
Nonlinear and Discrete Optimization—Midterm 1
1. (5 points) Find all local minima and local maxima for the univariate function f(x) = x4 − 32x + 100 over the

interval [−10, 10].

2. (10 points) Find all local minima, local maxima and saddle points for the function f(x) = 3x2
1x2 + x3

2− 3x2
1−

3x2
2 + 10.

3. (10 points) Consider the three-variate function f(x) = x1x2 + x2x3.

a) Assume that x̄ =
[

1 1 1
]T

. Find a direction ∆x such that the relation f(x̄+ ε∆x) < f(x̄) holds for
sufficiently small and positive values of the scalar ε.

b) Assume that x̄ =
[

0 0 0
]T

. Find a direction ∆x such that the relation f(x̄+ ε∆x) > f(x̄) holds for
sufficiently small and positive values of the scalar ε.

4. (10 points) Consider the problem minx∈R2 f(x), where f(x) = (x1 − x2)3 + (x1 + x2)2 + 10.

a) Write the update equation for Newton’s method (relating x(k+1) to x(k)) by assuming that the step size is
fixed at 0.001.

b) Assume that x(0) is equal to
[

1
1

]
. Calculate x(1) for the Gradient method combined with the exact line

search. Moreover, compute the improvement f(x(0))− f(x(1)).

5. (5 points) Consider a unimodal function f(x) over the interval [a, b] with no saddle point and a unique global
maximum x∗ to be found. In this problem, we aim to revise the Golden Section method such that instead of
picking two points at each iteration and then evaluating the function at those two points, we pick a single point
(namely, the midpoint of the interval) and evaluate the derivative of the function at that point.

a) Assume that we pick the point x̄ = a+b
2 and compute f ′(x̄). By looking at the sign of f ′(x̄), can you

reduce the search region for x∗ from the original interval [a, b] of size b− a to some interval of size b−a
2 ?

Support your answer with an argument.

b) Based on Part (a), revise the Golden Section Method in a way that the midpoint of the uncertainty interval
is chosen at each iteration, and that the interval is reduced by a factor of 2 after checking the sign of the
derivative of the function at that point. Explain all steps of this revised numerical algorithm.

c) If a = 0 and b = 1, how many iterations are needed to obtain a solution with the tolerance 0.001?

6. (5 points) Consider two sets of points {(y11, y12), (y21, y22), ..., (yn1, yn2)} and {(z11, z12), (z21, z22), ..., (zm1, zm2)}
containing n and m points in R2, respectively. Assume that it is known that there is a line separating these two
sets of points. Formulate the problem of finding one such line. Specify the decision variables, objective func-
tion and constraints (example: in the 2-d plane with the horizontal x1-axis and the vertical x2-axis, the line
x1 − x2 = 1 separates the set of points {(−1, 3), (1, 1)} from the set of points {(4, 2), (3, 0), (1,−1)}).

7. (5 points) The city police department has 6 cars, which need to be assigned to two neighborhoods of the city. It
is known that the more cars are assigned to a neighborhood, the lower the number of crimes in that neighborhood
is. The following table shows the number of crimes for each neighborhood and any number of police cars in
that neighborhood:

1 car 2 cars 3 cars 4 cars
Neighborhood 1 10 8 6 4
Neighborhood 2 12 9 5 2

(for example, the number of crimes is equal to 8 if two cars are assigned to Neighborhood 1). Formulate the
problem of assigning the cars to the two neighborhoods such that the total number of crimes is minimized.
Specify the decision variables, objective function and constraints.
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