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Abstract— Recentadvancesin computer technology allow the
implementation of someimportant methods that were assigned
lower priority in the past due to their computational burdens.
Second-order backpropagation (BP) is such a method that
computesthe exact Hessianmatrix of a given objective function.
We describe two algorithms for feed-forward neural-network
(NN) learning with emphasison how to organizeHessianelements
into a so-called stagewise-partitionedblock-arrow matrix form:
(1) stagewiseBP, an extensionof the discrete-time optimal-control
stagewiseNewton of Dreyfus 1966; and (2) nodewiseBP, based
on direct implementation of the chain rule for differentiation
attrib utable to Bishop 1992. The former, a more systematicand
cost-ef cient implementation in both memory and operation,
progressesn the samelayer-by-layer (i.e., stagewise)fashion as
the widely-employed rst-order BP computesthe gradient vector.
We also show intriguing separable structur es of each block in
the partitioned Hessian,disclosingthe rank of blocks.

I. INTRODUCTION

In multi-stageoptimal control problems second-ordeopti-
mization procedureqsee[8] and referencegherein)proceed
in a stagewisemannersinceN , the numberof stagesis often
very large. Naturally those methodscan be employed for
optimizing multi-stagefeed-forward neuralnetworks: In this
paperwe focusonanN -layeredmultilayerperceptror(MLP),
which givesrise to an N -stagedecisionmaking problem. At
eachstages, we assumethereare Ps (s=1; ;N) states
(or nodes)andng (s=1; ;N 1) decisionparametergor
weights), denotedby an ns-vector °*! (betweenlayerss
ands+1). No decisionsareto be madeat terminalstageN (or
layer N ); hencethe N -1 decisionstagesn total. To compute
the gradientvector for optimizationpurposeswe emplog/ the
“rst-order” backpropagtion (BP) procesd5], [6], [7], which
consistsof two major proceduresforward passand badkward
pass[see later Eq. (2)]. A forward-passsituationin MLP-
learning, where the node outputsin layers 1 (denotedby
ys 1) affect the node outputsin the next layer s (i.e., y®)
via connectionparametergdenotedby ° 1 betweenthose
two layers),canbeinterpretedasa situationin optimal control
wherestateys ! atstages 1 is movedto statey® atthe next
stages by decisions ° °. In the backward pass sensitivities
of the objectivefunction E with respectto states(i.e., node
sensitvities) are propagted from one stageback to another
while computing gradientsand Hessianelements.However,
MLPs exhibit a greatdeal of structure ,which turnsout to be

avery specialcasein optimal control; for instancethe “after-
node” outputs (or state$ are evaluatedindividually at each
stageasy; = f(x7), wheref (:) denotesa differentiable
state-transitionfunction of nonlineardynamics,and x?, the
“before-node” net input to nodej at layer s, dependson
only a subsetof all decisionstaken at stages 1. In spite of
this distinction and others,using a vector of statesasa basic
ingredient allows us to adopt analogousformulas available
in the optimal control theory (see [8]). The key concept
behindthetheoryresidedn stagewisdmplementationijn fact,
rst-order BP is essentiallya simpli ed stagewise optimal-
control gradientformula developedin early 1960s[6]. We
rst review the important “stagavise concept” of rst-order
BP, and then adwance to stagevise second-ordeBP with
particularemphasison our organizationof Hessianelements
into a stagewise-partitionedblock-arrow Hessianmatrix form.

Il. STAGEWISE FIRST-ORDER BACKPROPAGATION

The backward passin MLP-learning starts evaluating the
so-called terminal after-node sensitiities (also known as
costatesor multipliers in optimalcontrol) gf—N (de ned
as partial derivatives of an objective function E with respect
to y¢, the output of node k at layer N) for k= 1;:::; Py,
yielding a Py -vector “. Then, at eachnode k, the after
nodesensitivityis transformednto the before-nodesensitvity
(called delta in ref. [5]; see pages325-326) @ gt—N
(de ned as partial derivatives of E with respectto xﬁ,
the before-node“net input” to node k) by multiplying by
node-functiorderivativesas ¥ = Y {x{') : Thewell-known
stagewise r st-oder BP (i.e., generalized delta rule; see
Eq.(14),p.326in [5]) for intermediatestages (s=2; ;N 1)
canbewrittenoutwith or astherecurrenceelationbelov
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where E is a given certain objective function (to be mini-
mized), and two Ps.; -by-Py matrices,N**** and Wy s°*%
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These two are called before-node and afternode sen-
sitivity transition matrices, respectiely, for they trans-
late the node-sensitity vector by N (and by W)
from one stage to another; e.g., we can readily verify
s 1- NS 15T NSS+1T s+l NS Lis+1 7 s+1  Note that those
two forms of sensitvity vectorsbecomeidenticalwhennode
functionsf (:) arelinear identity functionsusually employed
only at terminallayer N in MLP-learning.

The forward and backward passedn rst-order stagevise
BP for the standardVILP-learningcanbe summarizecelow:

Forward pass: Backward pass:
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Here,y; (with subscript+ ony?®) includesa scalarconstant
outputyg of abiasnode(denotedby node0) atlayers leading
toy$ =[ys;y° ], a(l + Ps)-vectorof outputsatlayers; $°**
is a Ps+1 -vectorof the parameterdinked to nodei at layers;
5 *1 is a(1+ Ps)-vectorof the parameterdinked to nodej
at layer s + 1 (including a thresholdparametetinked to bias
nodeO atlayers); S°*' in forward pass,a Ps.1 -by-(1 + Ps)
matrix of parameterdbetweenlayerss and s+1, includesthe
Ps.1 thresholdparametersi.e., the Ps.; -vector §3*") linked
to biasnodeO at layer s in the rst column,whereas 55"
in backward pass excludesthe threshold parameters Note
that a matrix can always be reshapednto a vector for our
convenience;for instance, $**' canbereshapedo s°*!,
anng-vector[ns (1 + Ps)Ps+1 ] Of parametersasshavn next:
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where scalar 7 *1 denotesa parametetbetweennodei at

layer s and nodek at layer s+ 1. At eachstages, the ns-
length gradientvector associatedvith s*! can be written
as
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wherethe transposednatricesare sparsein a blodk-diagonal
form; for instancesee @9’% laterin Egs.(25) and(26). Yet,
the stagevise computationby rst-order BP canbe viewedin
suchaway thatthe gradientsareef ciently computedwithout
forming suchsparseblock-diagonamatricesexplicitly) by the
outer product s** yiT , Which producesa Ps.1 -by-(1 + Ps)
matrix G3*** of gradientg7] associatedvith the same-sized
matrix $*' of parametershere, columni of GS* s
givenasa Ps.; -vectorgy®** for $°*'. Again, the resulting
gradient matrix G°** can be reshapedto an ns-length
gradientvectorg®*** in the samemannerasshavn in Eq. (3).
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Furthermorethe before-nodesensitvity vector s** (usedto
get g®**! in the outerproductoperation)is badkpropagated

sis+1 T

by = 35 st "asshawn jp Eg. (2)(right), ratherthanby
Eq. (1) dueto Nss*t = ss* %’—2 ; thatis, stagevise “ rst-

order” BP forms neitherN nor w explicitly.

Such matricesas Ns*! for adjacentlayers also play an
importantrole asa vehicle for bucket-brigading second-order
information [seelater Eqs (10) and (11)] necessaryo obtain
the Hessianmatrix H. Stagevise second-ordeBP computes
oneblock afteranotherin the stagevise-partitionecH without
forming NS°*! explicitly in the sameway as stagevise rst-
order BP, which we shall describenext.

I1l. THE STAGEWISE-PARTITIONED HESSIAN MATRIX

GivenanN -layeredMLP, let thetotal numberof parameters
bedenotecbyn = I * ng, andlet eachns-by-n; H' block
include Hessianelementswith respectto pairs of one pa-
rameterat stages [in the spaceof ng parameterg ss*!
betweenlayerss and s+1)] and anotherparameterat staget
[in the spaceof n; parameter **' betweenlayerst and
t+1)]. Then, the n-by-n symmetric Hessianmatrix H of a
certainobjective functionE canberepresentedsa partitioned
form amongN layers(i.e., N 1 decisionstageg in sucha
stagevise format as shavn next;
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By symmetry we needto form only the lower (or upper)
triangularpart of H; totally ™2 blocksincluding ns-by-
n; rectangularoff-diagonal” blocksH*' (1 s t N 1) as
well asN 1 symmetrichg-by-ns square“diagonal” blocks

H®* (1 s N 1), of which we needonly the lower half.

A. Stagewise second-ader badkpropagation

Stagevise second-ordeBP computesthe entire Hessian
matrix by one forward passfollowed by backward processes
per training datumin a stagevise block-by-blockfashion.The
Hessianblocks are computedfrom stageN -1 in a stagavise
mannerin the order of
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In what follows, we describealgorithmic detailsstepby step:
Algorithm : Stegewise second-oder BP (per training datum).

(Step0) Do forward passfrom stagel to N to obtain node

outputs,and evaluatethe objective function varllue E.
|

(Step1l) At terminalstageN, compute N = -&_  thePy -
length after-nodesensitivityvector (de ned in Sec.ll), and
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The (i; j )-elementof the last symmetrlcmatrlx is obtainable

from the following specialh; i -operation(sets= N below):
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@@ i k=1 j=1 i=1 @@y

which is just a diagonalmatrix in standardVILP-learning.

Repeathefollowing Step<2 to 6, startingatstages=N 1.
(Step2) Obtainthe diagonalHessianblock at stages by
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(Step3) Only when2 N s holds, obtain (N s 1) off-

diagonalHessianblocks by
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whereFs* s*t is not needednitially whens=N 1; hence,
de ned laterin Eq. (11).

If s= 1, thenterminate; otherwisecontinue:

(Step4) When2 N s holds, updatepreviously-computed
rectangulamatricesFs* ' for the next stageby:
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(Step5) Computea new Ps-by-ng rectangulamatrix F5° at
the currentstages b)é
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Here, "' has its length ns= (1+ Ps)Ps+1 including

Ps+1 thresholdparameters 55 ** linked to nodeO at layer s,
whereas 55" hasits lengthPsPs.; excludingthe thresholds;
thesetwo vectors can be reshapedto ' and 35*,
respectrely, asshavn in Eq. (3). The(i; j )-elementof thelast

Ps-by-ng rectangulamatrix is obtainablefrom the following
particularh; ;i -operation[compareEq. (7)]
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(Step6) Computea Ps-by-Ps matrix Z° by
s+l Ay s .

foy N5 &

Psi1 Pss1 Ps
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where the last matrix is obtainablefrom the h;:i-operation
de ned in Eq. (7).
Go backto Step2 by settings=s 1. (End of Algorithm)
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Remarks. The h;:i-operationde ned in Eg. (12) yields a
matrix of only gst gdervatiyesbelpn: 0
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Here, the ng-column spaceof the resulting Ps-by-ns matrix

hastotally Ps+; partitions,eachof which consistsof (1+ Ps)
columnssincens = (1+ Ps)Ps+1 , and eachpartition hasa Ps-
vector of zeros,denotedby 0, in the rst column. The posed
sparsityis tied to particularapplicationslike MLP-learning.

B. Nodevise second-atler bakpropagation

In the NN literature, the best-knevn second-ordeBP is
probably Bishops method [1], [3], where for every node
individually one must run a forward passto the terminal
output layer followed by a backward passback to the node
to getinformation necessaryor Hessianelementshere,that
nodeis one of the variablesdifferentiatedwith repectto [for
seeking node sensitivity in Eq. (1)]. This is what we call
nodevise BP, a nodewiseimplementationof the chain rule
for differentiation which yields a Hessiarelementbelov with
respecto two parametersS bis and vtfori<s u N

usingn®y * @k andz
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Thisis Eq.(4.71) p. 155in [2] rewritten with stagesmtroduced
and denotedby superscriptsandn’y * is the (k;j )-element
of Py 1-by-Ps matrix NS* * in Eq (1). The basic idea
of Bishop's nodevise BP is as follows: Compute all the
necessaryquantltles ' by stagevise rst-order BP, njy ! by
forward pass,and z ! by backward passin ad\ance then,



useEq. (14) to evaluateHessianelementsUnfortunately this
nodeavise implementatiorof chainrules (14) doesnot exploit

stagewise structue unlike rst-order BP (seeSectionll); in

addition, it hasno implication abouthow to organizeHessian
elementsinto a stagevise-partitioned‘block-arron” Hessian
matrix [see Eq. (5) and Fig. 1]: To this end, it would be of

much greatervalue to rewrite the nodevise algorithm posed
by Bishop (outlinedon p. 157 in [2]) in matrix form below.

Algorithm : Nodewvise second-oder BP (per training datum).
(Step0) Do forward passfrom stagel to stageN .

(Step 1) Initialize N%° =1 (identity matrix) and N“* =0
(matrix of zeros)for 1<s<u N (seepagesl55 & 156
in [2] for this particularinitialization), and then do forward

passto obtain a P,-by-Ps non-zerodensematrix NS (for
s<t;s=2; ;N 1) by thefollowing computation:
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(Step2) At terminal stageN, compute M = & ; the Py -
length before-nodesensitiity vector and matrix zV [de ned
in Eq. (6)], andthenobtainthe following for2 s N:
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(Step4) Evaluatethe Hessianblocks by Eq. (14) in matrix
formfori1<s u N:
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whereEqg. (12) is usedfor evaluatinga t; :i-term. (End)

Remarks. Egs.(15), (16), and (17) correspondo Egs.(4.75),
(4.79),and(4.78),respectrely, on pagesl55& 156in ref. [2].

IV. TWO HIDDEN-LAYER MLP LEARNING

In optimal control, N, the number of stages,is arbi-
trarily large. In MLP-learning, however, use of merely one
or two hidden layers is by far the most popular at this
stage. For this reason,we consider standard two-hidden-
layer MLP-learning.This is a four-stage(N =4; threedecision
steges plus a terminal stage) problem, in which the total
number of parameters(or decision variables)is given as:

nNn=n3+ N+ ng = P4(1+ Ps) + P3(1+ Pz) + P2(1+ Pl) (in'
cludingthresholdparametes). In this setting,we have athree-
block by three-blockstagevise symmetric Hessianmatrix H

in a nine-block partitioned form belov as well as a three-
block-partig'ionedgradientvectorg#de ned in Eq#(4):
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HL3 H 12 HL1 g~

Here, we needto form three off-diagonal blocks and only
the lower (or upper)triangularpart of threediagonalblocks;
totally, six blocksH®' (1 s t 3). EachblockH*" includes
Hessianelementswith respectto pairs of one parameterat
stages and anotherat staget.

A. Algorithmic behavios

We describehow our versionof nodavise second-ordeBP
algorithmin Sectionlll-B works:

(Step 1): By initialization, set N*4=1, N3¥3=|, N%2=],
N*3=0, N“2=0, andN ¥2= 0. By forward passin Eq. (15),
getthreedenseblocks: N 23, N¥4 andN 24 = N34N 23,

(Step2): Get z* by Eq. (6) and z%* = N*4z* by Eq. (16);
similarly, obtainz®* andz%* aswell.

(Step3): Use%g.@&l?)ito getz®3, 2%, andz??; for instance,
by z33= N3 i g SR LTIV

(Step4): UseEq. (18) [i.e., Eq. (14)] to obtainthe desiredsix
Hessianblocks.

All thosenine N blocks can be pictured in an augmented
“upper triangular” before-nodesensitvity transitionmatrix &
de ned below togetherwith g, a B-dimensionalaugmented
vector which consistsof all the before-nodenet-inputsperda-
tum at threelayersexceptthe rst inputlayer (N = 1) because
x! is a xed vectorof giveninputs;hence,® Ps+ P3+ Py:

2 2 3
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6 1Py | Ny | N Z x4
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Q
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Here threediagonalidentity blocksl correspondo N 44, N 33,

and N%2, At rst glance, Bishops nodevise BP relies on

using ® explicitly, requiring N* even for non-adjacentay-

ers(s+ 1< t) aswell asidentity blocksN ** andzeroblocks.
For adjacentblocks Nss*1  Eq. (15) just implies multiply
by an identity matrix, hence,no needto useit in reality.

Likewise, at Step 2, z%*=z* dueto N**=1. Furthermore,
in Eq. (18),N*3=0 andN *2= 0 (matricesof zeros)areused
when diagonalblocks HS* are evaluated(but N *?= 0 is not
neededat all). In this way, nodevise BP yields Hessiarblocks
by Eq. (18), a matrix form of Eq. (14), aslong as R in

Eq. (20) is obtainedcorrectlyin advanceby forward passat
Step 1 (accordingto pp.155-156in [2]); yet, it is not very
efcient to work on suchzeroentriesand multiply by one.



On the other hand, stagevise second-ordeBP evaluates
N s=*1 implicitly only for adjacenfayersduringthe badkward
process(not by forward pass)essentiallyin the sameman-
ner as stagavise rst-order BP doeswith no N°** blocks
requiredexplicitly, and thus avoids operatingon such zeros
and ones [for Eq. (20)]. For off-diagonal Hessian blocks
H%Y (s < u), the parenthesizedermsin Eq. (18) become
the rectangulamatrix Fs“ ! in Eq. (11). That is, stagevise
BP splits Eq. (18) into Egs. (8) and(9) by exploitation of the
stagevise MLP structure.

B. Sepaable HessianStructues

We next shaw the Hessian-bloclstructuredo be separable
into severalportions. Amongthesix distinctblocksin Eq. (19),
dueto spacdimitation we displaybelov threeHessiarblocks:
two diagonalblocks and one off-diagonalblock alone.
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In ordinary MLP-learning with multiple terminal outputs
(Pa> 1), only Ca( 1+ P3= g2) parametersa subsetof
the n3 terminal parametes **, contritute to each termi-
nal output: At somenode k at layer 4, for instance,only
Ca parameters %* in uence outputyy, whereasthe other
(nz  Ca) parameters S (k8 j;j = 1 Pa) have no effect
on it. Therefore,the rst diagonal Hessianblock H3*? in

Eq.(21)[i.e.,H" ™ * placedatthe upperleft cornerin Eqg. (5)]
alwaysbecomedblodk-diagonal (with P4 sub-blocks ) below:

2 3
I B RS
.

Ps

(24)

where  denotesa Ca-by-Ca densesymmetric sub-block.
In consequencehe entire Hessianmatrix becomesa block-
arrov form; seelater the front panelin Fig. 1. In addition,
if linear identity nodefunctionsare employed at the terminal
layer (hence,y* = x*), then all the diagonal sub-blocksin
Eq. (24) becomeidentical; so, needto storeonly half of one
sub-blockdue to symmetry In sucha case,it is clear from
our sepanble representationof the Hessianblocks that the
secondermon the right- hanqiS|deof Eqs(21), (22),and(23)
will dlsappealbecause—@iﬁ reduceso a matrix of zeros.
Furthermorethelastterm in H2 is asparsematrix of only
rst derivativesdueto Eg. (12); in the next section,we shall
explain this nding in nonlinearleastsquaredearning.

C. Neural NetworksNonlinear LeastSquaes Learning

When our objective function E is the sum over all the
d training data of squaredresiduals,we have E( ) = 1r'r,
wherer y% ) t; in words,an m-vectorr of residualsis
the differencebetweenan m-vectort of the desiredoutputs
andan m-vectory* of the terminal outputsof a two hidden-
layer MLP (with N =4), andm Psd (Ps > 1, or multiple
terminaloutputsin general).The gradientvectorof E is given
by g=J"r; here,J denoteghe m-by-n Jacobianrmatrix J of
theresidualvectorr, whichis J of y* because is independent
of by assumptionAs shovn in rIIEqs (191)(r|ght) and(4),qgis
stagevise-partitionedas:gss* = 2 s* fors=1;:::; 3,
where “=r. Likewise, J canbe given in stagewise column-
partitioned form belov in Eq. (25), or equialently in block-

angular form belav in Eq. (26) [with ng  n nz=ni+ny]:
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where A is d-by-Ca (k= 1;:::;P4) and B¢ d-by-ng. The
blok-angular form is due to the samereasonas Eq. (24);
i.e., only C, parametersaffect eachterminal residual.Since
J hasthe block-angularform in Eq. (26), its cross-product
matrix J7J has a so-called block-arrow form due to its
appearanceasillustratedin Fig. 1, whereH =J7J andH %3
in Egs (21) and (24) consistsof P, diagonalblocks A A
for k= 1;::; P4. If the terminal node functions are the linear
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Fig.1. Thefront squarepanelshavs the block-arrav Gauss-Neton Hessian
matrixJT J obtainablefrom thesumof m( F d) slabsover all thed training
datawith a multiple F( Py )-outputmultilayer-percelgtron(MLP) model;
here, the lower-right block of the Hessianis: BT B f, BBy, and
the right-front rectangulapaneldepictsthe transposedblock-angularesidual
Jacobiarmatrix JT [in Eq.(26)]. Theith slab(i = 1;::;; m) consistsof four
rank-oneblocks:A [ A, AT By, BI A\, andB] By, resultingfrom the
kth residualry.,, computedat nodek (k = 1;:::; F) at terminal layer on
datump (p= 1;:::; d); hencetherelationi= (k 1)d+ p. In standardVLP-
learning,the full HessianH (e.g.,JT J+ S) also hasthe sameblock-arrav
form becaused N 1N -1 in Eq.(5)is block-diagonal;e.g.seeEq.(24).

identity function, then all the diagonal blocks A« become
identical;sodo A} Ay, asdescfbedafter Eq. (24).

Since E( ) = 3r"r, matrix % in Eqg. (6) reduces
to the identity matrix |; therefore,the full Hessiancan be
givenasH = JTJ+ S, whereJ"J is a matrix of only r st
derivatives(called the Gauss-Neton Hessianin Fig. 1), the
rst term on the right hand side of Egs. (21) to (23), and
S is a matrix of secondderiatives, the rest of right-hand-
side terms in those equations.Intriguingly, in off-diagonal
Hessianblocks Hs' = JTJ ' + S5 (s< t), we can further
pull TS, a sparse matrix of only r st derivatives out of St

asHSt= 373 % 4Tst 4 sst TSt wherewe have
h ¢ T tt +1
T st — @@’s - g Y;?‘d+l : t+1 (27)

For instance,T%? is the last term of H'? [see Eq. (23)],
obtainablefrom Eq. (12).

V. CONCLUSION AND FUTURE DIRECTIONS

Given a generalobjectve function arising in multi-stage
NN-learning,we have describedn matrix form both stagevise
second-ordeBP and our version of nodavise second-order
BP with a particular emphasison how to organize Hessian
elementsnto the stagavise-partitioned’block-arranv” Hessian
matrix H (with its arrow-head pointing downwads to the
right; seepp. 83-90in [4]), asillustratedin Fig. 1, so as
to exploit inevitable sparsity [9] whenPy > 1 (i.e., multiple
terminal outputs).In more elaborateMLP-learning,one may
introducedirectconnectionbetweerthe rst inputandtheter
minal layers;this increase<, , the diagonalsub-blocksizein
H" N1 [seeEq.(24)], leadingto avery niceblock-arrav form.
On the other hand, such nice sparsity may disappearwhen

weight-sharingand weight-pruningare applied (as usual in
optimal control [8]) sothatall the terminal parametes ™ *"
are sharedamongthe terminal statesy" . In this way, MLP-
learningexhibits a greatdeal of structure.

For the parametepptimization,we recommendrust-region
globalization,which works evenif H is inde nite [10], [9]. In
large-scaleproblems,whereH may not be neededexplicitly,
we couldusesparseHessiarmatrix-vectormultiply (e.g.,[11])
to constructKrylov subspacefor optimizationpurposesbut it
is still worth exploiting sparsityof H for pre-conditionind10].
In this contet, it is not recommendablgo compute (or
approximate}heinversematrix of (sparseplock-arrav H (see
Fig. 1) becausat alwaysbecomesiense

Our matrix-basedalgorithms revealed that blocks in the
stagevise-partitionedH are separableinto several distinct
portions,anddisclosedhatsparsamatricesof only rst deriva-
tives[seeEq. (27)] canbe furtheridenti ed. Furthermorepy
inspectionof the common matrix termsin block [e.g., see
Egs. (21) to (23)], we seethat the Hessianpart computedon
eachdatum at stages, which consistsof blocks H*' (1
s t N 1),isatmostrankPs.:, wherePs.; denoteshe
numberof nodesat layer s+ 1. We plan to reportin another
opportunity more on those ndings as well as the practical
implementationissuesof stagevise second-ordeBP, for which
the matrix recursve formulasmay allow us to take advantage
of level-3 BLAS (Basic Linear Algebra Subprogramssee
http://mww netliborg/blas/).

REFERENCES
[1]

ChristopherM. Bishop. 2Exactcalculationof the Hessianmatrix for the
multilayer perceptrof. In Neurl Computation pages494+501,Vol.4,
No. 4, 1992.
ChristophemM. Bishop.Neural Networksfor Pattern Recanition. Oxford
Press,1995.
Wray L. Buntine and AndreasS. Weigend.2ComputingSecondDeriva-
tivesin Feed-PBrward Networks: A Review?® In IEEE Trans.on Neurl
Networks pp. 480£488,Vol.5, No. 3, 1994.
JamesW. Demmel. Applied NumericalLinear Algebra. SIAM, 1997.
D. E. Rumelhart,G. E. Hinton, and R. J. Williams. 2Learninginternal
representationby error propagition® In Parallel distributed processing:
explorationsin the microstructue of cognition, pp. 318+362,\Vol. 1, MIT
press,Cambridge MA., 1986.
E. Mizutani, S.E. Dreyfus, andK. Nishio. 20nderiation of MLP back-
propagtionfrom the Kelley-Brysonoptimal-controlgradientformulaand
its applicatiorf. In Proc. of the IEEE International Joint Confeenceon
Neuml Networks Vol.2, pages167+172,Como ITALY, July 2000.
Eiji Mizutani and Stuart E. Dreyfus. 20n compleity analysis of
supervisedMLP-learningfor algorithmic comparison8. In Proceedings
of the INNS-IEEE International Joint Confeenceon Neul Networks
Vol. 1, pages347+352,WashingtonD.C., July, 2001.
Eiji Mizutani and Stuart E. Dreyfus. aStagevise Newton, differ-
ential dynamic programming, and neighboring optimum control for
neural-netwrk learning? To appearin Proc. of the 2005 Amer
ican Contol Confeence Portland OR, June 2005 (Available at
http://www.ieor.berkeley.edu/People/Faculty/dreyfus-pubs/ACC05.pdf)
Eiji Mizutani and JamesDemmel.20n structure-gploiting trust-region
regularizednonlinearleastsquaresalgorithmsfor neural-netwrk learn-
ing® In Neurl Networks Elsevier Science Vol. 16, pp. 745-753,2003.
[10] Eiji Mizutani and JamesW. Demmel. 2lteratve scaledtrust-region
learningin Krylov subspacesia Pearlmuttes implicit sparseHessian-
vectormultiply® In Advancesn Neuml Information ProcessingSystems
(NIPS) pp. 209+216,Vol. 16, MIT Press2004.
[11] Barak A. Pearimutter 2Fast exact multiplication by the Hessiarf. In
Neural Computation pp. 147+160,Vol. 6, No. 1, 1994.

[2]
(3]

[4]

(3]

(6]

[71

9]



