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The local stability properties of stationary points of the modified Hamiltonian dynamic system 
are investigated. The modiied Hamiltonian dynamic system characterizes the optimal state- 
costate trajectories of optimal control problems with discounting defined on an infinite horizon. 

/ It is shown that a Curvature Assumption, introduced by Rockafellar, is sufficient for an optimal 
steady-state to possess the saddlepoint property. The result is derived by matrix methods. 

1. Intmduction 

In this paper, we discuss the local stability properties of an optimal steady- 
state for the optimal control problem defined on an infinite horizon (with 
discounting): 

min7 e- @1(x, u) dt 
0 

subject to 

x(0)=x0, (14 

(x(t), u(t)) E X x U c R” x R” for each t E [O, co). (14 

The variable x E R” is the state variable and the variable u E R” is the control 
variable. The set U E R" may depend on x(t) and t, explicitly. In that case, 
we shall write U = U(x, t), where U(x, t) is -a set-valued mapping from 
X x [O, co) into 2R”, the set of all subsets of R”. 1 is a real-valued function 
andf takes values in R”. 

0165-1889/83/$3.00 0 1983, Elsevier Science Publishers B.V. (North-Holland) 



388 C.D. Feinstein and S.S. Oren, The modified Hamiltonian dynamic system 

Defining the costate variable 

p(t)=e-@q(t), (2) 

we may write the optimal current-value Hamiltonian as 

H*(x,q)=sup{(q, f(x,u))-2(X,U)XE U(x)}. 
Y 

(3) 

If the function H*(x,q) is sufficiently smooth, it is well known that the 
optimal state-costate trajectory of problem (1) satisfies the so-called modified 
Hamiltonian dynamic system, 

1 = v4 23*(x, q), (44 

c.j = - vxH*(x, q) + pq. (4W 

We will be concerned with the stability properties of an equilibrium point 
(x*,q*) of this system of differential equations. This question has been 
studied by Kurz (1968), Levhari and Liviatan (1972), and more recently, by 
Brock and Scheinkman (1976) and Rockafellar (1976). In his formulation, 
Rockafellar introduced a Curvature Assumption which served as a sufficient 
condition for concluding that a stationary point possessed the saddlepoint pro- 
perty. As we state below, the saddlepoint property is a statement of conditional 
stability. In other words, the trajectories of a system that possesses the 
saddlepoint property can be either stable or unstable, depending on the 
initial conditions of system (4). Further, once the local saddlepoint property 
is established, one can determine a (local) stable manifold, consisting of all 
possible initial conditions such that any trajectory emanating from this 
manifold remains in it for all time and converges to the saddlepoint, the 
equilibrium point (x*,q*). Moreover, this kind of conditional stability is the 
only kind of stability one can expect for modified Hamiltonian dynamic 
systems, as indicated in Theorem 2 below. Hence, since the saddlepoint 
property permits a complete qualitative description of the behavior of 
system, it is important to know under what conditions the saddlepoint 
property can be expected to hold. The discussions in the literature relative to 
the sufficiency of the Curvature Assumption [Brock and Scheinkman (1976) 
and Rockafellar (1976)] center on the use of a Liapunov function to derive 
global results. Implicit in the structure of the Liapunov function employed, 
essentially V=qTx, is a statement about the structure of the Jacobian matrix 
of the system (4). The main result of this paper is that the saddlepoint 
property is derived from the Curvature Assumption exploiting this matrix 
structure directly. Of course, we are then stating a local result only; thus, we 
are continuing the analysis given in the earlier references [Kurz (1968), 
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Levhari and Liviatan (1972)], achieving a local result without resorting to 
the more sophisticated Liapunov theory. 

2. Stability analysis 

The first approach to a stability analysis of the differential system i=F(z) 
is to consider the (linearized) first approximation [= V’F(z*) r, where z* is a 
stationary point and the perturbation vector < =z-z*. Hahn (1963, p. 33) 
gives a most important theorem, due to Liapunov: 

Theorem I (on stability in the first approximation - Liapunov). If the 
stability behavior of the differential equation of the first approximation is 
significant (i.e., either all the eigenvalues of the matrix VF(z*) have negative 
real parts or at least one eigenvalue has a positive real part), then the 
equilibrium of the complete differential equation has the same stability behavior 
as the equilibrium of the reduced equation. 

Theorem 1 motivates an analysis of the Jacobian matrix of the differential 
system (l), evaluated at the stationary point (x*, q*). Assuming sufficient 
smoothness of H*, the Jacobian matrix of (4) is 

J*(x*, q*) = 
[ 

vxq H*(x*, 4*1 vqq H*(x*, 4*1 
- vxx H*(x*, 4*1 - vxq H*(x*, q*) + pl 1 * (5) 

The eigenvalue structure of J*(x*,q*) has been analyzed by Kurz (1968) 
and Levhari and Liviatan (1972). We note the following results: 

Theorem 2 (Kurz). The eigenvalues of the matrix J*(x*,q*) either have 
positive real parts or they are in opposite-signed pairs. No eigenvalue has real 
part zero. 

Hence the system (4) can never be completely stable. It is either completely 
unstable (by Theorem 1, if all the real parts of the eigenvalues are positive) 
or possesses what is known as the saddlepoint property (if the eigenvalues 
are distributed in both strict half-planes of the complex domain). 

The behavior of a system that possesses the saddlepoint property is 
described by the following theorem of Coddington and Levinson (1955): 

Theorem 3 (conditional stability). Consider the equation 

ii(t)= Ax(t)+f(x), (*I 
where A is a real constant n x n matrix and f :R"+R". Let f(8) LO. Suppose 

J.E.D.C. D 
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that the Jacobian Vf satisfies 

lim Vf(x) = 0, 
IlW+O 

where 19 is the zero matrix. 
Let k characteristic roots of A have negative real parts and n-k have 

positive real parts. Then there exists in x-space a real k-dimensional manifold S 
containing the origin such that any solution cp(t) of(*) with q(O) on S satisfies 
cp(t)+t3 as t+ + 00. Moreover, there exists an q such that any solution cp near 
the origin but not on S at t=O cannot satisfy Ilq(Sll sq, t 20. 

Proof: See Coddington and Levinson (1955, pp. 329 ff.). 0 

By changing the sign of t, it follows from Theorem 3 that there exists an 
(n- k)-dimensional manifold ‘I: that intersects S only at the origin, such that 
any point on the manifold tends to the origin as t+ - 03 and any solution 
starting off the manifold cannot remain arbitrarily close to the origin as t+ 
- co [Coddington and Levinson (1955, pp. 342 ff.)]. The implication of 
Theorem 3 is that the trajectory will approach the origin, as t+ + co, if and 
only if it emanates from an initial condition on the k-dimensional manifold 
S. The entire stable trajectory is contained in S. Thus, the manifolds S and T 
comprise the separatrix of the system, which divides the state space into 
regions of distinct motion; i.e., stable and unstable trajectories. 

We identify the matrix A of (*) with the Jacobian J*(x*,q*). Hence, if a 
stationary point (x*,q*) possesses the saddlepoint property, there exist a k- 
dimensional manifold S and an n-k dimensional manifold T comprised of 
trajectories that approach the stationary point (x*,q*) as c-++ co and t+ 
-co, respectively. By Kurz’ theorem, Theorem 2, saddlepoint stability is all 
that can be expected in system (4). 

Rockafellar’s (1976) criterion for the existence of these manifolds, or 
equivalently, that the stationary point (x*,q*) possesses the saddlepoint 
property, is that for certain numbers a>0 and b>O, the minimum eigenvalue 
of the positive-definite matrix - VxxH*(x*,q*) is a and the minimum 
eigenvalue of the positive-definite matrix Vqq H*(x*, q*) is p; and, that a and 
fi satisfy p2 <4@. This is the Curvature Assumption. It is a characterization 
of the strict concavity-convexity of the optimal-value Hamiltonian. This 
assumption may be presented in matrix form, as shown by the following 
lemma, given by Brock and Scheinkman (1976). 

Lemma 1. Zf - VxxH*(x*, q*) and Vq4 H*(x*, q*) are positive-definite n x n 
matrices with minimum eigenvalues a>0 and /?>O, respectively, and p2 <4aj?, 
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for some p > 0, then the matrix 

Q*(x*, q*) = 
- vxxH*(x*, 4*1 (P/W 

ww K&*(x*, 4*1 1 
is positive definite. 

Proof: Let vT=(vT, I$) E R” x R”. Then 

vTQ*(x*, q*)v = - vf’ VJT*(x*, q*)v, + pv: v2 + v; V,,H*(x*, q*)v, 

>=a((v,((2+81~v2~~2+~~Tv2 

~a)lu~IJ2+811u2(12-PI~Tv21 

~+#+Bll~2112-Al~~llll~211 

>al14112+Bll~2112-4a*Pll~~ll llu2lI 

>Ca*Jlv,II-B)JIu21112h0, 

:. Q*(x*,q*)>O. Cl 

To proceed, we require the following lemmas: 

Lemma 2 [Kurz (1968)]. For any matrix of the form 

with X, Q symmetric, n x n matrices, ifA is an eigenualue of B, then so is -1. 

Proof: Let 

K=O -I [ 1 z 0’ KT=-K, 

.B=[; -:I[-: QT]=[c :I, a symmetric matrix 

(6) 

Let A be an eigenvalue of B. 3 z f 8 such that Bz = AZ, KAz = KBz = 
B’ KTz= BT( - K)z, or, -1(Kz) =BT(Kz), .*. -1 is an eigenvalue of 
BT with eigenvector y= Kz. Hence -II is an eigenvalue of B. 6 
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Lemma 3. The real n x n matrix A has all of its eigenvalues in the strict left- 
half plane g and only iffor every positive-dejinite matrix Q the solution P to 
PA + ATP = - Q is also positive-definite. 

Proof See Bellman (1960, pp. 245 ff.) or LaSalle and Lefschetz (1961, pp. 81 
ff.). 0 

We now now state and prove the main result. 

Theorem 4. If the matrix Q*(x*,q*) is positive-definite then the stationary 
point (x*, q*) possesses the saddlepoint property for the system (4). 

Prooj: Let 

J*(x*, q*) = 
[ 

vxq H*(x*, 4*) v,,H*(x*, 4*1 
- vxxH*(x*, cl*) - vxq H*(x*, q*) + pz 1 

vqq H* 
WY - Vxq H* I[ + WV 0 

0 1 (p/2)1 ’ (7) 

suppressing the arguments. 

Let p be an eigenvalue of J*(x*, q*). Let I be an eigenvalue of the matrix 

B*(x*, q*) = 
V,,H* -b/W Vqq H* 

- V,,H* (P/W - Vxq H* 1 ’ 

Then 

p=Izi-p/2, since J*=B*+(p/2)1. 

By Lemma 2, -A is an eigenvalue of B*(x, q*) also. Hence p1 and p2 are 
eigenvalues of J*(x, q*), where 

$=II+p/2, ,u2= -n+p/2. 

The saddlepoint property of (x*,q*) will follow if all the eigenvalues of 
B*(x*, q*) satisfy IReAl> p/2. That is: 

if ReA>O, then Rep’>O, Rep2<O; 

if RekO, then Re$<O, Re$>O. 

We will distinguish two cases: I real and A complex (Im A#O). 
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Case 1. Suppose 1 is real. 

Then there exists a real eigenvector x# 0 such that, letting xr=(xT,xZT), 

B*(x*, 4*)x = 
vxq H* - ww 

- VXX H* (p,2;$ H*] :j = ’ : j- 

Multiply on the left by (xT,xT): 

x2’ V,, H*xI -(p/2)x,Tx, -XT VxxH*xI +x; V4,H*x, 

+ (p/2)x; x2 -XT VXq H*xz = 21x; x2, 

’ . . -XT VxxH*xI +x; V,,H*x,=2Ax;xz. 

By assumption, Q*(x*, q*) >O. This requires 

- VX,, H* > 0 and Vq4 H* > 0, 

* . . 24x:x,) > 0, and this implies A#O. (4 

Now 

x’Q*(x*, q*)x = -XT VXX H*x, + px;x, +x; V,, H*x2 > 0, 

:. (2L+p)(x;x,)>o. (b) 

If A > 0, then 

2L(xf XJ > 0*x; x2 > 0, 

:. (21+p)(x~x,)>O*2L+p>O or L> -p/2, 

a trivial inequality for 1>0. 
Since - 1 is an eigenvalue, this yields -A< +p/2, another trivial 

inequality. 

If A < 0, then 

24x; x2) >O*(xT x2) < 0 

:. (2L+p)(x~x,)>O=321+p<O or A< -p/2. 

Since - 1 is an eigenvalue, this yields - rZ > + p/2 for -A > 0, 

:. IAl>p/2, IrZ(=jRelZI. 
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Case 2. Suppose I is complex (Im 1# 0). 

Let z be a (complex) eigenvector of the (real) matrix B*(x*,q*). Then 
1” = Re 1-i Im L is an eigenvalue of B(x*, q*) with eigenvector 9, where z” 
denotes the complex conjugate of z. 

Let 

u=$z+z”)=Rez, u= -+(z-z’)i=Imz, 

Then, 

B*(x*,q*)u=@(z+z”) =$Az+Pz’) =(ReI)(Rez)-(Im A)(Imz), 

B*(x*,q*)u= -$B(z-z”)i= -~kz-~Ozo)i=(Re~)(Imz)+(ImI)(Rez), 

:. B*(x*,q) u] u] [ 1 
ReL Iml 

-1m;l 1 Rel ’ 

which contains only real quantities. 

Let 

n- Rel 

-[ 

Iml 
-1mA 1 ReA . 

Let 

[ulul]=[z”: 1, 

where Zi = n x 2 matrix, i = 1,2. 

Since - Vxx H* > 0 and V,,4 H* > 0, by assumption, observe that 

= -Z; V,,H*Z,+z; V,,H*& 

is a 2 x 2 positive definite matrix. 
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(Note that this follows only if 

Zl [ 1 . . . . ZZ 
is full rank. Given that Im A# 0, 

z, [ 1 . . . . Z2 
cannot be less than full rank. If it were, then the columns would be 
dependent. The columns are the vectors ZJ and v. If they were dependent, 
then Re z = y Im z for some real scalar, y, which means z=(l +yi) Re z. 
Hence, 1 would be real and fall under case 1.) 

We have 

B*(x*, 4*1 [ 3]=[ ;;I*. 

Multiply on the left by [ZT,ZT] to find 

Z; Vxq H*Z, -(p/2)Z;Z, -Zf- Vxx H*Z1 + Z; V,,H*Zz 

+ (p$)Z; Z2 -Zf Vxq H*Z2 

Take the transpose of both sides and add: 

2[ - Zy Vxx H*Z, + Z: Vq4 H*Z,-J 

=[z~z,+z~z,]n+n’[z~z,+z;z,]. 

Let 

:. ZA+ATZ>O on R’. 

This is inequality (a’), analogous to (a), above. 
Since Q*(x*, q*) > 0 and 

Zl [ 1 . . . . Z2 
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is full rank, we also have 

[Z;, Z;]Q(x*, q*) [ 1 ;? 
2 

Thus, we have the counterparts, for i complex, of (a) and (b): 

zn+n*z>o, ia’) 

and 

(b’) 

Observe that the eigenvalues of n are Re IL&i Im 1. Suppose Re 13>0. 
Then -/1 is a stable matrix. Thus, by Lemma 3 applied to (a’), we find Z 
positive-definite. Then Z(,4 + (p/2)1) +(/i +(p/2)Z)=Z > 0 implies that -(/1+ 
(p/2)1) is a stable matrix, 

. -ReA-p/2<0 . . 

- Re 2 <p/2, the trivial inequality. 

Suppose ReA ~0. Then n is stable, and Z is positive-definite. The second 
inequality (b’) implies that n +(p/2)1 is stable. Hence, Re,? +p/2 ~0, 
ReA < -p/2. 

Therefore, Re ( - 1) > p/2. Hence 1 Re II > p/2. 

Notice that Re I =0 is impossible. If Re 1 =O, then -(A +(p/2)1) is stable, 
implying Z positive-definite. But, by the first inequality (a’), this requires -A 
to be stable, a contradiction. 

Thus IRe AI >p/2 for ,4 either real or complex. Hence (x*, q*) possesses the 
saddlepoint property for system (6). 0 

Thus, we have proven that the Curvature Assumption is indeed a sufficient 
condition for a stationary point (x*,q*) to possess the saddlepoint property. 
Then, the manifolds S and T of Theorem 3 are each of dimension n, since 
there are n eigenvalues of J*(x, q*) in each half-plane. 
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