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SELF-SCALING VARIABLE METRIC (SSVM) ALGORITHMS 

Part I: Criteria and Sufficient Conditions for Scaling a Class 
of Algorithms*t 

SHMUEL S. OREN? AND DAVID G. LUENBERGER? 

A new criterion is introduced for comparing the convergence properties of variable 
metric algorithms, focusing on stepwise descent properties. This criterion is a bound 
on the rate of decrease in the function value at each iterative step (single-step con- 
vergence rate). Using this criterion as a basis for algorithm development leads to the 
introduction of variable coefficients to rescale the objective function at each itera- 
tion, and, correspondingly, to a new class of variable metric algorithms. 

Effective scaling can be implemented by restricting the parameters in a two- 
parameter family of variable metric algorithms. Conditioins are derived for these 
parameters that guarantee monotonic improvement in the single-step convergence 
rate. These conditions are obtained by analyzing the eigenvalue structure of the 
associated inverse Hessian approximations. 

1. Introduction 

An important class of widely applicable algorithms for solving smooth uncon- 
strained minimization problems are the quasi-Newton methods (also referred to as 
variable metric algorithms). To minimize a functional f depending on the n-dimen- 
sional vector x, these algorithms have the form 

xi+1 = xi- a Dig 

where xi is the ith approximation to the minimum point, gi is the gradient of f at 
xi, Di is an n X n matrix that approximates the inverse Hessian of f at xi and ai is a 
positive step size parameter whose value is selected according to some rule depending 
on the specific method. The approximation Di is based on information about the in- 
verse Hessian that is inferred from observations of previous gradients. The approxi- 
mation is usually updated at every iteration. 

The first quasi-Newton method of this general type was proposed by Davidon [6] 
and further developed and simplified by Fletcher and Powell [9]. In this mnethod, 
referred to as the DFP algorithm, Di is symmetric and ai is selected by a line search 
so as to minimize f along the line xi - aDigy. Three major properties of the DFP 
algorithm are: (1) each Di matrix is positive definite; (2) if the function being mini- 
mized is quadratic and Do = 1, the directions of search are identical to those of the 
conjugate gradient method (Fletcher and Reeves [10]); and (3) again for a quadratic 
problem, the nth approximation Dn is identically equal to the inverse Hessian. These 
three properties are felt to underlie the successful convergence properties the method 
often displays. 

A vast number of additional contributions have been published in this field, espe- 
cially in recent years. Most were surveyed by Powell ([21], [22]). Some of these con- 
tributions ([2], [3], [4], [11], [13], and [14]) are concerned with deriving new updating 
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formulae possessing some or all of the above three properties of the DFP algorithm. 
The most general class of such updating formulae was considered by Huang [14] who 
derived a general family of algorithms (with line-search) that have the second prop- 
erty mentioned above. A compact form for Huang's family of updating formulae was 
suggested by Osborne [20]. In this form 

D+, = D- Diqiqi' DD/lq' D1qi + pipipi'/pi'qi + 6iviv1', 

vi = (qi'Diqi)pi - (pi'qi) Diqi 

where qi = gi+,- 9i pi = x+,- x while pi and Oi are scalar parameters that can 
be chosen arbitrarily. If pi is a fixed number, say p, then, for a quadratic case with 
Hessian H, D. = pH-'. For this reason most of the algorithms implemented so far 
(excluding those for which p = 0) use pi = 1 for all i. 

The DFP algorithm, which is identical to Huang's algorithm with pi = 1, Oi = 0 
for all i, is still the most popular of all the algorithms in that family and is considered 
to be quite successful. However, despite its relative success, two serious deficiencies 
have been reported by many authors: 

(1) The performance of the algorithm deteriorates rapidly as the accuracy of the 
line-search decreases (see, for example, Greenstadt [13]). 

(2) In certain cases the algorithm fails to converge, and the inverse Hessian ap- 
proximation becomes singular unless the algorithm is restarted every n steps (Mlc- 
Cormick and Pearson [17]). 

Bard [1] noted that the performance of the DFP algorithm is very sensitive to 
scaling of the objective function or the uniform scaling of the variables through mul- 
tiplication by a scalar factor. Improper scaling may cause the matrix Di to become 
singular, due to the roundoff error, consequently causing the algorithm to fail. Re- 
scaling the problem properly may improve the performance of the algorithm consider- 
ably, but, unfortunately, there is no systematic technique for doing it. 

In a recent work Dixon [7] proved that algorithms from Huang's family using the 
same fixed pi generate the same sequence of points { xi even for nonquadratic func- 
tions. This result implies that the deficiencies mentioned above and the sensitivity 
to scaling are common to all the algorithms from Huang's family in which pi is fixed 
and in particular those in which pi = 1. This conclusion is consistent with the ex- 
perimental results reported by Broyden [4] and Greenstadt [13] for such methods. 

In this paper we consider a two-parameter family of algorithms which is equivalent 
to Huang's family. It is shown that the effect of efficient scaling of the objective func- 
tion may be accomplished by proper choice of parameters in the updating formula. 
This part of the paper focuses on developing criteria for choosing these parameters. 
Algorithms satisfying these criteria are referred to as self-scaling variable metric 
(SSVI\M) algorithms and their implementation will be discussed in the second part 
of the paper. 

2. Convergence of the Modified-Newton Method 

In order to analyze the stepwise convergence characteristics of variable metric 
algorithms, we imbed them in a more general class, referred to as modified-Newton 
methods, of the following form: 

Algorithm 1. 

Start with any initial point x0 E E'. 
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Step 1. Choose a matrix Di, from a uniformly positive definite family, and obtain 
di = -Digi. 

Step 2. Obtain the next approximation to the minimum xi+, through the recursive 
relation 
(1) xi+, = Xi- aidi 

where ai minimizes f (xi -ai di) over a > 0. 
Step 3. Obtain gi+1 = Vf(xi+). Increase i by 1 and go to Step 1. 
Several authors (see, for example, [24]) have proved the global convergence of 

algorithms of this type, for the kind of functions considered here, assuming that all 
the points generated lie in a compact set. Our main interest, however, is in the speed 
of convergence. Thus we concentrate on local analysis, where a positive definite quad- 
ratic function can be assumed to represent the objective function. 

THEOREM 1. For a positive definite quadratic objective function 

(2) F (x) = - (X-x*)'H (x - x*) + F (x*), 

and for any starting point xo, Algorithm 1 converges to the unique minimum x* of F. 
Furthermore, there holds, at every step i, 

(3) F(xi+i) - F(x*) < [K(Ri) + ] (F(xi)-F(x*)) 

where K (R%) denotes the condition number of the matrix Ri = H1"2 DiSH12 (i.e., the ratio 
of the largest to the smallest eigenvalues of Ri). 

We omit the proof of this theorem, since a result similar to the above was given by 
Greenstadt [12] who modified an earlier result by Crockett and Chernoff [5]. Also 
see Luenberger [16]. 

We can look now at the two extreme cases of Algorithm 1-the steepest descent 
method and Newton's method-from the point of view of Theorem 1. For steepest 
descent Di = I for all i, so Ri = H and convergence is linear with a rate bounded in 
terms of K(H). For Newton's method Di = H-1, so Ri = I and F(xi+,) = F(x*) 
for any i, which means that the minimum is reached in one step. It follows from the 
same theorem that, in order to guarantee good convergence on each step, the term 
[(K(Ri) - 1)/ (K(Ri) + 1)]2 (referred to as the "single-step convergence rate") 
should be made as small as possible and therefore one should strive to decrease K (Ri) 
as much as possible. Furthermore, if K (Ri) > K (H) for some i, the convergence rate on 
these steps may be worse than for steepest descent. 

Theorem 1 was first applied to the analysis of quasi-Newton methods in [16] where 
it was argued that the DFP algorithm might cause K (Ri) > K(H) at intermediate 
steps and hence may in some cases be inferior to steepest descent. This observation 
which was illustrated with a problem described in Example 2 motivated much of the 
research presented in this paper. 

3. A Class of Variable Metric Algorithms 

We restrict ourselves now to a class of variable metric algorithms described by 
Algorithm 2 below. 

Algorithm 2. 

Begin with any positive definite Do, a starting point xo and i = 0. 
Step 1. Set di = -Digi. 
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Step 2. M\Iinimize f (xi + aX di) with respect to aX > 0 to obtain ai, pi ac di 
xi+, = xi + pi, i?+j and qi = gi+1- gi. 

Step 3. Choose two scalars ayt > 0, O ?> 0. 
Step 4. Set 

(4) ViT iDqi(7 
)12 (Pi Di qi' 

qpiqqi qi'Diqi 

and 

(5) Di+= (Di - DiqiqiDi + Oivivi ) ei + ,pi 
i 

qi'Diqi piqi 

Step 5. Add one to i and return to Step 1. 
The class of algorithms described by Algorithm 2 depends on the two sequences of 

parameters [-yij and {0X}. This class is equivalent to a subset of Huang's family [14]. 
However, in this form we guarantee that Di+lqi = pi for any choice of ey and Oi . 
This property is important when one considers yi ; 1, as we do in this work. Having 
the above property implies that at least in one direction the inverse Hessian approxi- 
mation agrees with the inverse Hessian so that their spectrums of eigenvalues overlap. 
Thus a = 1 can always be used as an initial estimate for al in the line-search. Also, 
al eventually will tend to unity. We also impose a positivity restriction on OA and yi 
which is required, as we shall see, to guarantee positive definiteness of the matrices 
Di. This is necessary to insure convergence of the algorithm. The DFP algorithm 
[9] and Broyden's algorithm [4] are special cases of Algorithm 2. The first corresponds 
to the choice -y = 1, O, = 0 for all i; the second to yi = As = 1 for all i. 

We now state several results concerning properties of Algorithm 2. Some of these 
properties were proved. for special cases of this algorithm in [9], [2], [3] and for a more 
general case in [14]. Since these results can be extended to Algorithm 2 without dif- 
ficulty, we omit their proof in this paper. 

PROPOSITION 1. Let Di+1 be defined by (4) and (5). If Di is positive definite, O >? 0, 
at > 0 and pi'qi > 0, then Di+1 is positive definite. 

This proposition is proved by using the Schwarz inequality in the same manner as 
in [9]. 

COROLLARY 1. In Algorithm 2, the matrix Di is positive definite for i = 1, 2, 

PROOF. Since Do is assumed to be positive definite and pi'qi > 0. ei > 0, i >? 0 
for i = 1, 2, 3, *., the conclusion follows by induction. 

THEOREM 2. If f (x) is quadratic with Hessian H, then for Algorithm 2 there holds, 

for k = 0, 1,2, .. ,n- 1, 

(6) pi'Hpj =O for 0 < i < j < k 

and 

(7) Dk+lHp, = -yi,kPi for 0 < i < kc 

where ti,k. = jI=I+i yj.i, i = 1. 

This theorem can be proved very easily following the proof for the DFP algorithm 
in [9]. A complete proof for this case is given in [19]. 

COROLLARY 2. When applied to an n-dimensional positive definite quadratic function, 
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Algorithm 2 is a conjugate direction algorithm and converges to the minimum in at most 
n steps. 

COROLLARY 3. For a quadratic function with Hessian H, the nth approximation D" 
to the inverse Hessian produced by Algorithm 2 is 

Dn = PFrP-H 
where 

0 [ n nn-i 

, is defined as in Theorem 2 and P is the matrix whose columns are the vectors po, pi, 
Pn1, P -. Furthermore, the diagonal elements of r are the eiqenvalues of 

R = H12D DH1/2. 

PROOF. From (7) for k = n and i = 0, 1, ., n-1 we obtain 

(8) DnHP = Pr. 

Since the p's are H-conjugate, they are linearly independent. Thus p is nonsingular, 
and hence 

(9) Dn = PrPliHi1. 

We have 

Rn = (HI2P) r (HlI2P)-1 

and since r is a diagonal matrix similar to Rn, its diagonal elements are the eigen- 
values of Rn . 

COROLLARY 4. For a quadratic function with Hessian H the nth approximation to 
the inverse Hessian Dn produced by Algorithm 2 with a, = 1 for all i > 0 will be D. = 
H-1. 

PROOF. If -yi = 1 for all i > 0, then r = I and, by Corollary 3, D, = PP-lHi-1 = 

H-1. 

It can be proved (see Oren [19]) that in the quadratic case if Do = I, Algorithm 2 
is identical to the conjugate gradient algorithm. However, in practice, for nonquadra- 
tic problems, special cases of Algorithm 2 have displayed better convergence charac- 
teristics than standard conjugate gradient algorithms such as that of Fletcher and 
Reeves [10]. These advantages cannot be explained by the fact that Algorithm 2 is 
conjugate gradient in the quadratic case but must be credited to the fact that the 
algorithm is also a quasi-Newton method. Furthermore, regarding Algorithm 2 only 
as a simple conjugate direction method gives no indication of how to choose the 
parameters y, and Oi, since they have no influence on the conjugacy. In practice, 
however, these parameters do affect the convergence characteristics of the algorithm. 
Thus for further analysis and understanding of the convergence properties as well as 
developing criteria for choosing yT and Oi, it is advantageous to analyze Algorithm 2 
as a modified-Newton method. In other words, one must investigate the inverse 
Hessian approximations Di and how they relate to the inverse Hessian. That is ac- 
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complished by consideration of the updating formula, which is the approach taken 
in the next section for a particular class of Algorithm 2. 

4. Eigenvalue Structure and Other Properties of the Updating Formula 

In this section we consider only those properties of the updating formula for Di 
defined by (4) and (5). Viewing Algorithm 2 as a quasi-Newton method, we ask how 
good an approximation Di is to the inverse Hessian. Assuming for simplicity a quadra- 
tic function with Hessian H, one may use the matrix Ri = H"2 DOH"2 to characterize 
the approximation Di in relation to the Hessian H. Clearly Di would be a perfect 
approximation if Ri = I. In past literature the Euclidean norm 1 - Ri-I 11 has often 
been used to measure the closeness of Di to H-' (e.g., Fletcher [8], Broyden [3]). 
In view of Theorem 1, K(Ri) seems to be a better criterion; and that is the one we 
employ. Examination of either criterion, however, is conveniently expressed in terms 
of the eigenvalue structure of Ri . By restricting OA in (5) to Oi E [0, 1] these eigen- 
values have special characteristics that form the basis for self-scaling algorithms. 
These eigenvalue characteristics are presented in this section. 

For compactness we introduce the notation: 

(10) DO (D, 'y, p, q) = D - (Dqq'D/q'Dq + Ovv')-y + pp'/p'q 

where 

(11) v = (q'Dq)ll (p/p'q - Dq/q'Dq) 

With this notation, (4) and (5) can be written in the compact form: 

D-, = JD0 (Dyj,yi) pi, qi). 

Considering one updating we may omit the subscripts i and investigate properties 
of the expression DO (D, -y, p, q). 

LEMMA 1. Let Vi (D, -y, p, q) be defined by (10) and (11). Then, for any symmetric 
nonsingular matrix D, nonzero vectors p, q E En and scalars 0, 7y, 7y -4 0 there holds: 

(12) (a) OD0(D, ,p,q) = J0(QyD,1,p,q), 

(13) (b) VD(D, a, p, q) = (1 - 0) D0(D, ry, p, q) + 0 D'(D, y, p, q), 

(14) (c) [D' (D, a, p, q)]Y1 = J)'(D-1 1/y, q, p). 

PROOF. (a) Denote by v the result of (11) where D is replaced by -y D. Clearly 
v3 = 1/2v. From (10) we obtain 

D0(yD, 1, p, q) = (D - yDq'D + yovv') + pq 
(15) 'yq'D 

= (D 
Dq 

D,D + 0 vv') 'y + pp. -( q'Dq +01)1) 
Iq 

(b) From (10) we have 

(16) S (D, a, p, q) - (D, -y, p, q) = 'yvv'. 

Also, 

(17) S (D, a, p, q) = (D, -y, p, q) + 0Tyvv'. 
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Thus, from (16) and (17), 

(18) D0(D, y, p, q) = V (D, -y, p, q) + O[01 (D, y, p, q) - Do?(D, y, p, q) 

= (1 - 0) D (D, , p, q) + O' (D, y, p, q). 

(c) Equation (14) is proved by direct multiplication showing that 

[)1 (D ay, p, q)][Do(D-1, l/,y, q, p)] = I. 

This relation is referred to as "duality". 
As mentioned earlier the matrix of interest in our analysis is R = H"2 DH" 2. It 

is desirable, therefore, to have an expression for updating R directly. This is provided 
by the following lemma. 

LEMMA 2. Let Vi(D, -y, p, q) be defined by (10) and (11). Assume p'q > 0 and q = 

Hp where H is a positive definite symmetric matrix. Defining R = H"2 DH"/2 and 
z = H" 2p there holds: 

(19) H"12[a)f (D -y, p, q)]H"12 = VDe(R, y, z, z) 

= (R - Rzz'R/z'Rz + Ouu'),y + zz'/z'z, 
where 

(20) u = (z'Rz)12 (z/z'z - Rz/z'Rz). 

PROOF. Premultiplying and postmultiplying (10) by H"/2 and usilng q = Hp yields 
Defining u = H1/2v and using (11) gives 

(21) H"2 [Do(D,7,p,q)] H"2 = H 2DHII2 - H" DHppHDH"2 + OH"2vvH"2) 
pHDHp 

+H 12pp H'/ 
p'Hp 

(22) u = (p'HDHp )12H12 (p/p'Hp - DHp/pHDHp). 

Expressing (21) in terms of R and z and expressing (22) in terms of R, z and u yields 
(20) and (19). 

The results of Lemma 1 may be applied directly to (19) and (20) by substituting, 
in Lemma 1, z for p and q, and R for D. Assuming that y # 0 and D is nonsingular, 
R is also nonsingular and hence Ne have 

(23) Vo(R, -y, z, z) = 0(yR, 1, z, z), 

(24) D' (R, y,z,z) = (1 - 0) DO (R,y, z,z) + 05)1(R, y,Zz), 

(25) [5)1 (R, y z, z) 1-1 = DO(R-1, 1/ey, z, z) 

The eigenvalue structure analysis of the matrix expression D' (RI, y, z, z) will be 
done in two stages. In Theorem 3 below Ne consider the relation between the eigen- 
values of two matrices A and B where 

(26) B = A - Arr'A/r'Ar + rr'/r'r 

and r is a nonzero vector in En. These results are then extended in Theorem 4 to the 
expression 5 (R, -y, z, z) using relations (23), (24) and (25) and Lemma 3 below. 

The original version of Theorem 3 is due to Fletcher [7] who also proved the results 
of Lemmas 1 and 2 and Theorem 4 for the case -y = 1. 
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LEMMA 3 (INTERLOCKING EIGENVALUES). Let the n X n syminetric matrix A have 
eigenvalues X1 < X2 < ? .. < Xv, . Let a be any vector in E , and denote the eigenvalues 
of the matrix A* A + aa' by U 1 _ U 2 < *- A n 

Then Xi < /41 _ X2 -< /12 <_ * * * =< An <= Yn 

This result was first discovered by Loewner [15] who proved it using the min-max 
properties of eigenvalues. (See also Wilkinson [23].) 

THEOREM 3. Let A be a positive definite symmetric matr-ix, and r a nonzero vector in 
En. Assume that B is obtained from A and r through (26). 

Let the eigenvalues of A be arrlanged such that 0 < X1 < X2 < ? =< Xn and the eigen- 
values of B be ul _ ,U n. Then there are three possible cases: 

(a) If X1 > 1 then = l and 1 < Xkl- < Ak < Xk for k = 2, 3, , n. 
(b) If Xn _ 1 theng n= I and Xk <_ ? k-< k Xk+1 < I for k = 1, 2,) ,n-1. 
(c) If Xl < 1 _ Xn and J is such that Xi < 1 < XJ+1 then X1 ? /1?<-X2 < /2-< 

<_ XJ_ Ju _ 1 < _ XJ+1_ < -< _n _ Xn and at least one of the two 
eigenvalues gui, I.LJ+1 equals unity. 

PROOF. Let us first consider the matrix 

(27) P = A - Arr'A/r'Ar. 

Clearly Pr = 0 so P has a zero eigenvalue corresponding to the eigenvector r. If 
we denote the eigenvalues of p by ql < 7q2 n< ***< n , then by Lemma 3 and the 
above observation we have 

(28) 0 - zli _ _ -< 7 -< X2 _ ** n n 

Next we consider 

(29) B = P + rr'/r'r. 

Since P is symmetric its eigenvectors are orthogonal. Let Wk be an eigenvector of P 
corresponding to flk for some k = 2, 3, , n; then since r is the eigenvector of P 
corresponding to qlj = 0, we have r'wk = 0 for k = 2, 3, , n. Thus Bwk = PWk = 

flkWk for k = 2, 3, . , n from which it follows that 2 .. * n are eigenvalues of B 
as well. We also have 

(30) Br = Pr + rr'r/r'r = r, 

so B also has a unit eigenvalue corresponding to r. Now we have to rearrange the set 
fl2, ?73, ... , * , * 1 } to obtain the monotonic set {,ul, ,U2 An * We consider three 

cases: 
(a) 1 < '1 . Since X1 _ M, it follows that 1 is the smallest eigenvalue of B so 

pi = 1 and Ik = lk for k 1= ,2,. , n. Thus, by (28), 

(31) 1 = p1< Xl < /L2 < A2 _< * * * _< An < X n 

(b) Xn _ 1. Since Xn <_ Xn, then 1 is the largest eigenvalue of B SO un = 1 and 

Pk = lk+l for k = 1, 2,. , n-1. Thus, by (28), 

(32) Xl < /U _ X2 < A2 _ * * * < Xn < An 

(c) XJ < 1 < XJ+, (1 < J < n - 1). The interval [Xj, Xi+1] contains the unit 
eigenvalue and qj+l. Thus the rearrangement will be such that ltk = f7k+l for k < 
J - i, ,z = min [1, qJ+1], /j+i = max [1, fJ+1], and I-k = 'Ik for k _ J + 2. 
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o) 11 FvS vf - nP 

o i 

X A 

b 77 p 
b) p 

A 

c) '17 P 

FIGURE 1. 

Substituting the above in (28) yields the relation stated in case (c) of the theorem. 
Figure 1 illustrates the three cases considered in Theorem 3. 
It is clear from Figure 1 that in order to guarantee that B will have a lower condi- 

tion number than A, the interval spanned by the eigenvalues of A must contain the 
unity. This is a major implication of Theorem 3 that was apparently overlooked be- 
fore, and it forms the basis for the development of the SSVM\1 algorithms. 

Our next step will be to extend the results of Theorem 3 to the updating formula 
defined in (19) and (20). 

PROPOSITION 2. Let R0Q(y) = ODo(R, y, z, z) be defined by (19) and (20) for some 
fixecl positive definite matrix R and nonzero vector z. Denote the eigenvalues of R @(-y) 
by ,i0 (7) < A2 (7) _ ... * _ 0(y). Then for 0 E [0, 1] and 7 > 0 there holds 

(33) A k 
0 

(T ) <_ A k 
0 

( ) < 1( ) for k = 1, 2, ... 
, n. 

PROOF. By (19), for any two scalars 01 and 02, 

(34) JRO2 (Y) = -&1 (Y) + y (02 -01)UU'. 

Assuming 0 < 01 < 02 < 1 and 7y > 0, then, by Lemma 3, 

(35) /Uk 7) _ /.k2 (7) < AO+l (7) for k = 1, 2, ... , n. 
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By (35), for any 0 E [0, 1], we have 

(36) Ik (y) _< Mk (y) _ /2+.+ (r)) k = 1, 2, , n 

and 

(37) lk' (Y) < Ak'(y) < .4+i (y), k = 1, 2, * , n. 

The result follows. 

THEOREM 4. Let R0(y) = y(R, y, z, z) be defined by (19) and (20) for some fixed 

positive definite matrix R and a nonzero vector z. Let the eigenvalues of R be X1 ?< X2? 
.. ?< X7, and assume the eigenvalues of R0(y) to be 1.y(7) -< A2 y) < ... A, (ry) 

Then, provided that 6 E [0, 1] and y > 0 there are three possible cases: 
(a) If TyX, > 1 then Al'(7y) = 1 and 1 < TXk-1 <? Ak(7y) ? TyX, for k = 2, 3, 

n. 
(b) IfTX, < 1 then , Q(y) = land 7Xk ? /Uk((7) < yX,k+l+< 1 for k = 1, 2, * 

n -1. 
(c) If TyX, < 1 ?< TX, and J is such that yXj ? 1 < 7YJ+i then TXX? bsi(7) < 

7X2 ?< A2 (7) -< ... *< yXJ <_ AtJ () _ 1 ?_ AJ+1() -< 7XJ+1 ?< * *< An (T) < yXn 
and at least one of the two eigenvalues Ajo (7), O+, (7) equal unity. 

PROOF. First we consider fR(1). In this case, the results follow immediately from 
Theorem 3 by substituting A = R, B = R?(1) and r = z. Next we consider R'(l). 
For this case we can use again Theorem 3 by looking at [R1 (1)71. From (25) we have 

(38) [U' (1)]' = D0(R-1 1 z z). 

Thus we can apply Theorem 3 by substituting A = R-1, B = [J (1) ]V and r = z. 
The eigenvalues of R-1 are 1/XAn< 1/Xn -1 < 1/X1 and those of [k (1)7' are 
1/,un' (1) < i/,n_1 (1 ) < ... ? i/,ull (1). Substituting these eigenvalues into the 
relations implied by Theorem 3 and taking the inverse of these relations yield the 
three cases considered in this theorem for Rl(l). Having the theorem proved for 
fR (1) and t (1) we can immediately extend it to f?(y) and R1(y) for 7 > 0. From 
(23) we have 

(39) SDo(R, y, z, z) = SD(TyR, 1, z, z). 

The eigenvalues of TR are TX1 < 7X2 < *-- < TyXn. Thus if we consider the proved 
part of the theorem, that is for 0 = 0 and 0 = 1 with y = 1, and substitute { TXi, 
T .X2 X * * * Xn} for {X1, ) X2 ... , XnI we extend the proof to any 7 > 0. However by 
Proposition 2 there holds, for all 0 E [0, 1] and y > 0, 

Lko (y) ?< pk0(Q) < Ik(.k) k = 1, 2, ... , n. 

Thus any inequality satisfied by both 4k (y) and IUkl (y) is also satisfied byAIko (y). 

So the theorem holds for all 0 E [0, 1] and T > 0. 
The propagation in the eigenvalue structure shown in Figure 1 also illustrates the 

results of Theorem 4 wvhich is essentially a generalization of Theorem 3. For this case, 
A in Figure 1 should be replaced by R and B by fo (e). 

An immediate implication of Theorem 4 is that if 0 E [0, 1] and T = 1 then the 
eigenvalues of R move closer to unity on each updating. This result is proved below. 

COROLLARY 5 ("PROPERTY 1"). Let R (0), R, Xk, /A, (ry) be as in Theorem 4; then 
if 0 E [0, 1], I Ak (1) - I I < I Xk - 1 | j. 
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PROOF. In all the three cases given by Theorem 4 we always have at least one of 
the following: 

(a) Xk ? Ak (1) ? 1. 

(b) 1 < Ak (1) < Xk . 
The result follows immediately. 

The next corollary states the implications of Theorem 4 for the condition number 
of R and in particular the range of y that will guarantee a decrease in this condition 
number. 

COROLLARY 6. Let R0 (y), R, XkAk (y) be as in Theorem 5 and denote the condition 
number of a matrix by K ( ). Then, for 0 E [0, 1] and -y > 0 there are three possible cases: 

(a) If yXj1 ? 1 then 7yXn _ K(R'(7)) ? 7Xn-1. 
(b) If -yXn ? 1 then 1/7YX1 > K(ftQ(-y)) ? 1/7YX2X 
(c) If 7^xn _ 1 > 7yXi thenK (RQ(-y)) < K((R). 

PROOF. Since R and f0 (-y) are symmetric, K (R) = Xn/X and K (PY) = ,n1 (7)/iJAl (7y) 
(a) From case (a) of Theorem 4, ul Q(y) = 1 and 7Ano > An (7) _ 7YXn-1 SO the 

result follows. 
(b) From case (b) of Theorem 4, A10n (y) = 1 and -YX2 >_ A1 (y) > 7X1 so the result 

follows. 
(c) From case (c) of Theorem 4, y7X1 ?< 88(zY) < 1 ? ln@(Y) -< yAn, 50 

n (-Y ) 1 (^Y) <\ Xn/XlX 

5. Implications for Scaling 

The special cases of Algorithm 2 discussed and implemented by earlier researchers 
correspond to -yi = 1 for all i. This choice is motivated by the result of Corollary 4, 
according to which -yi = 1 for all i guarantees Dn = H-1 in the quadratic case. Broy- 
den's [2] class of one parameter algorithms is equivalent to Algorithm 2 with ly = 1, 
although he does not restrict Oi. Other special cases of Algorithm 2 that have been 
considered correspond to 6i = 0 and -y = 1, yielding the DFP algorithm, and & = 1, 
-yi = 1, yielding Broyden's algorithm. Fletcher [8] considered the class of formulae 
consisting of convex combinations of DFP and Broyden's formulae. This class is 
given by (5) with the restriction Oi E [0, 1] and -y = 1. The fact that this is a convex 
combination of the two cases mentioned, follows from Lemma 1. The monotonic 
tendency of the eigenvalues of R, toward unity, which is implied by Corollary 5, was 
originally discovered by Fletcher [8] who referred to it as "Property 1." He also de- 
vised a counterexample to show that this property holds only if 6i E [0, 1]. Fletcher 
argued that Property 1 implies that the inverse Hessian approximation improves, 
and that therefore an algorithm using an updating formula with this property, con- 
stantly tends closer to Newton's method. Thus such an algorithm is expected to 
have a good local convergence rate, even without line-search. 

Theorem 1 together with Corollary 6 suggests that the above argument is not com- 
plete. According to Theorem 1, the closeness of an algorithm to Newton's method is 
measured by K (Rf) and hence an algorithm gets closer to Newton's method only if 
K (Rf) decreases. Corollary 6 shows that K (Rf) does not automatically decrease for 
any algorithm that possesses "Property 1." Indeed it is easy to construct cases where 
K (Ri+1) > K (Rf) although all the eigenvalues become closer to unity. The DFP up- 
dating formula, for instance, in a quadratic case moves the eigenvalues of R to unity 
one at a time, leaving the rest of the eigenvalues interlocked between the previous 
ones. In a poorly scaled problem, H may have very large eigenvalues while its con- 
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dition number is relatively small. Assuming Do = I we have Ro = H. After the frst 
iteration, one eigenvalue of Ro moves to unity while the rest of the eigenvalues of R1 
will be interlocked between those of Ro. This may create a situation where the con- 
dition number of R1 will be much higher than K (H) as it is illustrated in Figure 2, and 
may continue to be so until the nth iteration is completed. 

The situation illustrated in Figure 2 can occur with any of the formulae in Fletcher's 
convex class. We note in this figure that although the eigenvalues moved toward 
unity, the ratio between the largest to the smallest eigenvalue increased. According to 
Theorem 1 when such a situation occurs, the next step of the algorithm can be in- 
ferior even to a steepest descent step. After this first poor step the algorithm will tend 
to recover; since by Theorem 4, after the first iteration X1 = 1, so X1 _ 1 < XA; and, 
by Corollary 6, K(R1) will decrease. However this recovery in a quadratic case with 
perfect line search may take up to n steps (and in other cases many more); meanwhile 
the algorithm may perform worse than the steepest descent method. Furthermore 
since these algorithms are usually restarted every n-steps to ensure global convergence, 
the recovery will not be permanent. For small n such a phenomenon is not critical, but 
for large n it can be disastrous. In the ideal situation, when the problem is quadratic 
and the line-search exact, the algorithm behaves as a conjugate gradient algorithm, 
and the phenomena described above will not be observed. However, in most practical 
situations where there are factors such as roundoff errors, inaccurate line search and 
nonquadratic terms in the objective function that weaken the approximation of the 
algorithm to the conjugate gradient method, a poor eigenvalue structure will play a 
dominating role. 

EXAMPLE 1. To illustrate the above conclusions, we consider a six-dimensional 
quadratic function perturbed by a nonquadratic term 

f (x) - 4x'Qx + 4a (x'QX)2 

where Q is the diagonal matrix with diag (Q) = (300, 280, 260, 240, 220, 200). To 
observe the effect of the nonquadratic term in the objective function, the problem was 
tested with different values of a (a = 0, 10-4, 103, 10-2 10-1). In each case the func- 
tion was minimized iteratively starting at xo = (1, 1, 1, 1, 1, 1) by using, alternatively, 
the steepest descent method, the DFP method with and without restarting every six 
steps, and a self-scaling method described in [20] and in the second part of this paper. 
The same line-search procedure, based on cubic interpolation, was used for all methods. 
The results of these experiments are tabulated in the Appendix. 

We note that for a = 0 (i.e., the quadratic case), the DFP method is better than 
steepest descent. (Theoretically the DFP and the SSVM are identical in this case. The 
differences observed are caused by roundoff errors.) As we add increasing proportions 
of the nonquadratic term to the objective function, the DFP algorithm deteriorates 
and becomes inferior to the steepest descent method, while the SSVM method is 
hardly affected. These observations confirm the prediction based on our theory. The 
poor behavior of the DFP algorithm can be traced to the poor eigenvalue structure of 
the corresponding matrices Ri . In this example for a = 0, we have H = Q. Thus while 

0 x R -H 

FIGURE 2. 
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K(H) = 2 C have 300 _ K(RI) _ 280, and even after five steps K(R5) > 200. For 
a > 0 the situation becomes even wsorse and, since the conjugacy is destroyed, con- 
vergence is increasingly dominated by (3), and therefore steepest descent method is 
faster in this case. 

In this example (and in general) the poor eigenvalue structure which deteriorates 
the DFP algorithm is caused by poor scaling of the objective function. In our case 

H = 72f(x) = Q + a(x'Qx)Q + aQxx'Q. 

If w-e used f(x)/250 as our objective function, then, for a = 0, the eigenvalues of H 
w ould be spread around unity and, by Theorem 5, K(Ri) would monotonically de- 
crease; and accordingly for a > 0 this -ould be true if wc start close enough to the 
solution. It is clear, hoN-ever, that for a > 0, at points remote from the solution, the 
eigenvalues of 72f(x) might become so large that scaling f (x) by 1/250 would not be 
sufficient to spread the eigenvalues around unity. On the other hand, a smaller scaling 
factor, although initially helpful, -ould not be proper near the solution. This suggests 
that during the minimization process the objective function should be rescaled several 
times. The SSVI\1 algorithm rescales the objective on each iteration. 

EXAMPLE 2. An earlier example that illustrates the same phenomena appears in 
[161. In that case the objective function is the six-dimensional quadratic function 
f(x) = x'Qx where Q is a diagonal matrix with diag (Q) = (20, 19, 18, 17, 16, 15). This 
function wN-as minimized by the same collection of methods applied to Example 1 above, 
while introducing a deliberate error in the line search. This error took the form of a 
fixed percentage of the optimal step-size (wchich can be calculated exactly in this case). 
While the DFP is superior to steepest descent in the case of perfect line search, it 
becomes inferior N-ith an 0.1 per cent error in step size. Again the poor behavior of the 
DFP algorithm is caused by the poor eigenvalue structure associated with the algo- 
rithm, and is predictable. While K (H) = 4 in this case, we have 40 _ K (RI) _ 38 and 
K(R5) - 30. Since conjugacy is destroyed by the line-search error, the speed of con- 
vergence depends on the single-step convergence rate -hich in this case is best for 
steepest descent: The performance of the DFEP method could have been significantly 
improved by scaling f(x) by 1/35 thereby guaranteeing a monotonic decrease in 
K(Ri). 

In general, proper scaling of the objective function can force the eigenvalues of the 
"local R matrix" to spread around unity, so that updating by (4) and (5), with ey = 1 
and Oi E [0, 1], w-ill decrease the condition number of R. The above conclusion is con- 
sistent with Bard's [1] suggestion and the empirical observations of other authors who 
have reported that proper scaling may significantly improve the convergence of the 
DFP algorithm. However, our argument in favor of scaling is different from Bard's 
who was concerned with numerical instability that might cause singularity of Di. 
Nevertheless, the two arguments are closely related, since tendency to singularity is 
associated with large condition numbers, at least when the eigenvalues do not tend to 
zero simultaneously. 

6. Sufficient Conditions for Self-Scaling 

In ?5, wNe concluded that proper scaling of the objective function can improve the 
performance of algorithms that use Fletcher's convex family of updating formula. An 
alternative way to achieve the effect of scaling the objective function by a constant t 
is to multiply the inverse Hessian approximation by t before updating. In both cases, 
the matrix Ri = H112DiHl12 will be multiplied by t. Since, by Lemma 1, we have 

(40) Di+, = )D0 (Di, 1, pi) qi) = Do (Di ,i, pi) qi), 
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it follows that such scaling can be directly implemented by using Algorithm 2 with 
yi = t. Thus the parameters yi can be interpreted as scaling factors and varying eys 

has the effect of rescaling the objective function. 
It is clear at this point that Huang's theory [14], which hinges on the conjugate 

directions property of Algorithm 2, does not provide a criterion for choosing -yi . On 
the other hand the arbitrary choice yi = 1, although ensuring Dn = H-1 in the quadratic 
case, is sometimes unsatisfactory, as noted in Examples 1 and 2. A logical criterion for 
selecting scale factors is the single-step convergence rate defined in Theorem 1. The 
-yi's should be chosen so as to reduce the condition number of the Ri's. In this section, 
we obtain conditions that ensure proper scaling based on this criterion. 

Updating formulae of the type defined by (4) and (5) are said to be self-scaling if 
for any fixed positive definite quadratic function with Hessian H, the parameters yi 
and Oi are automatically selected such that K (Ri+l) < K (Ri) for every i, independently 
of the updating vector pi . (Ri = H112DiBH12 and qi = Hpi.) Particular cases of Algo- 
rithm 2 that use self-scaling updating formulae will be referred to as "Self-Scaling 
Variable Metric (SSVM\1) algorithms 

The key result for constructing SSVM algorithms is the one given in Corollary 6 (c). 
We note that by restricting Oi in Algorithm 2 such that Oi E [0, 1] and by choosing y 
such that 1/-yi is in the interval spanned by the eigenvalues of Ri, then K (Ri+1) < 
K (Ri). Thus the resulting algorithm will be an SSVMV[ algorithm. A simple example of 
such an algorithm may be obtained by selecting Oi = 0 and -ye = n/trace (HD1). The 
matrix HDi is similar to Ri; thus trace (HDi) is equal to the sum of eigenvalues of Ri, 
and 1/-yi is the average of these eigenvalues. This scaling scheme, however, is im- 
practical except for a quadratic case since it requires knowledge of the Hessian at each 
step. 

So far we have concentrated on conditions for yi that will guarantee self-scaling when 
Oi is restricted to the interval [0, 1]. This restriction, as yet, has not been justified. The 
next theorem shows that the restriction on Oi is actually necessary for the validity of 
the condition on -yi . 

THEOREM 5. Let Di be the ith positive definite approximation to the fixed positive definite 
matrix H: 

(41) Di+1= 0i(Di,y, pi, qi); 

and let pi be an arbitrary nonzero vector in En and qi = Hpi . Also let Ri = H112DiH 12 
and assume the eigenvalues of Ri satisfy 0 < 1 ?< 2 ? ... < Xn . Then the condition 

(42) x1 _ l/-yi < An 

is a sufficient condition for 

(43) K (Ri+,) _ K (Ri) 

and for Di+, to be positive definite if, and only if, Oi E [0, 1]. 

PROOF. The "if" part of the theorem holds by Corollary 6(c) and Proposition 1. 
The "only if" part will be proved by giving counterexamples for 0 ? - e and 0 ? 1 + e 

where 0 < e << 1. For these ranges of 0 we show that the -y's which satisfy (42) may 
lead to nondefinite Di4l or to violation of (43). Again we omit the subscripts. Using 
the notation introduced in ?4 we have Ri+i = J?o (-y) = D (R, y, z, z). 

Consider the example 

R 1/2e 1 and z = (0,1) 
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originally provided by Fletcher [8] as a counterexample to Corollary 5 when 0 { [0, 1]. 
For this case 

X1= 7, X2 =l + 2E- 
where 

(44) 7= [(1 + 2E) - (1 + 4E)1I2]. 

First let -y = 1. Clearly since q is a strictly positive number of order E2 we have 'O < 
1 < 1 + 2E - n and hence -y satisfies (42). Substituting R, z and -y in (19) and (20) 
yields 

R(1)= o 1] 

For 0 < -, R0 (1) is either singular or has a negative eigenvalue. This justifies the 
lower bound on 0. Now let -y = l/7. Clearly -y satisfies (42). Substituting R, z and -y 
in (19) and (20) yields 

(46) [() - ) 01 

For 0 > 1 + e we obtain 

K(R177) ) > 
1 2 > l + 2Ef- 77 K(R) 

71 71 

This violates (43). 

7. Conclusion 

This paper presented the conceptual framework for SSVM algorithms. These 
algorithms systematically implement the idea of improving the performance of vari- 
able metric methods by scaling the objective function. However, in order to imple- 
ment such algorithms, a sequence of scaling coefficients {1y} satisfying the condition 

< l/1yi _ X,Ai must be determined. The practicality of such an algorithm therefore 
depends on the possibility to derive suitable yT from readily available information. 
Alternative techniques for doing this are derived in the second part of this paper. 

Appendix 

Minimization of a Perturbed Quadratic Function 

Minimum: x* = (0, 0, 0, 0, 0, 0) f(x) = 'x'Qx + -a(x'Qx)2 
Starting Point: xo = (1, 1, 1, 1, 1, 1) Q _ diagonal (300, 280, 260, 240, 220, 200) 

Case 1 

a = 0,f(xo) = 750 

Iteration Function Value 

Steepest Descent DFP DFP (with restart) SSVM 

1 13.01010 13.01010 13.01010 13.01010 
2 4.067282 X 10-1 1.874523 X 10-' 1.874523 X 10-1 1.874521 X 10-l 
3 1.491345 X 10-1 2.165658 X 10-3 2.165658 X 10-3 2.165632 X 10-3 

4 5.746479 X 10-4 1.825132 X 10-5 1.825132 X 10- 1.823064 X 10-1 
5 2.260295 X 10-5 1.042400 X 10-7 1.042400 X 10-7 8.364100 X 10-1 
6 8.951942 X 10-7 2.043183 X 10-8 2.043183 X 10-8 8.256669 X 10-1" 
7 3.555171 X 10-8 7.433651 X 10-17 7.433651 X 10-17 
8 1.413140 X 10-9 
9 5.619123 X 10-11 
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Appendix (continued) 

Case 2 

a = 10-4, f (xo) = 806.2496 

Iteration Function Value 

Steepest Descent DFP DFP (with restart) SSVM 

1 131.5989 131.5989 131.5989 131.5989 
2 8.346331 X 10-' 116.7139 116.7139 2.295522 X 10-1 
3 1.379286 X 10-' 114.7039 114.7039 3.683722 X 10-3 
4 3.836064 X 10-4 67.5540 67.5540 2.398528 X 10-5 
5 1.254103 X 10-' 1.404187 1.404187 1.142895 X 10-7 

6 4.591162 X 10-7 2.344192 X 10- 2.344192 X 10- 1.481536 X 10-1 
7 1.754412 X 10-' 1.672305 X 10- 1.672305 X 10- 
8 6.867300 X 10-' 4.897023 X 10-7 5.744845 X 10-4 

9 2.706707 X 10-11 2.105806 X 10-1" 2.895721 X 10-6 

10 6.833132 X 10-7 

11 6.613254 X 10-7 

12 5.846223 X 10-7 

13 5.310188 X 10-' 
14 1.071509 X 10-' 

Appendix (continued) 

Case 3 

a = 10-, f(xo) = 1312.500 

Iteration Function Value 

Steepest Descent DFP DFP (with restart) SSVM 

1 320.5552 320.5552 320.5552 320.5552 
2 3.023257 293.0676 293.0676 2.481020 X 10-1 
2 5.130320 X 10o- 290.1401 290.1401 2.788027 X 10-" 
4 1.218694 X 10-3 213.1634 213.1634 3.951861 X 10-' 
5 3.934387 X 10-5 11.34505 11.34505 1.171809 X 10-7 

6 1.304987 X 10-6 6.978466 6.978466 2.423273 X 10- 
7 4.434909 X 10-8 6.890822 6.890822 
8 1.509529 X 10-9 2.840037 X 10-1 2.799279 X 10-1 
9 5.145552 X 10-11 2.913440 X 10-4 8.277673 X 10-2 

10 1.066229 X 10-6 8.079743 X 10-2 

11 3.052075 X 10-8 7.533693 X 10-2 

12 2.764574 X 10-14 2.810966 X 10-' 
13 3.224913 X 10-6 
14 6.111240 X 10-9 
15 2.165856 X 10-10 
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Appendix (continued) 

Case 4 

a = 10-2, f(xo) = 6374.996 

Iteration Function Value 

Steepest Descent DFP DFP (with restart) SSVM 

1 214.1198 214.1198 214.1198 214.1198 
2 1.000885 155.2298 155.2298 7.366942 X 10-1 
3 6.725788 X 10-3 154.2866 154.2866 2.781669 X 10-' 
4 1.065834 X 10-4 153.5434 153.5434 1.878802 X 10-5 
5 2.342415 X 10-6 105.9985 105.9985 1.727050 X 10-7 
6 6.287542 X 10-8 14.83817 14.83817 2.041430 X 10-9 
7 1.932468 X 10-9 13.57661 13.57661 
8 6.581628 X 10-11 1.236959 3.846465 X 10-1 
9 1.049615 X 10-1 1.784218 X 10-1 

10 4.719195 X 10-4 1.750568 X 10-1 
11 4.629420 X 10-s 1.571624 X 10-1 
12 7.557828 X 10-7 2.107105 X 10-4 

13 1.646838 X 10-"1 2.795407 X 10-6 
14 2.725660 X 10-6 
15 9.064087 X 10-8 
16 1.483394 X 10-10 

Appeindix (continued) 

Case 5 

a = 0.1, f (xo) = 56999.98 

Iteration Function Value 

Steepest Descent DFP DFP (with restart) SSVM 

1 1962.694 1962.694 1962.694 1962.694 
2 1.206527 1400.485 1400.485 5.979384 X 10-1 
3 1.764655 X 10-2 1392.932 1392.932 6.563220 X 10-3 
4 4.400308 X 10-4 1392.548 1392.548 3.715172 X 10-5 
5 1.446612 X 10-5 1379.862 1379.862 2.179216 X 10-7 

6 5.127609 X 10-7 473.7449 473.7449 2.024422 X 10-9 
7 1.928009 X 10-8 43.16693 43.16693 
8 7.349794 X 10-10 2.135504 9.116248 X 10-1 
9 2.826389 X 10-" 3.932873 X 10-1 7.576444 X 10-1 

10 2.367454 X 10-2 7.520978 X 10-1 
11 1.376524 X 10-2 7.202811 X 10-1 
12 6.778501 X 10-' 5.078927 X 10-2 
13 2.236909 X 10-' 2.466327 X 10-' 
14 9.054253 X 10-7 2.351204 X 10-3 

15 3.799151 X 10-9 9.217754 X 10-5 
16 5.049355 X 10-8 
17 3.407439 X 10-' 



862 SHMUEL S. OREN AND DAVID G. LUENBERGER 

References 

1. BARD, Y., "On a Numerical Instability of Davidon-like Methods." Maths. of Comp., Vol. 22, 
pp. 665-666, 1968. 

2. BROYDEN, C. G., "Quasi-Newton Methods and Their Application to Function Minimization," 
Maths. of Comp., Vol. 21, pp. 368-381, 1967. 

3. --, "The Convergence of a Class of Double-Rank Minimization Algorithms 1. General 
Considerations," J.I.M.A., Vol. 6, pp. 76-90, 1970. 

4. --, "The Convergence of a Class of Double-Rank Minimization Algorithms 2. The New 
Algorithm," J.I.M.A., Vol. 6, pp. 222-231, 1970. 

5. CROCKETT, J. B. AND CHERNOFF, H., "Gradient Methods of Maximization," Pacific J. Math., 
Vol. 5, pp. 30-55, 1955. 

6. DAVIDON, W. C., "Variable Metric Method for Minimization," A.E.C. Research and De- 
velopment Rep. ANL-5990 (Rev.), 1959. 

7. DiXON, L. C. W., "Variable Metric Algorithms: Necessary and Sufficient Conditions for 
Identical Behavior on Non-Quadratic Functions," J.O.T.A. Vol. 10, pp. 34-40, 1972. 

8. FLETCHER, RI., "A New Approach to Variable Metric Algorithms," Comp. J., Vol. 13, pp. 
317-322, 1970. 

9. AND POWELL, M. J. D., "A Rapidly Convergent Descent Method for Minimization," 
Comp. J., Vol. 6, pp. 163-168, 1963. 

10. -- AND REEVES, C. M., "Function Minimization by Conjugate Gradients," Comp. J., Vol. 
7, pp. 149-154, 1964. 

11. GOLDFARB, D., "A Family of Variable Metric Methods Derived by Variational Means," 
M1laths. of Comp., Vol. 24, pp. 23-26, 1970. 

12. GREENSTADT, J., "On the Relative Efficiencies of Gradient Methods," Maths. of Comp., Vol. 
21, pp. 360-367, 1967. 

13. --, "Variations on Variable Metric Methods," Maths. of Comp., Vol. 24, pp. 1-22, 1970. 
14. HUANG, H. Y., "Unified Approach to Quadratically Convergent Algorithms for Function 

Minimization," J.O.T.A., Vol. 5, pp. 405-423, 1970. 
15. LOEWNER, C., "Advanced Matrix Theory," Lecture Notes, Stanford University, Winter 1957. 
16. LUENBERGER, D. G., Introduction to Linear and Nonlinear Programming, Addison-Wesley, 

1973. 
17. MCCORMICK, G. P. AND PEARSON, J. D., "Variable Metric Methods and Unconstrained Op- 

timization," in Optimization, R. Fletcher, ed., Academic Press (London), pp. 307-325, 1969. 
18. OREN, S. S., "Self-Scaling Variable Metric Algorithms for Unconstrained Minimization," 

Ph.D. Thesis, Department of Engineering-Economic Systems, Stanford University, 1972. 
19. OREN, S. S., AND LUENBERGER, D. G., "The Self-Scaling Variable Metric Algorithm," pre- 

sented at the Fifth Hawaii Interniationial Conference on System Sciences, Jan. 1972. 
20. OSBORNE, M. R., "Topics in Optimization," Stan-CS-72, Stanford University, April 1972. 
21. POWELL, M. J. D., "A Survey of Numerical Methods for Unconstrained Optimization," 

SIAM Review, Vol. 12, pp. 79-97, 1970. 
92. POWELL, M. J. D., "Recent Advances in Unconstrained Optimization," Mathematical Pro- 

gramming, Vol. 1, No. 1, pp. 26-57, 1971. 
23. WILKINSON, J. H., The Algebraic Eigenvalue Problem, O.U.P., London, 1965. 
24. WOLFE, P., "Convergence Conditions for Ascent Methods," SIAM Review, Vol. 11, pp. 226- 

235, 1969. 


	Article Contents
	p. 845
	p. 846
	p. 847
	p. 848
	p. 849
	p. 850
	p. 851
	p. 852
	p. 853
	p. 854
	p. 855
	p. 856
	p. 857
	p. 858
	p. 859
	p. 860
	p. 861
	p. 862

	Issue Table of Contents
	Management Science, Vol. 20, No. 5, Theory Series, Mathematical Programming (Jan., 1974), pp. 733-901
	Front Matter
	Preface and Guide [pp.  733 - 735]
	Practical Solution of Large Mixed Integer Programming Problems with Umpire [pp.  736 - 773]
	An Algorithm for Large Set Partitioning Problems [pp.  774 - 787]
	An Application of Mixed Integer Programming in the Direct Mail Industry [pp.  788 - 792]
	A Computation Study on Start Procedures, Basis Change Criteria, and Solution Algorithms for Transportation Problems [pp.  793 - 813]
	NETGEN: A Program for Generating Large Scale Capacitated Assignment, Transportation, and Minimum Cost Flow Network Problems [pp.  814 - 821]
	Multicommodity Distribution System Design by Benders Decomposition [pp.  822 - 844]
	Self-Scaling Variable Metric (SSVM) Algorithms. Part I: Criteria and Sufficient Conditions for Scaling a Class of Algorithms [pp.  845 - 862]
	Self-Scaling Variable Metric (SSVM) Algorithms. Part II: Implementation and Experiments [pp.  863 - 874]
	Mathematical Programming Book Reviews: 1965-1972 [pp.  875 - 895]
	Erratum: N Job, One Machine Sequencing Problems under Uncertainty [pp.  896 - 899]
	Erratum: On Characterizing the Extrema of a Function of Two Variables, one of Which is Discrete [p.  899]
	Back Matter [pp.  900 - 901]





