and ‖ATw‖ ≤ ε will together imply the inequality (7b).

The proofs of both Lemma 3 and the local guarantee in Theorem 4 generalize the proof of the absence
of spurious local minima for the noiseless problem in [16, 20]. Our innovation here is to develop
new techniques to analyze approximate optimality conditions for the solutions because unlike the
noiseless problem the local minimizers of the noisy one are only approximate second-order critical
points of the distance function ‖A(XXT )− b‖2. For a fixed solution X̂ and noise w, one can find an
operator Â satisfying the δ-RIP2r property with the smallest possible δ such that X̂ and Â satisfy the
necessary conditions stated in Lemma 1. Let δ∗(X̂) be the RIP constant of the found measurement
operator Â in the worst-case scenario. Then, if X̂ in Lemma 3 is a solution of the current problem
with the linear operatorA satisfying the δ-RIP2r property, it holds that δ ≥ δ∗(X̂), which can further
lead to an upper bound on the distance ‖X̂X̂T −M∗‖F .

To compute δ∗(X̂) defined above, let q = ATw and solve the following optimization problem whose
optimal value is δ∗(X̂):

min
δ,Ĥ

δ

s.t. ‖X̂T Ĥe‖ ≤ 2‖X̂‖2‖q‖+ κ,

2Ir ⊗matS(Ĥe) + X̂T ĤX̂ � −(2‖q‖+ κ)Inr,

Ĥ is symmetric and satisfies the δ-RIP2r property.

(10)

Note that a matrix Ĥ ∈ Rn2×n2

is said to satisfy the δ-RIP2r property if

(1− δ)‖U‖2 ≤ UT ĤU ≤ (1 + δ)‖U‖2

holds for every matrix U ∈ Rn×n with rank(U) ≤ 2r and U = vec(U). Obviously, for a linear
operator Â, Ĥ = ÂT Â satisfies the δ-RIP2r property if and only if Â satisfies the δ-RIP2r property.

However, since problem (10) is non-convex due to the RIP constraint, we instead solve the following
convex reformulation:

min
δ,Ĥ

δ

s. t. ‖X̂T Ĥe‖ ≤ 2‖X̂‖2‖q‖+ κ,

2Ir ⊗matS(Ĥe) + X̂T ĤX̂ � −(2‖q‖+ κ)Inr,

(1− δ)In2 � Ĥ � (1 + δ)In2 .

(11)

Lemma 14 in [17] proves that problem (10) and problem (11) have the same optimal value. The
remaining step in the proof of Lemma 3 is to solve the optimization problem (11) for given X̂ , q
and κ. The complete proof of Lemma 3 is lengthy and deferred to Appendix A. Finally, Theorem 2
and Theorem 5 are direct consequences of Lemma 2 and Lemma 3. The proof of Theorem 3 is very
similar to that of Lemma 3 and is also given in Appendix A.

Now, we turn to the proof of the local guarantee in Theorem 4.
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Proof of Theorem 4. First, we relax the optimization problem (11) by dropping the constraint related
to the second-order necessary optimality condition. This gives rise to the optimization problem

min
δ,Ĥ

δ

s. t. ‖X̂T Ĥe‖ ≤ 2‖X̂‖2‖q‖,
(1− δ)In2 � Ĥ � (1 + δ)In2 .

(12)

To further simplify the problem (12), one can replace its decision variable δ with η and introduce the
following optimization problem:

max
η,Ĥ

η

s. t. ‖X̂T Ĥe‖ ≤ 2‖X̂‖2‖q‖,
ηIn2 � Ĥ � In2 .

(13)

Given any feasible solution (δ, Ĥ) to (12), the tuple(
1− δ
1 + δ

,
1

1 + δ
Ĥ

)
is a feasible solution to problem (13). Therefore, if the optimal value of (12) is denoted as δ∗f (X̂) and
the optimal value of (13) is denoted as η∗f (X̂), then it holds that

η∗f (X̂) ≥
1− δ∗f (X̂)

1 + δ∗f (X̂)
≥ 1− δ∗(X̂)

1 + δ∗(X̂)
≥ 1− δ

1 + δ
, (14)

in which the last inequality is implied by δ ≥ δ∗(X̂) as shown above. To prove the inequality (6), we
need to bound η∗f (X̂) from above, which can be achieved by finding a feasible solution to the dual
problem of (13) given below:

min
U1,U2,G,λ,y

tr(U2) + 4‖X̂‖22‖q‖2λ+ tr(G)

s. t. tr(U1) = 1,

(X̂y)eT + e(X̂y)T = U1 − U2,[
G −y
−yT λ

]
� 0,

U1 � 0, U2 � 0.

(15)

For any matrix X̂ ∈ Rn×r satisfying ‖X̂X̂T −M∗‖F ≤ τλr(M∗), we have X̂ 6= 0, and it has been
shown in the proof of Lemma 19 in [17] that there exists y 6= 0 satisfying the inequalities

‖X̂y‖2 ≥ 2λr(X̂X̂
T )‖y‖2, (16a)

cos θ ≥

√
1− 3 + 2

√
2

4
τ2, (16b)

where θ is the angle between X̂y and e. Define

M = (X̂y)eT + e(X̂y)T ,

and then decompose M as M = [M ]+ − [M ]− with [M ]+ � 0 and [M ]− � 0. Then, it is easy to
verify that (U∗1 , U

∗
2 , G

∗, λ∗, y∗) defined as

y∗ =
y

tr([M ]+)
, U∗1 =

[M ]+
tr([M ]+)

, U∗2 =
[M ]−

tr([M ]+)
,

G∗ =
y∗(y∗)T

λ∗
, λ∗ =

‖y∗‖
2‖X̂‖2‖q‖
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forms a feasible solution to the dual problem (15) with the objective value

tr([M ]−) + 4‖X̂‖2‖q‖‖y‖
tr([M ]+)

. (17)

Furthermore, rank(M∗) = r implies that λr(M∗) > 0. By the Wielandt–Hoffman theorem,

|λr(X̂X̂T )− λr(M∗)| ≤ ‖X̂X̂T −M∗‖F ≤ τλr(M∗),
|λ1(X̂X̂T )− λ1(M∗)| ≤ ‖X̂X̂T −M∗‖F ≤ τλr(M∗).

Thus, using the above two inequalities and inequality (16a), we have

2‖X̂‖2‖y‖
‖X̂y‖

≤ 2‖X̂‖2√
2λr(X̂X̂T )

≤

√
2(λ1(M∗) + τλr(M∗))

(1− τ)λr(M∗)
= C(τ,M∗). (18)

Next, according to Lemma 14 of [15], one can write

tr([M ]+) = ‖X̂y‖‖e‖(1 + cos θ),

tr([M ]−) = ‖X̂y‖‖e‖(1− cos θ).

Substituting the above two equations and (18) into the dual objective value (17), one can obtain

η∗f (X̂) ≤ 1− cos θ + 2C(τ,M∗)‖q‖/‖e‖
1 + cos θ

,

which together with (14) implies that

‖e‖ ≤ (1 + δ)C(τ,M∗)‖q‖(cos θ − δ)−1.

The inequality (6) can then be proved by combining the above inequality and (16b) under the
probabilistic event that ‖q‖ ≤ ε.

4 Numerical Illustration

In the next, we will empirically study the developed probabilistic guarantees and demonstrate the
distance ‖X̂X̂T −M∗‖F between any local minimizer X̂ and the ground truth M∗ as well as the
value of the RIP constant δ required to be satisfied by the linear operator A.

Before delving into the numerical illustration, note that the probability P(‖ATw‖ ≤ ε) used in
both Theorem 2 and Theorem 4 can be bounded from below by the probability P(‖w‖ ≤ w0) with
w0 = ε/‖A‖2. The latter probability can be easily estimated when the probability distribution of the
noise w is given. As an example, in the simplest case when w is sampled from an isotropic Gaussian
distribution, i.e., w ∼ N (0, σ2Im), the random variable ‖w/σ‖2 follows the chi-square distribution
and one can apply the Chernoff bound to obtain

P(‖w‖ ≤ w0) = 1− P
(∥∥∥w

σ

∥∥∥2 ≥ w2
0

σ2

)
≥ 1− inf

0≤t<1/2
(1− 2t)−m/2e−tw

2
0/σ

2

.

After solving the minimization problem in the above equation, we obtain

1−
(
2mσ2

w2
0

)−m/2
em−

w2
0

2σ2 ≤ P(‖w‖ ≤ w0).

More generally, if w is a (σ/
√
m)-sub-Gaussian vector, then applying Lemma 1 in [27] leads to

1− 2e−
w2

0
16σ2 ≤ P(‖w‖ ≤ w0).

For numerical illustration, assume that n = 50, m = 10 and ‖A‖2 ≤ 2, while the noise w is a
(0.05/

√
m)-sub-Gaussian vector. We also assume that the ground truth M∗ is of rank 5 with the

largest eigenvalue being 1.5 and the smallest eigenvalue being 1.
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(a) The upper bound derived from inequality
(7a).

(b) The upper bound derived from inequality
(7b).

Figure 1: Comparison of the upper bounds given by Theorem 2 for the distance ‖X̂X̂T −M∗‖F
with X̂ being an arbitrary local minimizer.

First, we explore the two inequalities (7a) and (7b) in Theorem 2 to obtain two upper bounds on
‖X̂X̂T −M∗‖F , where X̂ denotes any arbitrary (worst) local minimizer. Figure 1 gives the contour
plots of the two upper bounds on ‖X̂X̂T −M∗‖F , which hold with the given probability on the y-axis
and the given RIP constant δ from 0 to 1/2 on the x-axis. While the final bound on ‖X̂X̂T −M∗‖F
is often determined by the inequality (7b), the inequality (7a) is needed theoretically to deal with the
case when X̂ has a singular value close to 0.

Next, we illustrate the bounds given by Theorem 2 and Theorem 4. Figure 2 shows the contour plots
of the maximum RIP constant δ that is necessary to guarantee that each local minimizer X̂ (satisfying
the inequality (5) when Theorem 4 is applied) lies within a certain neighborhood of the ground truth
(measured via the distance ‖X̂X̂T −M∗‖F on the x-axis) with a given probability on the y-axis,
as implied by the respective global and local guarantees. Figure 2 clearly shows how a smaller RIP
constant δ leads to a tighter bound on the distance ‖X̂X̂T −M∗‖F with a higher probability. In
addition, the local guarantee generally requires a looser RIP assumption as it still holds even when
δ > 1/2. However, as the parameter τ in Theorem 4 increases, the local bound also degrades quickly,
sometimes becoming worse than the global bound as illustrated in Figure 2(d).

5 Conclusion

In this paper, we develop global and local analyses for the locations of the local minima of the
low-rank matrix recovery problem with noisy linear measurements. Unlike the existing results, the
probability distribution of the noise is arbitrary and the RIP constant of the problem is free to take
any arbitrary value. The developed results encompass the state-of-the-art results on the non-existence
of spurious solutions in the noiseless case. Furthermore, we prove the strict saddle property, which
guarantees the global convergence of the perturbed gradient descent method in polynomial time.
Our analyses show how the value of the RIP constant and the intensity of noise affect the landscape
of the non-convex learning problem and the locations of the local minima relative to the ground
truth. Future research directions include extending our results into the cases when the matrices are
asymmetric, the measurements are nonlinear, or the overparameterized regime in which rank(M∗) is
less than r.
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A Proofs of Lemma 3 and Theorem 3

Proof of Lemma 3. Let Z ∈ Rn×r be a matrix satisfying ZZT = M∗. Similar to the proof of
Theorem 4, we introduce an optimization problem as follows:

max
η,Ĥ

η

s. t. ‖X̂T Ĥe‖ ≤ 2‖X̂‖2ε+ κ,

2Ir ⊗matS(Ĥe) + X̂T X̂ � −(2ε+ κ)Inr,

ηIn2 � Ĥ � In2 ,

(19)

where its optimal value η∗(X̂) satisfies the inequality

η∗(X̂) ≥ 1− δ∗(X̂)

1 + δ∗(X̂)
≥ 1− δ

1 + δ
. (20)

In the remaining part, we will prove the following upper bound on η∗(X̂):

η∗(X̂) ≤ 1

3
+

(2ε+ κ)
√
r +

√
2κ(1 + δ) + 2

√
2ε(1 + δ)‖X̂‖2

‖e‖
. (21)

The inequality (7b) is a consequence of (20), (21) and the inequality

‖X̂‖2 ≤ ‖X̂X̂T ‖1/2F ≤ ‖X̂X̂T −M∗‖1/2F + ‖M∗‖1/2F .

The proof of the upper bound (21) can be completed by finding a feasible solution to the dual problem
of (19):

min
U1,U2,W,
G,λ,y

tr(U2) + 〈X̂T X̂,W 〉+ (2ε+ κ) tr(W ) + (2‖X̂‖2ε+ κ)2λ+ tr(G)

s. t. tr(U1) = 1,

(X̂y − w)eT + e(X̂y − w)T = U1 − U2,[
G −y
−yT λ

]
� 0,

U1 � 0, U2 � 0, W =

W1,1 · · · WT
r,1

...
. . .

...
Wr,1 · · · Wr,r

 � 0,

w =

r∑
i=1

vec(Wi,i).

(22)

Before describing the choice of the dual feasible solution, we need to represent the error vector e

in a different form. Let P ∈ Rn×n be the orthogonal projection matrix onto the range of X̂ , and
P⊥ ∈ Rn×n be the orthogonal projection matrix onto the orthogonal complement of the range of
X̂ . Then, Z can be decomposed as Z = PZ + P⊥Z, and there exists a matrix R ∈ Rr×r such that
PZ = X̂R. Note that

ZZT = PZZTP + PZZTP⊥ + P⊥ZZTP + P⊥ZZTP⊥.

Thus, if we choose

Ŷ =
1

2
X̂ − 1

2
X̂RRT − P⊥ZRT , ŷ = vec(Ŷ ), (23)

then it can be verified that

X̂Ŷ T + Ŷ X̂T − P⊥ZZTP⊥ = X̂X̂T − ZZT ,
〈X̂Ŷ T + Ŷ X̂T ,P⊥ZZTP⊥〉 = 0.
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Moreover, we have

‖X̂Ŷ T + Ŷ X̂T ‖2F = 2 tr(X̂T X̂Ŷ T Ŷ ) + tr(X̂T Ŷ X̂T Ŷ ) + tr(Ŷ T X̂Ŷ T X̂)

≥ 2 tr(X̂T X̂Ŷ T Ŷ ) ≥ 2σr(X̂)2‖Ŷ ‖2F ,
(24)

in which the first inequality is due to

tr(X̂T Ŷ X̂T Ŷ ) =
1

4
tr((X̂T X̂(Ir −RRT ))2) =

1

4
tr((X̂(Ir −RRT )X̂T )2) ≥ 0.

Assume first that Z⊥ = P⊥Z 6= 0. The other case will be handled at the end of this proof. In the case
when Z⊥ 6= 0, we also have X̂Ŷ T + Ŷ X̂T 6= 0. Otherwise, the inequality (24) and the assumption
σr(X̂) > 0 imply that Ŷ = 0. The orthogonality and the definition of Ŷ in (23) then give rise to

X̂ − X̂RRT = 0, P⊥ZRT = 0.

The first equation above implies that R is invertible since X̂ has full column rank, which contradicts
Z⊥ 6= 0. Now, define the unit vectors

û1 =
X̂ŷ

‖X̂ŷ‖
, û2 =

vec(Z⊥Z
T
⊥)

‖Z⊥ZT⊥‖F
.

Then, û1 ⊥ û2 and
e = ‖e‖(

√
1− α2û1 − αû2) (25)

with

α =
‖Z⊥ZT⊥‖F

‖X̂X̂T − ZZT ‖F
. (26)

We first describe our choices of the dual variables W and y (which will be scaled later). Let

X̂T X̂ = QSQT , Z⊥Z
T
⊥ = PGPT ,

with orthogonal matrices Q,P and diagonal matrices S,G such that S11 = σr(X̂)2. Fix a constant
γ ∈ [0, 1] that is to be determined and define

Vi = k1/2G
1/2
ii PEi1Q

T , ∀i = 1, . . . , r,

W =

r∑
i=1

vec(Vi) vec(Vi)
T , y = lŷ,

with ŷ defined in (23) and

k =
γ

‖e‖‖Z⊥ZT⊥‖F
, l =

√
1− γ2

‖e‖‖X̂ŷ‖
.

Here, Eij is the elementary matrix of size n× r with the (i, j)-entry being 1. By our construction,
X̂TVi = 0, which implies that

〈X̂T X̂,W 〉 =
r∑
i=1

‖X̂V Ti + ViX̂
T ‖2F = 2

r∑
i=1

tr(X̂T X̂V Ti Vi) = 2kσr(X̂)2
r∑
i=1

Gii = 2βγ, (27)

with

β =
σr(X̂)2 tr(Z⊥Z

T
⊥)

‖X̂X̂T − ZZT ‖F ‖Z⊥ZT⊥‖F
. (28)

In addition,

tr(W ) =

r∑
i=1

‖Vi‖2F = k

r∑
i=1

Gii = k tr(Z⊥Z
T
⊥) ≤

√
r

‖e‖
, (29)

and

w =

r∑
i=1

vec(Wi,i) =

r∑
i=1

ViV
T
i = kZ⊥Z

T
⊥.

14



Therefore,

X̂y − w =
1

‖e‖
(
√
1− γ2û1 − γû2),

which together with (25) implies that

‖e‖‖X̂y − w‖ = 1, 〈e, X̂y − w〉 = γα+
√
1− γ2

√
1− α2 = ψ(γ). (30)

Next, the inequality (24) and the assumption on σr(X̂) imply that

ε‖y‖ ≤
√
1− γ2ε

√
2σr(X̂)‖e‖

≤
√
1 + δε√

2(ε+ κ)‖e‖
≤
√
ε(1 + δ)√
2‖e‖

(31)

and similarly

κ‖y‖ ≤
√
κ(1 + δ)√
2‖e‖

. (32)

Define
M = (X̂y − w)eT + e(X̂y − w)T ,

and decompose M as M = [M ]+ − [M ]− in which both [M ]+ � 0 and [M ]− � 0. Let θ be the
angle between e and X̂y − w. By Lemma 14 in [15], we have

tr([M ]+) = ‖e‖‖X̂y − w‖(1 + cos θ), tr([M ]−) = ‖e‖‖X̂y − w‖(1− cos θ).

Now, one can verify that (U∗1 , U
∗
2 ,W

∗, G∗, λ∗, y∗) defined as

U∗1 =
[M ]+

tr([M ]+)
, U∗2 =

[M ]−
tr([M ]+)

, y∗ =
y

tr([M ]+)
,

W ∗ =
W

tr([M ]+)
, λ∗ =

‖y∗‖
2‖X̂‖2ε+ κ

, G∗ =
1

λ∗
y∗y∗T

forms a feasible solution to the dual problem (22) whose objective value is equal to

tr([M ]−) + 〈X̂T X̂,W 〉+ (2ε+ κ) tr(W ) + 2(2‖X̂‖2ε+ κ)‖y‖
tr([M ]+)

.

Substituting (27), (29), (30), (31) and (32) into the above equation, we obtain

η∗(X̂) ≤
2βγ + 1− ψ(γ) + ((2ε+ κ)

√
r +

√
2κ(1 + δ) + 2

√
2ε(1 + δ)‖X̂‖2)/‖e‖

1 + ψ(γ)

≤ 2βγ + 1− ψ(γ)
1 + ψ(γ)

+
(2ε+ κ)

√
r +

√
2κ(1 + δ) + 2

√
2ε(1 + δ)‖X̂‖2

‖e‖
.

Choosing the best value of the parameter γ ∈ [0, 1] to minimize the far right-side of the above
inequality leads to

2βγ + 1− ψ(γ)
1 + ψ(γ)

≤ η0(X̂),

with

η0(X̂) :=


1−
√
1− α2

1 +
√
1− α2

, if β ≥ α

1 +
√
1− α2

,

β(α− β)
1− βα

, if β ≤ α

1 +
√
1− α2

.

Here, α and β are defined in (26) and (28), respectively. In the proof of Theorem 1.2 in [20], it is
shown that η0(X̂) ≤ 1/3 for every X̂ with X̂X̂T 6= ZZT , which gives the upper bound (21).

Finally, we still need to deal with the case when P⊥Z = 0. In this case, we know that X̂ŷ = e with
ŷ defined in (23). Then, it is easy to check that (U∗1 , U

∗
2 ,W

∗, G∗, λ∗, y∗) defined as

U∗1 =
eeT

‖e‖2
, U∗2 = 0, y∗ =

ŷ

2‖e‖2
,

W ∗ = 0, λ∗ =
‖y∗‖

2‖X̂‖2ε+ κ
, G∗ =

1

λ∗
y∗y∗T
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forms a feasible solution to the dual problem (22) whose objective value is 2(2‖X̂‖2ε+ κ)‖y∗‖. By
the inequality (24), we have

η∗(X̂) ≤ 2(2‖X̂‖2ε+ κ)‖y∗‖ ≤ κ/
√
2 +
√
2ε‖X̂‖2

σr(X̂)‖e‖
≤
√
κ(1 + δ)/2 +

√
2ε(1 + δ)‖X̂‖2

‖e‖
.

Hence, the upper bound (21) still holds in this case.

Proof of Theorem 3. The proof of Theorem 3 is similar to the above proof of Lemma 3 in the
situation with κ = 0, and we will only emphasize the difference here. In the case when X̂ 6= 0, after
constructing the feasible solution to the dual problem (22), we have

1− δ
1 + δ

≤ η∗(X̂) ≤ tr([M ]−) + 〈X̂T X̂,W 〉+ 2ε tr(W ) + 4‖X̂‖2ε‖y‖
tr([M ]+)

. (33)

Note that in the rank-1 case, one can write σr(X̂) = ‖X̂‖2 and

‖y‖ ≤ ‖ŷ‖
‖e‖‖X̂ŷ‖

≤ 1
√
2‖X̂‖2‖e‖

,

in which the last inequality is due to (24). Substituting (27), (29), (30) and the above inequality into
(33) and choosing an appropriate γ as shown in the proof of Lemma 3, we obtain

1− δ
1 + δ

≤ η∗(X̂) ≤ 2βγ + 1− ψ(γ) + (2ε+ 2
√
2ε)/‖e‖

1 + ψ(γ)

≤ 1

3
+

2ε+ 2
√
2ε

‖e‖
,

which implies inequality (4) under the probabilistic event that ‖q‖ ≤ ε.

In the case when X̂ = 0, (U∗1 , U
∗
2 ,W

∗, G∗, λ∗, y∗) defined as

U∗1 =
eeT

‖e‖2
, U∗2 = 0, y∗ = 0,

W ∗ =
ZZT

2‖e‖2
, λ∗ = 0, G∗ = 0

forms a feasible solution to the dual problem (22), which shows that

1− δ
1 + δ

≤ η∗(X̂) ≤ ε

‖e‖
.

The above inequality also implies inequality (4) under the probabilistic event that ‖q‖ ≤ ε.
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