Margin of Error in Surveys

Say we want to know how many Berkeley Students prefer A over B

(for some A,B)

Let p = true % of the Berkeley student population who prefer A.


(Let q = 1 - p)

Now we do a survey and ask n students.  

Of those n students, let X be the number who report that they prefer A.


X/n is our estimate of p

X/n  is a binomial random variable with parameters n and p
E(X/n) = np/n = p  




i.e. it is an unbiased estimate of true p

Var( X/n)  = pq / n

std dev = ((X/n) = sqrt(pq/n)

How much the estimate varies from the true value depends on the sample size n.

Note!:  It does not depend on the underlying population size!

(It makes no difference if the population is 10,000 or 1,000,000)

For large n, consider the random variable Z (the Z transform):

Z = ((X/n) - p)  /  ( (pq/n)

Z is approximately Normally distributed 

with expected value 0 and variance 1. 

We can use the normal table to find the width of the interval within which 95% of the intervals will contain the true p.  From the normal tables, for cumulative probability /2= 0.025, and 1-/2=0.975, giving 95% in between:

0.95 = Pr(-1.96 ( Z ( 1.96)

Substituting,   Z = ((X/n) - p)  /  sqrt (pq/n)
We get:

0.95 = Pr[ ((X/n) - 1.96 sqrt(pq/n)) (  p  (  ((X/n) + 1.96 sqrt(pq/n)) ]

This equation describes the probability that the true, fixed population proportion falls within the random interval:  If we sample repeatedly, these intervals would cover p 95% of the time.

What is the Margin of Error, M? 

Given a sample size n, with outcome that p % of n prefer A.

Let q = p - 1

Let Z be the Z score:  (1.96 if C is 95%, or 2.57 if C is 99%)
For large n,     

M = Z      sqrt  (pq / n)

For small n,    say true population is N:  Let  C = sqrt ( (N-n) / (N-1) )

M = Z C  sqrt  (pq / n)

Note, the margin depends both on the percentage who favor A and on the sample size!  

For examples with 95% confidence interval, assuming large n:  M(p,n)

M(.5, 200)  =   ± 7 % 

M(.5, 500)  =   ± 4 %

M(.5, 1000) =  ± 3 % 

M(.9, 1000) =  ± 1.9 %  

If 90% of the 1000 asked prefer A, then our margin of error is smaller than if 50% of the 1000 asked prefer A

We can also reduce the margin of error by increasing the sample size n.

Say a politician wants to find out whether there is enough support for him in the upcoming elections. So he wants to conduct a poll.  The first step is to find out how many people we should sample.  This can be calculated using the margin of error equation by first assuming a p value.  Most conservative to assume is p=0.5.  Also, it is almost standard to assume a 95%  CI (19 times out of 20), and we want a margin of error of about 3%.
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So we need to poll about 1000 people for that margin of error if p=0.5.   
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