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Abstract—We present a simple, intuiti ve argument based
on “invariant imbedding” in the spirit of dynamic program-
ming to derive a stagewisesecond-orderbackpropagation (BP)
algorithm. The method evaluates the Hessian matrix of a
general objective function ef ciently by exploiting the multi-
stage structure embedded in a given neural-network model
such as a multilay er perceptron (MLP). In consequencefor
instance,our stagewiseBP can computethe full Hessianmatrix
“faster” than the standard method that evaluates the Gauss-
Newton Hessianmatrix aloneby rank updatesin nonlinear least
squares learning. Through our derivation, we also shov how
the procedure sewvesto develop advanced learning algorithms;
in particular, we explain how the intr oduction of “stage costs”
leads to alternative systematic implementations of multi-task
learning and weight decay

I. INTRODUCTION

Learning with multilayerperceptron(MLP) neural net-
works is a multiple N -stagedecision-making(or discrete-
time optimal control) problem[1]. The optimal-controlthe-
ory available in control engineeringdictatesto us a variety
of elaboratelearning schemesn the contet of N -layered
MLP-learningwith Ps nodesat layer s (s= 1;:::;N). For
concretenessye considerthefollowing objective functionJ,
known asthe problem of Bolzain classicaloptimal control:

K 1
J()= LS(y®; )+ E(y"); (with y* giver)
s=1
whereE (:) is theterminalcostat stageN thatdependonly
ony", andLS(:;;:) is the costat stages, which generally
dependson the Pg-dimensionalstate vector yS of “after-
node” outputs and the ns-dimensionalcontrol vector °
of weight parameterswhich includesthresholdparameters;
hence, the length ng (1 + Pg)Ps+1 . Introduction of
suchL3(:;:) at intermediatestages(i.e., at hidden layers,
1< s< N) leadsto more advancedlearning schemegto
be describedn detail later). Both E(;) andL®(:;:) could be
chosenasthe sumof squaredesidualsover D databetween
nodeoutputsy® andtarget outputst® of length Ps on each
(training) datumd (for d= 1;::;; D. Thatis, E(:) is givenby
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and the stagecost L3(:;:) (1 < s < N) can be de ned
similarly as
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wherer§ is the Ps-length vector of residualson datumd

evaluatedat intermediatelayer s (1 < s < N). Although
the above form of LS is a natural extension of terminal
costE () de ned in Equation(2), this is a very specialcase
in the theory of optimal control becausejn MLP-learning,
the posedform of LS becomesindependentf °; namely
L3(y®; ), which is whatwe call hidden-nodeeading [2]

to be discussedn Sectionlll-A.

For minimizing J in Equation(1) (often with early stop-
ping), the widely-emplged rst-order stagewise backpropa-
gation (BP) algorithm canbe summarizedasfollows: Given
x ed weights and thresholds,the forward passper datum
(with subscriptd omitted) evaluatesthe “after-node” outputs
[seeFigure 1(a)] in threestepshelow

8 (1) Forward passfrom stages to stages+ 1
to evaluatethe “before-node’netinputs:
s+1 - S S
Kzt = i ¥

Psa 1 Psa (I Ps)ipyy 1

(2) After-node outptdtevaluation at stages:

S — S s .
=10

forj = 1;:::;Ps

s — S S (4)
|%é} = f (X ) ( )
Ps 1

(3) Residual(stagecost) evaluationat stages:
|{rzs} =yS t5; [whenEq.(3)is used]
P 1

Initially at stagel (namely s= 1 at the rst input layer),
y1=x! (given). Subsequentlyat stages (> 1), a vectorys
of Ps afternodeoutputsaregeneratedseestep(2)] by f °(:),
a certainnonlinearnodeoutputfunction (e.g.,tanh). Notice
that subscript“+” ony$ in step(1) implies inclusion of a
constantoutput of a bias node (node 0): This implies that
y$, the (1+ Ps)-dimensionalvectorof “after-node” outputs
at stages, consistsof the constantoutput (yg = 1:0) of bias-
nodeO asthe rst elementandthus °, a Ps1-by-(1+ Ps)
matrix of parameterdetweenadjacentlayerss and s+ 1,
includesthe Ps4; -lengthvector g.. of thresholdparameters
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Fig. 1.

First-orderstagevise backpropagtion in two-hidden-layemrMLP-learning for the objective function J de®nedin Equation(1): (a) By forward

pass,the 2afternode®outputsy S are propagitedto the next stageas the 2before-nodetet-inputsx S*1 : and (b) By backward pass,the 2before-node®

sensitvities

vector of desired®hidden®utputs,for hidden-nodeteachingin Sec.lll-A).

(betweerbiasnodeO atlayers andPg.; nodesatlayerst+1)
in the rst column,asshavn next;
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where ° is a Ps.1 -by-Ps matrix of parametergwith no

thresholds)to be usedin backward pass).It shouldbe clear
thatthe kth elementof x5*1 | the Pg,1 vectorof befoe-node
net-inputsat layer s+ 1, is given (with y3 = 1:0) by

s

s+l _ S s
X & = Yi
j=0

(6)

where 8, is acontrol paramete(or weight) betweemode;
at layer s andnodek at the next layer.

Likewise, the backward pass[see Figure 1(b)] evaluates
thenodesensitivitiegde ned below) andobtainsthe gradient
vectorof J [de ned in Eq.(1)] at eachstage:

s+l _ ¢s+1° s+l s+l.
PR DA ko

S.

(2) Gradientevaluationf%r
20% =YV ks
By = V¢ @)

(1+ Ps) Psa

(3) Backward passfrom stages+ 1 down to s:
s' s+1
{7y 14z}

Ps Pssa PSH 1

g (1) Before-nodesensitvity evaluationat stages+ 1:

2 X
P, 1 Ps 1

s*1  are propagted back to the previous stageas the 2afternode®sensitiities
vectorr® in (a) andthe gradientvectorg® in are also evaluatedat eachstages in a stagavise fashion.Note in (a) thatrs =
torrS i dthe gradientvectorgs in (b | luatedat eachstages i tagevise fashion.Note i thatrs=ys

$. During the propagtion processthe 2hiddenresidual®
tS (with tS, the

TABLE |
A COMPARISON BETWEEN NEURAL-NETWORK AND OPTIMAL-CONTROL
CONVENTIONS.

Notation Optimal Control Neural Networks
decision/ control weight parameters
y=f(x) state aafternode®output
X N/A apefore-nodefet input
S stage layer
@ costate
S = @ adjoint variable N/A
in uence function
Lagrangemultiplier
S = % N/A delta

wgerethe two forms of node sensitvities are de ned as:

2  After-node sensitiity at stages: s def gs;
Before-nodesensitiity at stages: 5 & %;

The procedurebegins at terminal stageN , where " =r",
the terminal residual vector [see Eq.(2)] whens+ 1= N.
Steps(1) and (3)_ in Equation_(?) canbe combinedas
. h@SIT s _ h@slTn oo, rSo
@s

. 8
@ s void ( )

Tablel comparesheterminologiesusedin optimal-control
andneural-netwrk literatures.In the best-kneavn BP formu-
lation dueto Rumelhartet al. [3], x5, the vectorof “before-
node” net inputs [see Equation (6)], is treatedas the state
vector whereasin optimal control, y 3, the vector of “after-
node” outputs is chosenasthe statevector
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Fig. 2. Two sparsepatternsof the Hessianmatrix in learningwith a three-
layered(N = 3) 1-2-3 MLP with a singleinput (P1 = 1), two hiddennodes
(P2 = 2), andthreeterminaloutputs(F Pz = 3); hence,13 parametersn
total including thresholdparameters(a) The desiredblock-arr ow Hessian
matrix, whosearrovheadshouldpoint downward to the right (see[4], [5]),
with F (= 3) diagonalblocks; (b) A Hessianmatrix with a complex sparse
pattern,which is hard to exploit, obtainedby the NETLAB (MATLAB-

basedsoftware) (see miphess.m at http://wwwncig.aston.ac.uk/netlab/).

For large-scaleoptimization, it is not recommendabléo approximatethe
inverseof the Hessianbecausét alwaysbecomesiense The posedsparsity
canbe exploited with Krylov subspacenethodsfor optimization[4].

Il. SECOND-ORDER STAGEWISE BACKPROPAGATION

To exploit the stagevise structureembeddedn a given
multi-stage MLP model, both the Hessianmatrix and the
gradient vector are stagavise-partitioned,being evaluated
block by block. In two-hidden-layeN = 4) MLP-learning,
for instance we considerthe following partitionedform:

Hessian Egatrix gradientzvecto§

Hz)

N3 N3

Bk g
n

n Ny N3

Hz)

niy na

H 2;3T

H2;2

Hl;2

Here,we wantto evaluate(the lower triangularhalf of) three
diagonalHessiarblocksH 5 (for s = 1;2; 3) andthreeoff-
diagonalHessianblocks HS' (for s < t;s = 1;2;t = 2;3)
becauseH is symmetric Note in multiple-output(Py > 1)
problemsthe Hessiarmatrix H hasa so-calledblock-arr ow
form, as showvn in Figure 2(a). Our stagewise second-oder
BP efciently organizesthe computed Hessian elements
into such a block-arrav form with its arravhead pointing
downwardto theright soasto exploit the posedsparsity [4].

We shall derive stagewise second-ordebackpropagtion
(BP) algorithm [5] that evaluatesthe above stagavise-
partitionedHessiarmatrixH of J [in Eq.(1)]usingso-called
invariant imbedding recurrencerelations (i.e., dynamic-
programminglike recurrencerelationswith no optimization
aspect).To this end,we de ne two “(non-optimal)cost-to-go
value functions” and their “recurrencerelations, aswell as
the “boundarycondition” in the following way:

Value functions:

TS(xS; %) et (non-optimal)cost-to-go,starting

at statex® at stages, usinga guessedgolicy °: ©)
Vs(xs; S Y def (non-optimal)cost-to-go,starting

at statex® at stages, usingguessegolicies °  (10)

and ! for stagess andt (s < t):
By de nition in Equation (9), the cost-to-gofunction T*
dependson all future controls (i.e., decision parameters)
starting at stages; however, only its dependenceon the
control at the currentstages matters,and therefore,all the
other subsequentontrols ' (s < t) are suppressedh the
amgumentof TS, which can be usedto evaluate diagonal
Hessianblocks HS* as well as the gradientvector g®. In
order to get off-diagonal Hessianblocks HS', we need
anothervalue function V=, for which we are interestedin
controlsat two differentstagess andt (s < t); thatis, we
de ne V* in Equation(10) as a function of two controls
at those two different stagesthat matter suppressinghe
dependencen controlsat all otherfuture stages.

Recurrencerelations
For adjacentstagess andt:

TS(XS; S) - LS(XS; S)+ Ts+1 (Xs+1; s+1);

t=s+1,

(11)
and

VS(XS. S. S+l) - LS(XS. S)+ TS+1 (XS+1. S+l): (12)
For non-adjacentstagess andt:
VS(XS. S. t) - LS(XS. s)+ Vs+1 (Xs+1. s+l . t): (13)
Notice herethat ' appearson both sides.

t>s+ 1;

Boundary condition [see Equation(2)]:

Rn

ky i
k=1
In MLP-learning, an initial (nominal) guessedpolicy is
often chosenasa randomly-initializedweight-parameteset.
For derving rst-order BP (see [2]), we only need re-
currencerelation (11) to obtain the backward-passrecur
rence relation betweenthe two forms of node-sensitity
vectors S and $*! in Equation(7 3). The procedurefin
Fig.1(b)] evaluatesthe stagwise-partitionedjradientvector
sequencey’ = @s, which representghe r st-order effect
on J in termsof control changesat each stages along
the nominal statetrajectory x5. By extension,the second-
orderBP procedureallcw;/s usto investicatethe second-ader
effectson how g° = %—Tf varieswhen
(1) the control changesas ° S+ 3
(2) the statechangesasx® )hs + xis.

For effect (1), we seekH *Ss AN

S S

@ @

TN )= B ) = 5 g (19

; and

dh’;\gona% Hessian

blocks. For effect (2), we pursiueFS?S @(@%H whiclh

; s &T° s;u a@T"
requiresto evaluateZ KO andthenF Q"

s

(for s < u), yielding the evaluationof off-diagonal Hessian




blocks HS" . In otherwords, how g varieswhen controls
at two different stagess and u changeis translatedby the
propagtion of effect (2) through the perturbationsof the
statesbetweenthosestagesjeadingto the evaluationof off-
diagonalHessianblocksH Y,

Our derivation of the backward-passrecursve formula
of stagevise second-ordeBP begins at terminal stage N
(i.e.,s = t = N), by evaluatinga matrix of secondpartial
derivatives of the scalarterminal cost E (:) with respectto
x" , the Py -vector of terminal before-nodenet inputs:

. def @TN @E @" .
& " ee T e et "
_@"' @ @', @& .,
@N N
RN S
Pv Pv Pn Pn Py Pn Py Pn
Here,asde ned just after Equation(7), " = g—:: g—N is

the terminal before-nodesensitvity vector obtainablefrom
Equation(7-1) with ™ = r" whenEquation(2) is used,and
the (i; j )-elementof the last P, -by-P, symmetricmatrix is
obtainablefrom the following particularh; :i -operation(set
s=N below):

" #
@y; .
TR

Xs Xs Xs
def S
- k

k=1j=1 i=1

@y |
@@

(16)

which is just a diagonalmatrix in standardviLP-learning.
At non-terminalstages (fors= N 1N 2;::: 2, 1),
whens = t (< N), we evaluatethe following quantities:

8

s def @° s def @°
@ e Uiy T e
Ps 1 Ps 1
e TS
© &} «f @(i@s — seeEq.(27)
P P
S S (17)
. e TS
) f¥ «f % — seeEq.(29)
Ps ns
. a@Ts
(8 H3y = —s=s —— seeEq.(31)
SO el ~ ove

Next, we considera casewheres= N 2andt=N 1
for adjacent stagess ands+ 1(= t); the recurrenceaelation
in Equation(12) is given by

N Z(XN 2. N 2.

= LN Z(XN 2; N 2)+TN l(XN 1;

Nl)

vy, 09

By differentiatingEquation(18) onceandtwice, we obtaina
gradientvectorandan off-diagonalHessianblock, asshavn

3
i

—

next:
8
(a)
@)

For non-adjacent stagess andu, suchaswhens=N 3
(andu= N 1), therecurrencerelationin Equation(13) is
given by

@LN 2 4 TN 1
@Nl

@/NZ
@Nl:

[uy

@-N
:W

@vN 2
@' 2@V 1=
@\ 1 T

@N 2

=gV !

@TN 1
@N Z@N 1

@TN 1t
@N 1@N 1

—

Pn o1

(19)

@NlT
W

N 1IN
{z_

NN 1

N 2N 1 .
Hz—)
NN 2 NN 1

VN S(XN 3. N 3.

- LN 3(XN 3; N 3)+VN Z(XN 2.

Nl)

N 1.

(20)
DifferentiatingEquation(20) once[with Eq.(18)]andtwice
yields the following:

N 2.

@/NS @/NZZ@-N lngl
@N 1 @N 1
@VN 2
@N 3@N 1
@VN 2
@N 2@N 1

@vN 3
@N i@V 1=

@NzT
@N3

(21)

N 2 T
@ N 2N 1
@"® [
Py 2 NN o1

o

nN 3 NN 1

In (a), Equation(20) is differentiatedonce and then Equa-
tion (18) is used,andin (b) a rectangulamatrix F5Y below
is usedfor differentstagess andu (s < u)

def @VS @T
I:{z} = Q" " (for s< u): (22)
In generaI,Fﬁu (for s < u) is givenwith a suitablenumber
of NS+l @‘@i , which is a so-calledbefoe-nodestate
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transitionmatrix of sizePs.1  Ps (see[5]). Thatis,

SU — s;s+1 s+1 s+2 ..... u lu .
e = B SN Ry @3
Ps nuy Ps Pssa Ps+l Ps+2 Pu 1 PuPu ny

In reality, this chain matrix multiplication is performedby
using the second-ordebackward-passecurrencebelon

T

s:u s;s+l Estlu _ @,s sis+1 T s+l U,
ri‘}e’? I\I—{Z—} (?E') @ Fo : (24)
Ps ny s Psn P Ny

where the last matrix is computed already at a previ-
ous stage; hence,the subscriptold attached.Herg, notice
in standard MLP-learning that the rst matrix g—z on
the nght -hand side becomesdiagonal with the jth ele-
ment f; S() (i = 1;::;Ps) [seeEq.(8)]. Furthermorethereis
no needto form aII thoseN matricesexplicitly [5] unlike
anothersecond-ordeBP that evaluatesH differently in a
nodavise mannerdescribedon pp.155-157n [6].

Whens= N 4 (andt = N 1), we proceedin the
samemannerasin the aforementionedasewheres=N 3
for non-adjacenstagesWe rst write down the recurrence
relation (13) asbelow:

VN 4(XN 4. N 4.

= LN 4(xN 4

N l)
N 4)+VN 3(XN 3. N 3. N l:
(25)
By differentiating recurrencerelation (25) once and twice
[seeEq.(21)], we obtainthe following:
@ 4:@/N 3:@—N 1:gN N
@N 1 @N 1 @N 1

@VN 4 @VN 3
@' ‘@" 1~ @" ‘@ 1

@\ 3 T @vN 3
- @N 4 @N 3@N 1 (26)

— @ @ ' N 3N 1
@" ¢ [—z—)

Pv 3 NN o1

g

nN 4 NN 1

For completenessye shav recusive formulas for ZS,
Fss, and HS® in Equation(17). To obtain Z% in Equa-
tion (17)(c)for non-terminalstages fors= N 1; ;2; we
differentiatetwice the recurrencerelation (11) with respect
to the statevector yielding

s df @T°
&) @S @S (27)
Ps Ps
— @LS ss+l S;S+1 @ys . S
“aeas ISR By Nt ecge
Ps Pss1 Psa PS+1PS+1 Ps | 7

Ps Ps

wherethe (i; j )-elementof the last matrix is obtainablefrom

» #
@ys .S - ° If @ysk
eses’ " eses
We derive anotherkey recursve formula for matrix FS*
in Equation(17)(d) by differentiatingtwice the recurrence
equation (11) with respectto state and control vectors,
yielding (after a little algebra)

a@T®

(28)

def

ﬁzs}s - @S@S (29)
Ps ns 8
s+1
S s T2 ss+lT s+l @
aer * ge > 183 @8,
+ $+1 s+1 — L —
|—qz—} ' Po P Ps+1 Ng
Ps Ps
s;s+l g
+ void T . s+l -
S;S+ ! .
€ ey
Ps ns ’
where the (i; j )-elementof the last Ps-by-ns rectangular
matrix is given by
*n "
@™ sy w XXX @FT
s;s+1 ; = k s;s+1 (30)
@ ij k=1 i=1 1=0 @
Here,index j is subjecttoj = (1+ Ps)(k 1)+ 1+ 1, and

S are the vector forms of the parametemmatri-

ces °,and ° in Equation(5), respectiely.

The diagonalHessiarblock H 5% is obtainablefrom twice
differentiationof the recurrenceequation(11) with respect
to the control vector:

and S

S

S;S d_ef @TS 31
[z = @ves 3D
Ng Ng

= 7@LS + @s+1 ! S+1 @S+1 .

S S
@@ |_@{z_} NA=N |_C?>z_}
Ng P5+1 Ps+1 Ns

The off-diagonalHessiarblockscanbe obtainedin conjunc-
tion with Equation(24), as shavn next

+1 T
s @(r

[z}

F”l S (forr+1 s);  (32)

nr ns Z— Pr+1 Ns
ne Pr+1
where n, (1+ P,)P;+1; F'*1s is obtainable from

Equation (24); and the n,-by-P,.; transposedmatrix has
a “block-diagonal”form belov in MLP-learning

; 2 3
@r+1
=5 . ¢
19
ny Pr+1

Here,thereare P, ., identical blocks, denotedby the same
symbol “ " (hence, need to store one block alone)
becauseachblockis justa(1+ P, )-lengthvectory!, de ned



in Equation(5) with s=r, wherethe rst components a
bias-nodeconstantoutputyj (e.g.,y; = 1:0). Our stagevise
second-ordeBP canbe summarizedasfollows:

Algorithm: Stagewise second-oder BP on ead datum.

(0) Do forward passfrom stagel to N for evaluatingd in
Equation(1) on a given training datum.

(1) At terminalstageN, obtainZN by Equation(15).

Sets= N 1, andrepeatthe following steps:

EvaluatediagonalHessianblocks H > at eachstages

by Equation(31).

Whens=N 1, goto Step(5); otherwise,continue:

)

(3) Obtainoff-diagonalHessiarblocksHS' (s<t N 1)
by Equation(32).
If s= 1, thenterminate; otherwise,continue:

(4) ComputerectangulamatricesFst (s<t N 1) by

Equation(24).

Evaluatea newv Pg-by-ng rectangularmatrix F5° by
Equation(29) for the currentstages.

Computea Ps-by-Ps matrix Z° by Equation(27).
Sets=s 1, andgo backto Step(2). 2 (End) 2

®)
(6)

All the foregoing formulas are derived by choosing the
before-nodenet-inputvectorx® asthe statevectorat stages

to conform with neural-netwrk (NN) corvention; see Ta-
ble I. In optimal control, the afternode outputvectory* is

usedas the state vector Despitethis distinction and some
others, using a state vector as a basic ingredient allows
us to adopt analogousformulas available in the second-
orderoptimal controltheory(see[1] andreferencesherein).
Therefore,in the table belon, we shov which equationsin

this paper“loosely” matchup to the formulas appearedn

threeother papers[5], [7], [1] for further reference:

This paper | Paper[5] | Paper[7] | Paper[1]
Z® in Eq.(27) Eq.(13) | Eq.(17) | Eq.(9)
F> in Eq.(29) | Eq.(11) | Eq.(16) | Eq.(10)
FS" in Eq.(24) | Eq.(10) | N/A N/A
H® in Eq.(31) | Eq.(8) Eq.(22) | N/A
H™ in Eq.(32) | Eq.(9) N/A N/A

For detailson algorithmicdescriptionf the posedstege-
wise second-ader BP, refer to [5], wherethe formulasdo
not include the termsassociatedvith the stagecostsL 3. In
what follows, we describethe methodsthat useL S.

I1l. INTRODUCTION OF STAGE COSTS

We shall shav how stage costs LS sene to develop
adwancedlearningschemes.

A. Hidden-nodeeading

In certainlearning situations,someadditional (or extra)
informationrelatedto a posedlearningtask might be avail-
able.Hidden-noddeading suppliessuchinformationto ary
nodesat ary intermediatestages (s = 2;::;;N 1) asthe
“desired” hiddenoutputs,leadingto stagecostsL %; e.g.,see
Equation(3). Herearethreemajorpurposedor usinghidden-
nodeteaching:

( ) Provide useful hints relatedto a given target task[2];

( ) Alleviate hidden-nodesaturations
( ) Perform“desired” signalencodingor decoding.

For purposeg( ), onemightresortto the methodsof hints[8]
and multi-task learning [9]; however, those methodsneed
to setup additionalnodesat terminallayer to receve addi-
tional information. Accordingly the numberof parameterss
increasedresultingin slower learning.Furthermorefor the
second-ordemethodsdueto increasen sizeof the Hessian
matrix H of the objective function J, more sparsity would
be inevitably involved in the “block-arron” HessianH in
Figure2 (henceworth exploiting suchsparsity) Ontheother
hand, hidden-nodeteading can supply such information
without alteringa given NN structurefor the purposeof ( ).
Aim ( ) above is specially designedto circumwent the
hidden-nodesaturationproblems: When all the sigmoidal
hidden-nodefunctions (e.g., tanh) get driven to their sat-
uration limits, the associatedHessianmatrix H becomes
rank de cient (consequentlytrappedin a lower-dimensional
subspace)To alleviate this concernwe could supplycertain
target signalsat (a subsetof) hiddennodesto avoid hidden-
node saturationsFor shaving the value of this concept,a
sampleMATLAB codehasbeenmadeavailable on the web
at http://www.ieor.berkeley.edu/People/Faculty/dreyfus-
pubs/hidteach.m: The code attacksthe well-known 7-bit
parity problem the 7-dimensionalXOR-problemwith 27 (=
128) data, by a 7-4-1 MLP with only four hidden (tanh)
nodes(hence,37 parameterén total), demonstratinghat an
on-line hidden-nodeteachingalgorithm can renderthe 7-4-
1 MLP able to solve the posedproblem always perfectly
as long as the initial parametersare randomly generated
uniformly in a small range(e.g.,[-0.2, +0.2]). Furthermore,
the numberof epochrequiredfor solution doesnot differ
greatly Thatis, owing to the hidden-noddeaching the 7-4-
1 MLP can successfullydevelop insensitivityto the initial
parametes, and thus never fails to solve the 7-bit parity
problemperfectly (seehidteach.m andreferencegherein).
In Sec.lV, we shalldemonstrat®ur hidden-nodegeaching
for accomplishingwo goals( ) and( ) simultaneously

B. Stage costsfor weightdecay

Our neural-netwark (NN) model is expectedto perform
well whenpreviously-unseetitest” dataarepresentedwhich
are outside the “training” data set. This is an important
matter of generlization Often, the optimization process
is to be stoppedpartway before the training-error measure
is minimized (i.e., early stopping). Furthermore,one may
considerregularization by addingsomepenaltycostC (to
be imposedon control parametersjo the objective function.
One regularization approachis to penalize large contmol
parametes, which is known as weight decay an easily-
implementableschemeis to employ the sum of squaed
controls (i.e., decisionparametes) asC (e.g.,see[10] and
pp.338—-343in [6]), given with somescalarconstant as
C % 2 T - n the spirit of optimal control, the costC for
sucha simple weight decaycan be meiged at eachstages
into the stagecostL ® (scalar with (or without) hidden-node



teacdhing in Equation(3), leadingto J in Equation(1) with
LS (perdatum)below:

Ls(ys; S): l 2 sT S 4+ }kys tskg .

fz—  P—fz—1}
weightdecay hidden-noddeaching

(33)

The gradientvector g of the posedJ can be derived by

recurrencg11); for parameterjs;k [seeEg.(6)for notations],

an elementof g° at stages (per datum)is given as

s _ @—S(yS; S) _ @_S(yS; S) N @—s+1 (ys+1; s+1)
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weight decay residualrﬁ*l backward pass

h i h i (34)
Because -@L" = 2@@fcs = 2|; the n-by-n symmetric
Hessianmatrix H of J is given with the identity matrix |
asH + 2I: Consequentlyweight-decaymethodsencourage
the magnitudeof decisionparameters ° to be kept small
by penalizing large controls in magnitude,which can be
implementedoy introducingstagecostsL S.

This should not be confusedwith the widely-emplgyed
Levenbeg-Marquardt methodin the nonlinearleastsquaes
(with no weight decay) context, where the n-by-n full
Hessianmatrix H of J [with weight-decaytermsexcluded
from LS in Eq.(33)]hassuchaspeciafformasH = JTJ+S;
here,JTJ is calledthe Gauss-Neiton Hessian,J the m-by-
n Jacobianmatrix of the m-dimensionalresidualvectorr,
and S a matrix of termsinvolving the secondderiatives of
residualsIn normal-equatiorapproachthe methodmay use
JTJ+ 2| for solving approximatelythe subproblembelov

n (o]
min kr +J k% + k k%
n (o]

35
subjectto k (35)

) k2 < R?;

min kr +J k%

whereR is calledtrust-regionradius.Thereis avastliterature
on trust-region methodsthat solve the above trust-region

subproblenmat eachepochef ciently for parameteoptimiza-
tion; e.g., see[11]. The trust-region methodsmay employ

the sameform of the Hessianmatrix, but usesthe ordinary
gradientvectorg = J'r of J excluding such a weight-
decayterm from Equation (34); therefore,the trust-region

methodspenalize the large step (or implicitly avoids
making control parameters‘large”) by solving the trust-

region subproblemwhereasweight-decaymethodsimpose
a penalty explicitly on large control without telling us how

to determine efciently. Overall, we recommendtrust-

region regularization (e.g.,see[4]) ratherthanweight-decay
type. Notice that when hidden-nodeteachingis employed,

J has more “sparse” rows due to hidden residualsat L*

in Equation (3), but our stagevise second-ordeBP can
efciently compute H; Section IV shovs our numerical
evidencewith andwithout hidden-nodeeachingundertrust-

region regularization

IV. NUMERICAL RESULTS AND DISCUSSIONS

First, we shav how efciently our stagevise second-order
BP evaluatesthe n-by-n full Hessianmatrix of E (:) de ned
in Equation(2):H = JT J+ S [recall discussiorfor Eq.(35)].
In simulation on a 2-GHz Pentium-4PC, we emplo/ed a
single-hidden-layefi.e., three-stageN = 3) 5-130-3MLP
with threelinear outputs(F = 3) on 400data(D = 400); i.e.,

N =3; P1=5;P,=130;P3( F)=3; Ca =1+ P,=131;
ng = (1+ Pl)P2= 780;n=FCa+ng =1;173;m=FD = 1; 200

We comparedperformancein speedto obtain a “block-
arron” Hessianmatrix with F (= 3) diagonalblocks [recall
sparsity in Fig.2(a)] betweenthe following four algorithms:
(A) Stagavisesecond-ordeBP thatevaluateghefull Hessian
matrixH = JTJ+ S; (B) A simpli ed versionthatevaluates
the Gauss-Nerton HessianJTJ alone (see[12]); (C) A
standad method that computesrow vectorsu' of J per
datum,andthenformsJT J aloneby rank updatesuu " with
sparsity-&ploitation, and (D) the samestandad methodas
(C) but with such sparsitytotally ignoredas in calcjejj.m
(for trainlm.m) on the MATLAB Neural Network Toolbox.
The averageexecutiontime measuredn (C) was 3.8 sec-
ond (averagedover 30 trials) and was 6.8 secondin (D),
whereasit was 2.9 secondin (A) and (B); remarkably no
time differencebetween(A) and (B). This implies that our
stagevise algorithm economically evaluatesS during the
backward processseeEquationg(16), (28), and (30), which
yield sparse matricesin MLP-learning(see[5]).

Next, we shall demonstratdidden-noddeading for data
compressiorusingan encodemeuralnetwork with a bottle-
neck structure.Iln our experiments,we useda 8-3-8 MLP
(with threetanh hidden nodes)illustratedin Figure 3 for
solving a classicaleight-bit encodingproblemdescribedon
pages336-337in [3]. Their original conceptis “automatic”
encoding;thatis, presenthe sameeight-bitbinary data(see
the rst columnin table below) both at the rst and the
terminal layersfor training purposesand readoff the three
hidden-nodeoutputs. Their resulting values are takulated
belov in symbol asthe PDP-patterngseethe last column),
which containanintermediatevaluelabeledmiddle(nearly0)
betweenON (+1) andoff ( 1):

Eight-bit patterns(Inputs/Tagets) || HID-patterns PDP-patterns
(ON,off,off,off, off, off, off, off) (ON,off,off) (middleoff,off)
(off,ON,off,off, off, off,off, off) (off,ON,off) (off,ON,off)
(off,off,ON, off,off, off, off, off) (ON,ON,of) (ON,ON,of)
(off,off,off, ON, off, off, off, off) (off,off,ON) (ON,ON,ON)
(off,off,off,off, ON, off, off, off) (ON,off,ON) (off,ON,ON)
(off,off,off,off,off, ON, off, off) (off, ON,ON) || (middlegoff,ON)
(off,off,off,off, off,off, ON, off) (ON,ON,ON) || (ON,off,middlg
(off, off,off,off, off, off,off, ON) (off,off,off) (off,off, middlg

However, the posedautomaticschemes highly questionable
becausehethreehidden-nodeutputsvery oftenrepresented
meaninglesssignals (including unexpectedly mary middle
values),and learningthoseeight-bit training patternshardly
succeededy the 8-3-8 MLP. The next table presentour
simulationresultsobtainedby two methods:(F) First-order
on-lineincrementagradientmethod(limit epoch1,000),and
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Fig. 3. A B-bit encodeMLP with hidden-noddeading. For attackingthe
eight-bit (B = 8) encodingproblemposedon pages336-337in [3] by this
single-hidden-layeB-3-8 MLP, one may usetanh hidden-nodefunctions.
The sameeight-bit patternsare usedas input and terminal desiredoutput,
while userorientedthree-bitpatternsare suppliedas hiddentarget signals.

(S) Second-ordebatch-modetrust-region methodwith our
stagevise second-ordeBP (limit epoch100):

Automatic scheme Hidden-node teaching
Success Epoch | RMSE |[[Succes$ Epoch [ RMSE [H-RMSE
(F) || 12% | 4775 | 0.531 || 100% | 105.0 | 0.543 | 0.328
(S) || 16% 6.8 0.506 || 100% | 4.7 0.509 | 0.159

Here,"Success”in columns2 and5 shaws the successate
for learningthe eight-bit patternsn the sensehatthe largest
terminaloutputnodematdesthe ON-bit onall theeightdata,
which can occureven whenthe terminalresidualerror E (3)
[in Eq.(2)]wasgreaterthan0.5in termsof root meansquare
error (RMSE); seecolumns4 and 7. The above resultswere
averagedover the successfutasesamong50 trials (using50
setsof initial parametersandomlygeneratediniformly in a
smallrange[-0.2,+0.2]).For hidden-nodeaeading, the HID-
patternsin the rst table were usedas the desiredhidden
outputsfor L? [s = 2 in Eq.(3)]. The following three ob-
senationscon rm that hidden-noddeachingwith stagevise
second-ordeBP can work efciently: (1) The 8-3-8 MLP
can reducethe hiddenresidualsL? (see“H-RMSE” in the
lastcolumn)fasterthanthe terminalresidualsE (:) (compare
“RMSE” columns);(2) Second-ordemethod(S) decreased
bothterminalandhiddenresidualamoreef ciently than rst-
order method (F) (seethe differencein “H-RMSE”); and
(3) Hidden-nodeteachinghelpedincreasethe succesgate
for learningthe eight-bit patternsalso (comparecolumns?2
& 5). Interestedreadersare encouragedo attackthe posed
problemby a 8-3-8 MLP usingthe datain the rst table.
Without hidden-nodégeaching the 8-3-8 MLP mostlikely
failed to learnthe training patterns;underthis poor learning
situation, it is hopelessto expect meaningfulsignalsauto-
matically “encoded”at the threehiddennodes.By contrast,
“hidden-nodeteaching”can control the hidden-nodeoutputs
by presentingcertaindesiredhiddenoutputs(i.e., by intro-
ducing stagecostsL?), as discussedn Sectionlll-A. Of
course by hidden-nodédeachingit is no longer“automatic;
but in a certaincircumstancewherethe testdata(besidethe
training data)are availableto checkgeneralizatiorcapacity
hidden-noddeachingwould undoubtedlyensurebetterqual-
ity of “encoded” signalsproducedat (a subsetof) hidden
nodeson testdatain the context of multi-task learning.

V. CONCLUSION

We have shovn a simple derivation of stagevise second-
orderBP by invariant-imbeddingecurrencesThe procedure
exploits “stagavise” structureembeddedn an N -stageneu-
ral network andis basedon the optimal-controltheory where
N is usually very large and the objective function can be
of ary form (see[1]). This leadsto a systematicevaluation
of the Hessianeven with hidden-nodegeachingand weight-
decayregularization.In nonlinearleast squareswhere the
Hessianmatrix (H = J7J + S) is of block-arrav form [see
Fig.2(a)],the usualpracticeis to useonly the Gauss-Nexton
Hessianl T J becauses is expensie to compute.ln Sec.IV,
however, our numerical results verify that our stagevise
second-ordeBP forms H fasterthan the standardmethod
that obtainsJ™ J aloneby rank updateq12]. This is signif-
icant becauseS is importantto efciency in large-residual
problemsandthetrust-region methodworksexcellentlywith
the inde nite HessianH aswell as positive (semi-)de nite
H. Furthermore the resultsindicate that stagevise-BP can
improve the ef ciency of trust-region second-ordefearning
with hidden-noddeading in a classicalencodingproblem.
For a more realistic application,one might employ a ve-
stage(N = 5) bottleneck MLP with three hidden layers,
where (a subsetof) hiddennodesin the middle layer (i.e.,
stage3) may be usedfor encodingby hidden-noddeaching.
In this multi-task learningwith sucha larger N, the utility
of our stagevise second-ordeBP would be magni ed.
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